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Preface

A Note on Using this Text. Thank you for reading this short preface. Allow us
to share a few key points about the text so that you may better understand what
you will find beyond this page.

This text comprises a three—volume series on Calculus. The first part covers
material taught in many “Calc 1” courses: limits, derivatives, and the basics of
integration, found in Chapters 1 through 6.1. The second text covers material of-
ten taught in “Calc 2:” integration and its applications, including an introduction
to differential equations, along with an introduction to sequences, series and
Taylor Polynomials, found in Chapters 5 through 8. The third text covers topics
common in “Calc 3” or “multivariable calc:” parametric equations, polar coordi-
nates, vector-valued functions, and functions of more than one variable, found
in Chapters 10 through 15. All three are available separately for free at apexcal-
culus.com?, and HTML versions of the book can be found at opentext.uleth.ca’®.

These three texts are intended to work together and make one cohesive text,
APEX Calculus, which can also be downloaded from the website.

Printing the entire text as one volume makes for a large, heavy, cumbersome
book. One can certainly only print the pages they currently need, but some
prefer to have a nice, bound copy of the text. Therefore this text has been split
into these three manageable parts, each of which can be purchased for about
$15 at Amazon.com®.

For Students: How to Read this Text. Mathematics textbooks have a reputa-
tion for being hard to read. High—level mathematical writing often seeks to say
much with few words, and this style often seeps into texts of lower—Ilevel top-
ics. This book was written with the goal of being easier to read than many other
calculus textbooks, without becoming too verbose.

Each chapter and section starts with an introduction of the coming material,
hopefully setting the stage for “why you should care,” and ends with alook ahead
to see how the just—learned material helps address future problems.

e Please read the text.

It is written to explain the concepts of Calculus. There are numerous ex-
amples to demonstrate the meaning of definitions, the truth of theorems,
and the application of mathematical techniques. When you encounter a
sentence you don’t understand, read it again. If it still doesn’t make sense,
read on anyway, as sometimes confusing sentences are explained by later
sentences.

2apexcalculus.com
*opentext.uleth.ca/calculus.html
‘amazon.com
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e You don’t have to read every equation.

The examples generally show “all” the steps needed to solve a problem.
Sometimes reading through each step is helpful; sometimes it is confus-
ing. When the steps are illustrating a new technique, one probably should
follow each step closely to learn the new technique. When the steps are
showing the mathematics needed to find a number to be used later, one
can usually skip ahead and see how that number is being used, instead of
getting bogged down in reading how the number was found.

e Most proofs have been omitted.

In mathematics, proving something is always true is extremely important,
and entails much more than testing to see if it works twice. However, stu-
dents often are confused by the details of a proof, or become concerned
that they should have been able to construct this proof on their own. To al-
leviate this potential problem, we do not include the proofs to most theo-
rems in the text. The interested reader is highly encouraged to find proofs
online or from their instructor. In most cases, one is very capable of un-
derstanding what a theorem means and how to apply it without knowing
fully why it is true.

Interactive, 3D Graphics. Versions 3.0 and 4.0 of the textbook include inter-
active, 3D graphics in the pdf version. Nearly all graphs of objects in space can
be rotated, shifted, and zoomed in/out so the reader can better understand the
object illustrated. However, the only pdf viewers that support these 3D graphics
are Adobe Reader Acrobat (and only the versions for PC/Mac/Unix/Linux com-
puters, not tablets or smartphones).

The latest version of the book, which is authored in PreTeXt, is available in
html. In html, the 3D graphics are rendered using WebGL, and should work in
any modern web browser.

Interactive graphics are no longer supported within the pdf, but clicking on
any 3D graphic within the pdf will take you directly to the interactive version on
the web.

APEX - Affordable Print and Electronic teXts. APEX is a consortium of au-
thors who collaborate to produce high quality, low cost textbooks. The current
textbook—writing paradigm is facing a potential revolution as desktop publish-
ing and electronic formats increase in popularity. However, writing a good text-
book is no easy task, as the time requirements alone are substantial. It takes
countless hours of work to produce text, write examples and exercises, edit and
publish. Through collaboration, however, the cost to any individual can be less-
ened, allowing us to create texts that we freely distribute electronically and sell
in printed form for an incredibly low cost. Having said that, nothing is entirely
free; someone always bears some cost. This text “cost” the authors of this book
their time, and that was not enough. APEX Calculus would not exist had not the
Virginia Military Institute, through a generous Jackson—Hope grant, given the
lead author significant time away from teaching so he could focus on this text.

Each text is available as a free .pdf, protected by a Creative Commons At-
tribution - Noncommercial 4.0 copyright. That means you can give the .pdf to
anyone you like, print it in any form you like, and even edit the original content
and redistribute it. If you do the latter, you must clearly reference this work and
you cannot sell your edited work for money.

We encourage others to adapt this work to fit their own needs. One might
add sections that are “missing” or remove sections that your students won't



Vii

need. The source files can be found at github.com/APEXCalculus®.
You can learn more at www.vmi.edu/APEX®.

First PreTeXt Edition (Version 5.0). Key changes from Version 4.0 to 5.0:

e The underlying source code has been completely rewritten, to use the
PreTeXt” language, instead of the original BTEX.

e Using PreTeXt allows us to produce the books in multiple formats, includ-
ing html, which is both more accessible and more interactive than the orig-
inal pdf. html versions of the book can be found at opentext.uleth.ca®.

e The appendix on differential equations from the “Calculus for Quarters”
version of the book has been included as Chapter 8, just after applications
of integration. Chapters 8 — 14 are now numbered 9 — 15 as a result.

e |nthe html version of the book, many of the exercises are now interactive,
and powered by WeBWorK.

Key changes from Version 3.0 to 4.0:

e Numerous typographical and “small” mathematical corrections (again, thanks
to all my close readers!).

o “Large” mathematical corrections and adjustments. There were a number
of places in Version 3.0 where a definition/theorem was not correct as
stated. See www.apexcalculus.com’ for more information.

e More useful numbering of Examples, Theorems, etc. . “Definition 11.4.2”
refers to the second definition of Chapter 11, Section 4.

e The addition of Section 13.7: Triple Integration with Cylindrical and Spher-
ical Coordinates

e The addition of Chapter 14: Vector Analysis.

*github.com/APEXCalculus

‘www. vmi.edu/APEX
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A Brief History of Calculus

Calculus means “a method of calculation or reasoning.” When one computes
the sales tax on a purchase, one employs a simple calculus. When one finds the
area of a polygonal shape by breaking it up into a set of triangles, one is using
another calculus. Proving a theorem in geometry employs yet another calculus.

Despite the wonderful advances in mathematics that had taken place into
the first half of the 17th century, mathematicians and scientists were keenly
aware of what they could not do. (This is true even today.) In particular, two
important concepts eluded mastery by the great thinkers of that time: area and
rates of change.

Area seems innocuous enough; areas of circles, rectangles, parallelograms,
etc., are standard topics of study for students today just as they were then. How-
ever, the areas of arbitrary shapes could not be computed, even if the boundary
of the shape could be described exactly.

Rates of change were also important. When an object moves at a constant
rate of change, then “distance = rate x time.” But what if the rate is not
constant—can distance still be computed? Or, if distance is known, can we dis-
cover the rate of change?

It turns out that these two concepts were related. Two mathematicians, Sir
Isaac Newton and Gottfried Leibniz, are credited with independently formulating
a system of computing that solved the above problems and showed how they
were connected. Their system of reasoning was “a” calculus. However, as the
power and importance of their discovery took hold, it became known to many
as “the” calculus. Today, we generally shorten this to discuss “calculus.”

viii
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Chapter 12

Vectors

This chapter begins with moving our mathematics out of the plane and into
“space.” That is, we begin to think mathematically not only in two dimensions,
but in three. With this foundation, we can explore vectors both in the plane and
in space.

12.1 Introduction to Cartesian Coordinates in Space

Up to this point in this text we have considered mathematics in a 2-dimensional
world. We have plotted graphs on the zy-plane using rectangular and polar
coordinates and found the area of regions in the plane. We have considered
properties of solid objects, such as volume and surface area, but only by first
defining a curve in the plane and then rotating it out of the plane.

While there is wonderful mathematics to explore in “2D,” we live in a “3D”
world and eventually we will want to apply mathematics involving this third di-
mension. In this section we introduce Cartesian coordinates in space and ex-
plore basic surfaces. This will lay a foundation for much of what we do in the
remainder of the text.

Each point P in space can be represented with an ordered triple, P = (a, b, ¢),
where a, b and c represent the relative position of P along the z-, y- and z-axes,
respectively. Each axis is perpendicular to the other two.

Visualizing points in space on paper can be problematic, as we are trying
to represent a 3-dimensional concept on a 2-dimensional medium. We cannot
draw three lines representing the three axes in which each line is perpendicu-
lar to the other two. Despite this issue, standard conventions exist for plotting
shapes in space that we will discuss that are more than adequate.

One convention is that the axes must conform to the right hand rule. This
rule states that when the index finger of the right hand is extended in the direc-
tion of the positive x-axis, and the middle finger (bent “inward” so it is perpen-
dicular to the palm) points along the positive y-axis, then the extended thumb
will point in the direction of the positive z-axis. (It may take some thought to
verify this, but this system is inherently different from the one created by using
the “left hand rule.”)

As long as the coordinate axes are positioned so that they follow this rule,
it does not matter how the axes are drawn on paper. There are two popular
methods that we briefly discuss.

In Figure 12.1.2 we see the point P = (2, 1, 3) plotted on a set of axes. The
basic convention here is that the xy-plane is drawn in its standard way, with

631

youtu.be/watch?v=zqaTPul--ZU

Figure 12.1.1 Video introduction to
Section 12.1

Figure 12.1.2 Plotting the point P =
(2,1,3) in space
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the z-axis down to the left. The perspective is that the paper represents the xy-
plane and the positive z axis is coming up, off the page. This method is preferred
by many engineers. Because it can be hard to tell where a single point lies in
relation to all the axes, dashed lines have been added to let one see how far
along each axis the point lies.

One can also consider the xy-plane as being a horizontal plane in, say, a
room, where the positive z-axis is pointing up. When one steps back and looks
at this room, one might draw the axes as shown in Figure 12.1.3. The same
point P is drawn, again with dashed lines. This point of view is preferred by
most mathematicians, and is the convention adopted by this text.

Just as the z- and y-axes divide the plane into four quadrants, the z-, y-, and
z-coordinate planes divide space into eight octants. The octant in which z, y,
and z are positive is called the first octant. We do not name the other seven
octants in this text.

12.1.1 Measuring Distances

It is of critical importance to know how to measure distances between points
in space. The formula for doing so is based on measuring distance in the plane,
and is known (in both contexts) as the Euclidean measure of distance.

Definition 12.1.4 Distance In Space.

Let P = (x1,y1,21) and Q = (x2,ys, 22) be points in space. The dis-
tance D between P and Q is

D=/(z2—21)%+ (y2 — 1)2 + (22 — 21)2.

We refer to the line segment that connects points P and () in space as PQ,
and refer to the length of this segment as || PQ||. The above distance formula
allows us to compute the length of this segment.

Example 12.1.6 Length of a line segment.

Let P = (1,4,—1) and let Q@ = (2,1,1). Draw the line segment PQ
and find its length.

Solution. The points P and (Q are plotted in Figure 12.1.7; no special
consideration need be made to draw the line segment connecting these
two points; simply connect them with a straight line. One cannot actu-
ally measure this line on the page and deduce anything meaningful; its
true length must be measured analytically. Applying Definition 12.1.4,
we have

1PQ|l=vV(2-12+(1-4)2+(1—(-1))2=V14d~3.74.

12.1.2 Spheres

Just as a circle is the set of all points in the plane equidistant from a given point
(its center), a sphere is the set of all points in space that are equidistant from a
given point. Definition 12.1.4 allows us to write an equation of the sphere.

We start with a point C' = (a, b, ¢) which is to be the center of a sphere with
radius r. If a point P = (z,y, 2) lies on the sphere, then P is r units from C;

IS

Figure 12.1.3 Plotting the point P =
(2,1,3) in space with a perspective
used in this text

youtu.be/watch?v=zNUbi5ahCOY

Figure 12.1.5 Video presentation of
Definition 12.1.4

Video solution

youtu.be/watch?v=EF-aTKoAQsU

Figure 12.1.7 Plotting points P and Q)
in Example 12.1.6
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that is,

| PC|| = VE—a)?+y—-02+(z—-c?2=r
Squaring both sides, we get the standard equation of a sphere in space with

center at C' = (a, b, ¢) with radius r, as given in the following Key Idea.

Key Idea 12.1.8 Standard Equation of a Sphere in Space.

The standard equation of the sphere with radius r, centered at C' =
(a,b,c),is
(z—a)’+(@y—b)>+(z—-) =r%

Example 12.1.10 Equation of a sphere.
Find the center and radius of the sphere defined by 22 + 2z + y? — 4y +
22 — 6z =2.
Solution. To determine the center and radius, we must put the equation
in standard form. This requires us to complete the square (three times).
224204+ —dy+ 2% —62=2
(@ +20+ 1)+ (y° —dy+4)+ (22 —62+9) —14=2
(gc+1)2+(y—2)2+(z—3)2 =16

The sphere is centered at (—1, 2, 3) and has a radius of 4.

The equation of a sphere is an example of an implicit function defining a

surface in space. In the case of a sphere, the variables x, y and =z are all used.

We now consider situations where surfaces are defined where one or two of
these variables are absent.

12.1.3 Introduction to Planes in Space

The coordinate axes naturally define three planes (shown in Figure 12.1.12), the
coordinate planes: the xy-plane, the yz-plane and the zz-plane. The zy-plane
is characterized as the set of all points in space where the z-value is 0. This,
in fact, gives us an equation that describes this plane: z = 0. Likewise, the
xz-plane is all points where the y-value is 0, characterized by y = 0.

- I P
(a) (b) (c)

Figure 12.1.12 The zy-plane in (a), the yz-plane in (b) and the zz-plane in (c)

The equation x = 2 describes all points in space where the z-value is 2. This
is a plane, parallel to the yz-coordinate plane, shown in Figure 12.1.13.

youtu.be/watch?v=Xzs2itaOnlO

Figure 12.1.9 Video presentation of
Key Idea 12.1.8

Video solution

youtu.be/watch?v=00VtyYNXeig

youtu.be/watch?v=8ylmf_yW-Ys

Figure 12.1.11 Video introduction to
Subsection 12.1.3

Figure 12.1.13 The plane z = 2
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Example 12.1.14 Regions defined by planes.

Sketch the region defined by the inequalities —1 < y < 2.

Solution. Theregionis all points betweenthe planesy = —1andy = 2.
These planes are sketched in Figure 12.1.15, which are parallel to the x z-
plane. Thus the region extends infinitely in the 2 and z directions, and
is bounded by planes in the y direction.

12.1.4 Cylinders

The equation z = 1 obviously lacks the y and z variables, meaning it defines
points where the y and z coordinates can take on any value. Now consider the
equation 22 + y? = 1 in space. In the plane, this equation describes a circle of
radius 1, centered at the origin. In space, the z coordinate is not specified, mean-
ing it can take on any value. In Figure 12.1.17(a), we show part of the graph of
the equation 22 + y2 = 1 by sketching 3 circles: the bottom one has a con-
stant z-value of —1.5, the middle one has a z-value of 0 and the top circle has
a z-value of 1. By plotting all possible z-values, we get the surface shown in Fig-
ure 12.1.17(b). This surface looks like a “tube,” or a “cylinder”; mathematicians
call this surface a cylinder for an entirely different reason.

z >

(a) (b)
Figure 12.1.17 Sketching 22 + y? = 1
Definition 12.1.18 Cylinder.

Let C'be acurveinaplaneandlet L be aline not parallel to C'. Acylinder
is the set of all lines parallel to L that pass through C. The curve C is
the directrix of the cylinder, and the lines are the rulings.

In this text, we consider curves C that lie in planes parallel to one of the
coordinate planes, and lines L that are perpendicular to these planes, forming
right cylinders. Thus the directrix can be defined using equations involving 2
variables, and the rulings will be parallel to the axis of the third variable.

In the example preceding the definition, the curve 2 + ¢ = 1 in the zy-
plane is the directrix and the rulings are lines parallel to the z-axis. (Any circle
shown in Figure 12.1.17 can be considered a directrix; we simply choose the one
where z = 0.) Sample rulings can also be viewed in Figure 12.1.17(b). More
examples will help us understand this definition.

Video solution

youtu.be/watch?v=-9luj-GIMgA
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Figure 12.1.15 Sketching the bound-
aries of a region in Example 12.1.14

youtu.be/watch?v=9wusVijjltyY

Figure 12.1.16 Video introduction to
Subsection 12.1.4


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_space3.html
https://www.youtube.com/watch?v=-9luj-GlMqA
https://www.youtube.com/watch?v=9wusVjjItyY
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_spacecylinder1a_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_spacecylinder1b_3D.html
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Example 12.1.19 Graphing cylinders.

Graph the following cylinders.
1 z=1y92 2. z =sin(z)

Solution.

1. We can view the equation z = 42 as a parabola in the yz-plane,
as illustrated in Figure 12.1.20(a). As x does not appear in the
equation, the rulings are lines through this parabola parallel to the
x-axis, shown in Figure 12.1.20(b). These rulings give a general
idea as to what the surface looks like, drawn in Figure 12.1.20(c).

(a) (b) (c)
Figure 12.1.20 Sketching the cylinder defined by z = 1>

2. We can view the equation = = sin(z) as a sine curve that exists in
the zz-plane, as shown in Figure 12.1.21(a). The rules are parallel
to the y axis as the variable y does not appear in the equation
x = sin(z); some of these are shown in Figure 12.1.21(b). The
surface is shown in Figure 12.1.21(c).

Video solution

Y/
I8
S8
SOV
0

I,

A

Y
K/

(a) (b) () youtu.be/watch?v=n7Yp4aWqeFc

Figure 12.1.21 Sketching the cylinder defined by = = sin(z)

12.1.5 Surfaces of Revolution

One of the applications of integration we learned previously was to find the vol-
ume of solids of revolution — solids formed by revolving a curve about a hori-
zontal or vertical axis. We now consider how to find the equation of the surface
of such a solid.

Consider the surface formed by revolving y = /x about the x-axis. Cross-
sections of this surface parallel to the yz-plane are circles, as shown in Figure 12.1.23(a).
Each circle has equation of the form y? + 22 = r2 for some radius r. The radius
is a function of x; in fact, it is r(z) = \/z. Thus the equation of the surface
shown in Figure 12.1.23(b) is y + 2% = (y/7)*. youtu.be/watch?v=gxnpREOb68U

Figure 12.1.22 Video presentation of
Subsection 12.1.5


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_space4a1_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_space4a2_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_space4a3_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_space4b1_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_space4b2_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_space4b3_3D.html
https://www.youtube.com/watch?v=n7Yp4aWqeFc
https://www.youtube.com/watch?v=gxnpRE0b68U
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b2

X2

(a) (b)
Figure 12.1.23 Introducing surfaces of revolution

We generalize the above principles to give the equations of surfaces formed
by revolving curves about the coordinate axes.

Key Idea 12.1.24 Surfaces of Revolution, Part 1.
Let r be a radius function.

1. The equation of the surface formed by revolving y = r(x) or z =

r(x) about the z-axis is y? + 22 = r(z).

2. The equation of the surface formed by revolving z = r(y) or z =

7(y) about the y-axis is 22 + 22 = r(y)2.

3. The equation of the surface formed by revolving z = r(z) or y =

7(2) about the z-axis is 22 + y2 = r(2)%

Example 12.1.25 Finding equation of a surface of revolution.

Let y = sin(z) on [0, ]. Find the equation of the surface of revolution
formed by revolving y = sin(z) about the z-axis.

Solution.  Using Key Idea 12.1.24, we find the surface has equation
2% + 92 = sin?(2). The curve is sketched in Figure 12.1.26(a) and the
surface is drawn in Figure 12.1.26(b).

Note how the surface (and hence the resulting equation) is the same
if we began with the curve © = sin(z), which is also drawn in Fig-
ure 12.1.26(a).



https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_surf_rev_introa_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_surf_rev_introb_3D.html
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(a) (b)
Figure 12.1.26 Revolving y = sin(z) about the z-axis in Example 12.1.25

This particular method of creating surfaces of revolution is limited. For in-
stance, in Example 7.3.11 of Section 7.3 we found the volume of the solid formed
by revolving y = sin(x) about the y-axis. Our current method of forming sur-
faces can only rotate y = sin(x) about the z-axis. Trying to rewrite y = sin(x)
as a function of y is not trivial, as simply writing x = sin~? (y) only gives part of
the region we desire.

What we desire is a way of writing the surface of revolution formed by rotat-
ing y = f(x) about the y-axis. We start by first recognizing this surface is the
same as revolving z = f(x) about the z-axis. This will give us a more natural
way of viewing the surface.

A value of z is a measurement of distance from the z-axis. At the distance
r, we plot a z-height of f(r). When rotating f(z) about the z-axis, we want
all points a distance of r from the z-axis in the xy-plane to have a z-height of
f(r). All such points satisfy the equation 72 = 22 + y?; hence r = /a2 + y2.
Replacing r with /22 + y2in f(r) gives z = f(1/x2 + y?). Thisis the equation

of the surface.

Key Idea 12.1.27 Surfaces of Revolution, Part 2.

Let z = f(z), x > 0, be a curve in the zz-plane. The surface formed by
revolving this curve about the z-axis has equation z = f(\/:1:2 + y2).

Example 12.1.28 Finding equation of surface of revolution.

Find the equation of the surface found by revolving z = sin(x) about
the z-axis.

Solution. Using Key ldea 12.1.27, the surface has equation z =
sin (\/11:2 + y2). The curve and surface are graphed in Figure 12.1.29.

Video solution

youtu.be/watch?v=jrJXSnHU-0o


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_surfrev1a_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_surfrev1b_3D.html
https://www.youtube.com/watch?v=jrJXSnHU-0o
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[}

(b)
| Figure 12.1.29 Revolving z = sin(z) about the z-axis in Example 12.1.28

12.1.6 Quadric Surfaces

Spheres, planes and cylinders are important surfaces to understand. We now
consider one last type of surface, a quadric surface. The definition may look
intimidating, but we will show how to analyze these surfaces in an illuminating
way.

Definition 12.1.31 Quadric Surface.

A quadric surface is the graph of the general second-degree equation in
three variables:

Ar? + By  + C22+ Day+ Exz + Fyz + G + Hy+ Iz + J = 0.

When the coefficients D, E or F' are not zero, the basic shapes of the quadric
surfaces are rotated in space. We will focus on quadric surfaces where these
coefficients are 0; we will not consider rotations. There are six basic quadric sur-
faces: the elliptic paraboloid, elliptic cone, ellipsoid, hyperboloid of one sheet,
hyperboloid of two sheets, and the hyperbolic paraboloid.

We study each shape by considering traces, that is, intersections of each
surface with a plane parallel to a coordinate plane. For instance, consider the
elliptic paraboloid z = 2 /4 + y?2, shown in Figure 12.1.32. If we intersect this
shape with the plane z = d (i.e., replace z with d), we have the equation:

2

X
d=— 2,
;Y
Divide both sides by d:
22 2
1= 42,
4d * d

This describes an ellipse — so cross sections parallel to the xy-coordinate
plane are ellipses. This ellipse is drawn in the figure.

Now consider cross sections parallel to the zz-plane. For instance, letting
y = 0 gives the equation z = ac2/4, clearly a parabola. Intersecting with the
plane x = 0 gives a cross section defined by z = y?2, another parabola. These
parabolas are also sketched in the figure.

Thus we see where the elliptic paraboloid gets its name: some cross sections
are ellipses, and others are parabolas.

youtu.be/watch?v=Ax_QfsRTwrc

Figure 12.1.30 Video introduction to
Subsection 12.1.6

Y

Figure 12.1.32 The elliptic paraboloid
2z =x%/4+ y?


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_surfrev2a_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_surfrev2b_3D.html
https://www.youtube.com/watch?v=Ax_QfsRTwrc
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_quadric1.html
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Such an analysis can be made with each of the quadric surfaces. We give a
sample equation of each, provide a sketch with representative traces, and de-
scribe these traces.

Elliptic Paraboloid z2 P

Plane Trace
r=d Parabola
y=d Parabola
z=d Ellipse
Yy Yy

One variable in the equation of the elliptic paraboloid will be raised to the
first power; above, this is the z variable. The paraboloid will “open” in the di-
rection of this variable’s axis. Thus z = y?/a? + 22/b? is an elliptic paraboloid
that opens along the z-axis. Multiplying the right hand side by (—1) defines an
elliptic paraboloid that “opens” in the opposite direction.

Elliptic Cone z2 yP

Plane Trace

=0 Crossed Lines
y=20 Crossed Lines
r=d Hyperbola
y=d Hyperbola
z=d Ellipse



https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_quadric_par_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_quadric_parb_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_quadric_cone_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_quadric_coneb_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_quadric_conec_3D.html
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One can rewrite the equation as 22 — 2% /a? — y? /b* = 0. The one variable
with a positive coefficient corresponds to the axis that the cones “open” along.

EIIipsoid .’L‘2 y2 z2

Plane Trace

r=d Ellipse
y=d Ellipse
z=d Ellipse

Ifa = b = ¢ # 0, the ellipsoid is a sphere with radius a; compare to Key
Idea 12.1.8.

Hyperboloid of One ;2 42 ;2
Sheet 737 @1

Plane Trace
r=d Hyperbola
y=d Hyperbola
z=d Ellipse

The one variable with a negative coefficient corresponds to the axis that the
hyperboloid “opens” along.

Hyperboloid of Two 22 22 P
Sheets 2 2 21

Plane Trace
r=d Hyperbola
y=d Hyperbola
z=d Ellipse

The one variable with a positive coefficient corresponds to the axis that the
hyperboloid “opens” along. In the case illustrated, when |d| < |c|, there is no


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_quadric_ellipsoid_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_quadric_ellipsoidb_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_quadric_hyp_one_sheet_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_quadric_hyp_one_sheetb_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_quadric_hyp_two_sheet_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_quadric_hyp_two_sheetb_3D.html
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trace.
Hyperbolic AT
Paraboloid “~ 2~ 2
= Plane Trace

r=d Parabola
y=d Parabola
z=d Hyperbola

The parabolic traces will open along the axis of the one variable that is raised
to the first power.

Example 12.1.33 Sketching quadric surfaces.

Sketch the quadric surface defined by the given equation.

2

z
16

3 2=y —2?
Solution.
2 22

1. y= = + E: We first identify the quadric by pattern-matching
with the equations given previously. Only two surfaces have equa-
tions where one variable is raised to the first power, the ellip-
tic paraboloid and the hyperbolic paraboloid. In the latter case,
the other variables have different signs, so we conclude that this
describes a hyperbolic paraboloid. As the variable with the first


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_quadric_hyp_par_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_quadric_hyp_parb_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_quadric_hyp_parc_3D.html
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power is y, we note the paraboloid opens along the y-axis. To
make a decent sketch by hand, we need only draw a few traces. In
this case, the traces x = 0 and z = 0 form parabolas that outline
the shape.

x = 0: The trace is the parabola y = 22/16
z = 0: The trace is the parabola y = 22 /4.

Graphing each trace in the respective plane creates a sketch as
shown in Figure 12.1.34(a). This is enough to give an idea of
what the paraboloid looks like. The surface is filled in in Fig-
ure 12.1.34(b).

z z

44
> ﬁé\ y

4
(a) (b)

Figure 12.1.34 Sketching an elliptic paraboloid

2 2
2. 22 + L + - 1 : This is an ellipsoid. We can get a good idea

of its shape by drawing the traces in the coordinate planes.
T
x = 0: The trace is the ellipse r + 1= 1. The major axis is
along the y-axis with length 6 (as b = 3, the length of the axis is
6); the minor axis is along the z-axis with length 4.
2
y = 0: The trace is the ellipse 2% + - 1. The major axis is

along the z-axis, and the minor axis has length 2 along the x-axis.
2

z = 0: The trace is the ellipse 22 + % = 1, with major axis along

the y-axis.

Graphing each trace in the respective plane creates a sketch
as shown in Figure 12.1.35(a). Filling in the surface gives Fig-
ure 12.1.35(b).



https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_space5a1_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_space5a2_3D.html
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34

(a) (b)
Figure 12.1.35 Sketching an ellipsoid

3. z = y2 — 22: This defines a hyperbolic paraboloid, very similar
to the one shown in the gallery of quadric sections. Consider the
traces inthe y — z and z — z planes:

x = 0: The trace is z = y?2, a parabola opening up in the y — z

plane.

y = 0: The trace is = = —x?, a parabola opening down in the

r — z plane.

Sketching these two parabolas gives a sketch like that in Fig- Video solution

ure 12.1.36(a), and filling in the surface gives a sketch like Fig-
ure 12.1.36(b).

youtu.be/watch?v=7BPClg70Lmg

(a) (b)
Figure 12.1.36 Sketching a hyperbolic paraboloid

Example 12.1.37 Identifying quadric surfaces.

Consider the quadric surface shown in Figure 12.1.38. Which of the fol-
lowing equations best fits this surface?

22 2 2 2 _
(a) $2—y2—§:0 (c) = x Y 1
2
2z
(b) 22 —y?—22=1 (d) 4x2—y2—§:1

Solution. The image clearly displays a hyperboloid of two sheets. The

gallery informs us that the equation will have a form similar to 2, — £, — Figure 12.1.38 A possible equation of
this quadric surface is found in Exam-

ple 12.1.37



https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_space5b1_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_space5b2_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_space5c1_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_space5c2_3D.html
https://www.youtube.com/watch?v=7BPClg70Lmg
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_space6.html
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v

5 .
\?Ve can immediately eliminate option (a), as the constant in that equa-
tion is not 1.
The hyperboloid “opens” along the z-axis, meaning x must be the only
variable with a positive coefficient, eliminating (c).
The hyperboloid is wider in the z-direction than in the y-direction, so we
need an equation where ¢ > b. This eliminates (b), leaving us with (d).
We should verify that the equation given in (d), 422 — 3% — % = 1, fits.
We already established that this equation describes a hyperboloid of two
sheets that opens in the z-direction and is wider in the z-direction than

in the y. Now note the coefficient of the z-term. Rewriting 422 in stan-
2

dard form, we have: 4z° = Thuswheny = 0and z = 0, x

X
(1/2)*
must be 1/2; i.e., each hyperboloid “starts” at x = 1/2. This matches

our figure.
2

We conclude that 422 — % — % = 1 best fits the graph.

This section has introduced points in space and shown how equations can
describe surfaces. The next sections explore vectors, an important mathematical
object that we'll use to explore curves in space.
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12.1.7 Exercises

Terms and Concepts

Axes drawn in space must conform to the rule.

In the plane, the equation x = 2 defines a

1
2
3. In the plane, the equation y = 22 defines a
4 Which quadric surface looks like a Pringles(TM) chip?
5

Consider the hyperbola 22 — y? = 1 in the plane. If this hyperbola is rotated about the z-axis, what quadric
surface is formed?

6.  Consider the hyperbola z2 — 12

surface is formed?

= 1 in the plane. If this hyperbola is rotated about the y-axis, what quadric

Problems

7. Thepoints A = (1,4,2), B = (2,6,3) and C = (4, 3,1) form a triangle in space. Find the distances between
each pair of points and determine if the triangle is a right triangle.

8. Thepoints A = (1,1,3), B=(3,2,7),C = (2,0,8) and D = (0, —1,4) form a quadrilateral ABC'D in space.
Is this a parallelogram?

9. Find the center and radius of the sphere defined by

22 —8r 4y  +2y+22+8=0:
10. Find the center and radius of the sphere defined by
24+ A — 2 —4z4+4=0:

Exercise Group. In the following exercises, describe the region in space defined by the inequalities.
11. 22 +9y2+22<1 12. 0<z<3
13. 2>0,y>0,2>0 14. y >3

Exercise Group. In the following exercises, sketch the cylinder in space.

15. 2z =23 16. y = cos(z)
22 2 1

17. —+2 =1 18. y=-—
4 9 T

Exercise Group. In the following exercises, give the equation of the surface of revolution described.

19. Give the equation of the surface formed by 20. Give the equation of the surface formed by
revolving z = ﬁ in the yz-plane about the revolving y = 22 in the zy-plane about the
y-axis. x-axis.

21. Give the equation of the surface formed by 22. Give the equation of the surface formed by
revolving z = 22 in the 2z-plane about the revolving z = 1/x in the xz-plane about the
z-axis. Z-axis.

Exercise Group. In the following exercises, a quadric surface is sketched. Determine which of the given equations
best fits the graph.
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23. 24,

25.

22

(a)x2+y—2+—=1(b)x2+
3 2

y? 22_ @y2—22—-22=1Mb)y?+22-22=1
Tt =1

Exercise Group. In the following exercises, sketch the quadric surface.

.2 2 _ 2
27. =z Yy +x 0 28. 252 _ .’L’2 + yZ
29. z=—y% 22 30. 1622 —16y% — 1622 =1

2 22 1 32, 4t + 22+ 22 =4


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_10_01_ex_19_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_10_01_ex_20_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_10_01_ex_21_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_10_01_ex_22_3D.html
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12.2 An Introduction to Vectors

Many quantities we think about daily can be described by a single number: tem-
perature, speed, cost, weight and height. There are also many other concepts
we encounter daily that cannot be described with just one number. For instance,
a weather forecaster often describes wind with its speed and its direction (“. ..
with winds from the southeast gusting up to 30 mph ..."”). When applying a
force, we are concerned with both the magnitude and direction of that force. In
both of these examples, direction is important. Because of this, we study vectors,
mathematical objects that convey both magnitude and direction information.

One “bare-bones” definition of a vector is based on what we wrote above:
“a vector is a mathematical object with magnitude and direction parameters.”
This definition leaves much to be desired, as it gives no indication as to how
such an object is to be used. Several other definitions exist; we choose here a
definition rooted in a geometric visualization of vectors. It is very simplistic but
readily permits further investigation.

Definition 12.2.2 Vector.

A vector is a directed line segment.

Given points P and @ (either in the plane or in space), we denote with
1@ the vector from P to (). The point P is said to be the initial point
of the vector, and the point @) is the terminal point.

The magnitude, length or norm of P() is the length of the line segment

7 4] = 7ol

Two vectors are equal if they have the same magnitude and direction.

Figure 12.2.3 shows multiple instances of the same vector. Each directed
line segment has the same direction and length (magnitude), hence each is the
same vector.

We use R? (pronounced “r two”) to represent all the vectors in the plane,
and use R3 (pronounced “r three”) to represent all the vectors in space.

Consider the vectors 1@ and ]?? as shown in Figure 12.2.4. The vectors look
to be equal; that is, they seem to have the same length and direction. Indeed,
they are. Both vectors move 2 units to the right and 1 unit up from the initial
point to reach the terminal point. One can analyze this movement to measure
the magnitude of the vector, and the movement itself gives direction informa-
tion (one could also measure the slope of the line passing through P and @ or
R and S). Since they have the same length and direction, these two vectors are
equal.

This demonstrates that inherently all we care about is displacement; that is,
how far in the x, y and possibly z directions the terminal point is from the initial
point. Both the vectors ]@ and RS in Figure 12.2.4 have an z-displacement of
2 and a y-displacement of 1. This suggests a standard way of describing vectors
in the plane. A vector whose z-displacement is a and whose y-displacement is
b will have terminal point (a, b) when the initial point is the origin, (0,0). This
leads us to a definition of a standard and concise way of referring to vectors.

Definition 12.2.5 Component Form of a Vector.

1. The component form of a vector ¥ in R2, whose terminal point is
(a, b) when its initial point is (0, 0), is {(a, b).

2. The component form of a vector ¥ in R3, whose terminal point is
(a, b, ¢) when its initial point is (0,0, 0), is (a, b, ¢).

e

el o)

[=]

-

youtu.be/watch?v=_1mYILsTF2U

Figure 12.2.1 Video introduction to

Section 12.2

Y
4,
/72*
—‘4 -2 2 4
-2 >
_4 | /

Figure 12.2.3 Drawing the same vec-
tor with different initial points

1y

Q
2

4

Figure 12.2.4 Illustrating how equal
vectors have the same displacement


https://www.youtube.com/watch?v=_1mYILsTF2U
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The numbers a, b (and ¢, respectively) are the components of .

It follows from the definition that the component form of the vector I@
where P = ($17 y1> and Q = ($27y2) is
1@ = (r2 —T1,¥2 — Y1) ;
in space, where P = (z1,y1,21) and Q = (z2, y2, 22), the component form of
]@ is
1@ = (r2 —T1,Y2 — Y1,22 — 21) -
We practice using this notation in the following example.

Example 12.2.6 Using component form notation for vectors.

1. Sketch the vector ¢ = (2, —1) starting at P = (3,2) and find its
magnitude.

2. Find the component form of the vector «w whose initial point is
R = (-3, —2) and whose terminal point is S = (-1, 2).

3. Sketch the vector @ = (2, —1, 3) starting at the point @ = (1,1,1)
and find its magnitude.
Solution.

1. Using P as the initial point, we move 2 units in the positive z-
direction and —1 units in the positive y-direction to arrive at the
terminal point P’ = (5, 1), as drawn in Figure 12.2.7(a). The mag-
nitude of ¥/ is determined directly from the component form:

5 = V2 + (1) = V5.

(a) (b)
Figure 12.2.7 Graphing vectors in Example 12.2.6

2. Using the note following Definition 12.2.5, we have
RS = (~1-(-3).2— (-2)) = (2.4).

One can readily see from Figure 12.2.7(a) that the z- and y-

displacement of ]ﬁ is 2 and 4, respectively, as the component
form suggests.

3. Using @ as the initial point, we move 2 units in the positive z-
direction, —1 unit in the positive y-direction, and 3 units in the



https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_vect1b_3D.html
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positive z-direction to arrive at the terminal point Q' = (3,0,4),
illustrated in Figure 12.2.7(b). The magnitude of % is:

] = /22 + (-1)2 + 32 = V14.

Now that we have defined vectors, and have created a nice notation by which
to describe them, we start considering how vectors interact with each other.
That is, we define an algebra on vectors.

Definition 12.2.8 Vector Algebra.

1. Let @ = (u1,u2) and ¥ = (v1,v,) be vectors in R?, and let c be a
scalar.

(a) The addition, or sum, of the vectors « and v is the vector
U4 U= (up + v1,us + va) .

(b) The multiplication of a scalar ¢ and a vector ¥ is the vector
e = c(v1,v2) = (cv1, cva) .

2. Let @ = {uq,usz,u3) and ¥ = (v, ve, v3) be vectors in R, and let
¢ be a scalar.

(a) The addition, or sum, of the vectors « and v is the vector
U+ U= (u + vy, us + vo,us + vs) .

(b) The multiplication of a scalar ¢ and a vector ¥ is the vector
e = ¢ (v1,va,v3) = {cv1, CU2, CUS) .

In short, we say addition and scalar multiplication are computed “component-
wise.”

Example 12.2.10 Adding vectors.

Sketch the vectors 4 = (1,3), ¥ = (2,1) and @ + ¥ all with initial point
at the origin.
Solution. We first compute 4 + 7.

T+7=(1,3) + (2,1)
= (3,4).

These are all sketched in Figure 12.2.11.

As vectors convey magnitude and direction information, the sum of vectors
also convey length and magnitude information. Adding @ + ¥ suggests the fol-
lowing idea:

“Starting at an initial point, go out #, then go out ¢."

This idea is sketched in Figure 12.2.12, where the initial point of ¥/ is the terminal
point of 4. This is known as the “Head to Tail Rule” of adding vectors. Vector

Video solution

1
% [=]

[=] Eoefind

youtu.be/watch?v=w1MzWJzoyGg

youtu.be/watch?v=tOpeq-_KOME

Figure 12.2.9 Video presentation of
Definition 12.2.8 (2 videos)

Video solution

Figure 12.2.11 Graphing the sum of
vectors in Example 12.2.10


https://www.youtube.com/watch?v=w1MzWJzoyGg
https://www.youtube.com/watch?v=tOpeq-_K0ME
https://www.youtube.com/watch?v=3MSwQJq_3s0

CHAPTER 12. VECTORS 650

addition is very important. For instance, if the vectors @ and ¥ represent forces
acting on a body, the sum @ + ¥ gives the resulting force. Because of various
physical applications of vector addition, the sum « + ¥/ is often referred to as the
resultant vector, or just the “resultant.”

Analytically, it is easy to see that @ + ¥ = ¢ + 4. Figure 12.2.12 also gives
a graphical representation of this, using gray vectors. Note that the vectors «
and 7, when arranged as in the figure, form a parallelogram. Because of this,
the Head to Tail Rule is also known as the Parallelogram Law: the vector i + v'is
defined by forming the parallelogram defined by the vectors @ and #; the initial
point of & + ¥ is the common initial point of parallelogram, and the terminal
point of the sum is the common terminal point of the parallelogram.

While not illustrated here, the Head to Tail Rule and Parallelogram Law hold
for vectors in R? as well.

It follows from the properties of the real numbers and Definition 12.2.8 that

i—7=d+(-1)7

The Parallelogram Law gives us a good way to visualize this subtraction. We
demonstrate this in the following example.

Example 12.2.13 Vector Subtraction.

Let @ = (3,1) and ¥ = (1, 2). Compute and sketch @ — .

Solution. The computation of u — @' is straightforward, and we show all
steps below. Usually the formal step of multiplying by (—1) is omitted
and we “just subtract.”

+ (-7

3,1) + (—1,-2)
=(2,-1).

S

U—7=

o~ o~

Figure 12.2.14 illustrates, using the Head to Tail Rule, how the subtrac-
tion can be viewed as the sum i + (—). The figure also illustrates how
i — ¥ can be obtained by looking only at the terminal points of @ and ¢
(when their initial points are the same).

Example 12.2.15 Scaling vectors.

1. Sketch the vectors ¢ = (2, 1) and 2¢ with initial point at the origin.

2. Compute the magnitudes of ¢ and 2.

Solution.
1. We compute 2%
20=2(2,1)
= (4,2).

Both ¥’ and 2 are sketched in Figure 12.2.16. Make note that 27/
does not start at the terminal point of ¥; rather, its initial point is
also the origin.

2. The figure suggests that 2¢'is twice as long as /. We compute their

Figure 12.2.12 Illustrating how to add
vectors using the Head to Tail Rule
and Parallelogram Law

Figure 12.2.14 lllustrating how to sub-
tract vectors graphically

Video solution

youtu.be/watch?v=a_gRwTkQXYQ

Figure 12.2.16 Graphing vectors v
and 27 in Example 12.2.15


https://www.youtube.com/watch?v=a_qRwTkQXYQ
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magnitudes to confirm this.

Il = v/22 +12
= /5.

2] = v/a2 + 22
= V20
=V4-5=2V5

As we suspected, 2¢ is twice as long as 7.

The zero vector is the vector whose initial point is also its terminal point. It
is denoted by 0. Its component form, in R?, is (0, 0); in R3, it is (0, 0, 0). Usually
the context makes is clear whether 0 is referring to a vector in the plane or in
space.

Our examples have illustrated key principles in vector algebra: how to add
and subtract vectors and how to multiply vectors by a scalar. The following the-
orem states formally the properties of these operations.

Theorem 12.2.17 Properties of Vector Operations.

The following are true for all scalars ¢ and d, and for all vectors i, v and
W, where @, ¥ and i are all in R? or where @, ¥ and i are all in R3:

1. 4 + ¥ = ¥ + u Commutative Property
2. (@ + v) + W = 4 + (U + W) Associative Property
3. 7+ 0 = ¢ Additive Identity

(cd)¥ = ¢(dv)

¢(t + ¥) = cul + ¢ Distributive Property

IS
NG

(¢ + d)¥U = ¢ + dU Distributive Property

07 =0

N

8. [|lev]| = || - [|7]
9. ||@|| = 0 if, and only if, @ = 0.
As stated before, each nonzero vector ¢’ conveys magnitude and direction
information. We have a method of extracting the magnitude, which we write as

||7]]. Unit vectors are a way of extracting just the direction information from a
vector.

Definition 12.2.19 Unit Vector.
A unit vector is a vector ¢ with a magnitude of 1; that is,

7] = 1.

Consider this scenario: you are given a vector ¥ and are told to create a
vector of length 10 in the direction of . How does one do that? If we knew that
o was the unit vector in the direction of ¥, the answer would be easy: 10%. So

Video solution

youtu.be/watch?v=-zvqs7hveXc

youtu.be/watch?v=0ixzQ2EGYPM

Figure 12.2.18 Video presentation of
Part 9 of Theorem 12.2.17

youtu.be/watch?v=6kKUB30Surs

Figure 12.2.20 Video presentation of
Definition 12.2.19


https://www.youtube.com/watch?v=-zvqs7hveXc
https://www.youtube.com/watch?v=oixzQ2EGYPM
https://www.youtube.com/watch?v=6kKUB3OSurs
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how do we find %?
Property 8 of Theorem 12.2.17 holds the key. If we divide ¥/ by its magnitude,
it becomes a vector of length 1. Consider:

= — ||7]] (we can pull out as it is a positive scalar)

H 1 1 1
=iV =
191 el

1

So the vector of length 10 in the direction of v'is 10 7
v

. An example will

make this more clear.
Example 12.2.21 Using Unit Vectors.
Let ¥ = (3,1) and let & = (1, 2,2).
1. Find the unit vector in the direction of v.
2. Find the unit vector in the direction of .

3. Find the vector in the direction of ¢’ with magnitude 5.

Solution.

1. We find ||7|| = v/10. So the unit vector @ in the direction of ¥'is

2. We find ||@|| = 3, so the unit vector Z'in the direction of « is

3. To create a vector with magnitude 5 in the direction of ¥, we mul-
tiply the unit vector @ by 5. Thus 54 = (15/1/10,5/1/10) is the
vector we seek. This is sketched in Figure 12.2.22.

The basic formation of the unit vector i in the direction of a vector ¥ leads
to a interesting equation. It is:

<y

I
{5
VN
= -

5
N———

magnitude
direction

This equation illustrates the fact that a nonzero vector has both magnitude
and direction, where we view a unit vector as supplying only direction informa-
tion. Identifying unit vectors with direction allows us to define parallel vectors.

Video solution

youtu.be/watch?v=B90VODjaélY

[AY

[AY

Figure 12.2.22 Graphing vectors in Ex-
ample 12.2.21. All vectors shown
have their initial point at the origin


https://www.youtube.com/watch?v=B9OV0Dja6IY
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Definition 12.2.23 Parallel Vectors.

1. Unit vectors u; and iy are parallel if i1 = +1i>.

2. Nonzero vectors ¥, and ¥ are parallel if their respective unit vec-
tors are parallel.

It is equivalent to say that vectors ©; and ¥y are parallel if there is a scalar
¢ # 0 such that 7; = ¢, (see marginal note).

If one graphed all unit vectors in R? with the initial point at the origin, then
the terminal points would all lie on the unit circle. Based on what we know from
trigonometry, we can then say that the component form of all unit vectors in R?
is (cos(0), sin(#)) for some angle 6.

A similar construction in R® shows that the terminal points all lie on the unit
sphere. These vectors also have a particular component form, but its derivation
is not as straightforward as the one for unit vectors in R?. Important concepts
about unit vectors are given in the following Key Idea.

Key Idea 12.2.25 Unit Vectors.

1. The unit vector in the direction of a nonzero vector ¥ is
- 1
U= v 0.
il

2. Avector @ in R? is a unit vector if, and only if, its component form
is (cos @, sin ) for some angle 6.

3. Avector @ in R? is a unit vector if, and only if, its component form
is (sin(#) cos(¢), sin(A) sin(¢), cos(f)) for some angles 6 and .
These formulas can come in handy in a variety of situations, especially the
formula for unit vectors in the plane.

Example 12.2.26 Finding Component Forces.

Consider a weight of 50lb hanging from two chains, as shown in Fig-
ure 12.2.27. One chain makes an angle of 30° with the vertical, and the
other an angle of 45°. Find the force applied to each chain.

Solution. Knowing that gravity is pulling the 50Ib weight straight down,
we can create a vector F' to represent this force.

—

F=50(0,—1) = (0, —50) .

We can view each chain as “pulling” the weight up, preventing it from
falling. We can represent the force from each chain with a vector. Let
ﬁl represent the force from the chain making an angle of 30° with the
vertical, and let Fg represent the force form the other chain. Convert all
angles to be measured from the horizontal (as shown in Figure 12.2.28),
and apply Key Idea 12.2.25. As we do not yet know the magnitudes of
these vectors, (that is the problem at hand), we use m; and m to rep-
resent them.
Fy = my (cos(120°), sin(120°))

Fy = my (cos(45°), sin(45°))

Direction and the zero vector.
is directionless; because HOH

=

0, there is no unit vector in the
“direction” of 0.

Some texts define two vectors
as being parallel if one is a scalar
multiple of the other. By this de-
finition, O is parallel to all vectors
as 0 = 07 for all 7.

We define what it means for
two vectors to be perpendicular
in Definition 12.3.14, which is writ-
ten to exclude 0. It could be writ-
ten to include 6; by such a defi-
nition, 0 is perpendicular to all
vectors. While counter-intuitive,
it is mathematically sound to al-
low 0 to be both parallel and per-
pendicular to all vectors.

We prefer the given definition
of parallel asitis groundedin the
fact that unit vectors provide di-
rection information. One may adopt
the convention that 0 is parallel
to all vectors if they desire. (See
also the aside in Section 12.4.)

Figure 12.2.27 A diagram of a
weight hanging from 2 chains in
Example 12.2.26


https://www.youtube.com/watch?v=TZxf7vV1iuk
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As the weight is not moving, we know the sum of the forces is 0. This
gives:

F+F +F=0
(0, —50) 4 my (cos(120°), sin(120°)) 4 my (cos(45°), sin(45°)) = 0

The sum of the entries in the first component is 0, and the sum of the
entries in the second component is also 0. This leads us to the following
two equations:

my cos(120°) + mg cos(45°) = 0
my sin(120°) + mg sin(45°) = 50

This is a simple 2-equation, 2-unknown system of linear equations. We
leave it to the reader to verify that the solution is

5012
1++3

It might seem odd that the sum of the forces applied to the chains is
more than 50lb. We leave it to a physics class to discuss the full de-
tails, but offer this short explanation. Our equations were established so
that the vertical components of each force sums to 50lb, thus support-
ing the weight. Since the chains are at an angle, they also pull against
each other, creating an “additional” horizontal force while holding the
weight in place.

my =50(vV3—1)~36.6; mg= ~ 25.88.

Unit vectors were very important in the previous calculation; they allowed us
to define a vector in the proper direction but with an unknown magnitude. Our
computations were then computed component-wise. Because such calculations
are often necessary, the standard unit vectors can be useful.

Definition 12.2.29 Standard Unit Vectors.

1. In R2, the standard unit vectors are

i=(1,0) and 7 = (0,1).

2. In R3, the standard unit vectors are

i=1(1,0,0) and j = (0,1,0) and k = (0,0,1).

Example 12.2.30 Using standard unit vectors.
1. Rewrite ¥/ = (2, —3) using the standard unit vectors.

2. Rewrite & = 4i — 55+ 2k in component form.

Solution.

Figure 12.2.28 A diagram of the force
vectors from Example 12.2.26

Video solution

i
[=]

youtu.be/watch?v=XxSQSU4Nvig



https://www.youtube.com/watch?v=XxSQSU4Nvig
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7= (2,-3)

1 =(2,0) + (0, —3)

T =2(1,0)—-3(0,1)
=2/ —3j

W =47 — 5] + 2k
2. =(4,0,0) + (0,—5,0) + (0,0, 2)
= <4a 757 2>

These two examples demonstrate that converting between component
form and the standard unit vectors is rather straightforward. Many math-
ematicians prefer component form, and it is the preferred notation in
this text. Many engineers prefer using the standard unit vectors, and
many engineering text use that notation.

Example 12.2.31 Finding Component Force.

A weight of 25lb is suspended from a chain of length 2ft while a wind
pushes the weight to the right with constant force of 5lb as shown in
Figure 12.2.32. What angle will the chain make with the vertical as a
result of the wind’s pushing? How much higher will the weight be?

Solution. The force of the wind is represented by the vector ﬁw =
5i. The force of gravity on the weight is represented by Fg = —25;.
The direction and magnitude of the vector representing the force on the
chain are both unknown. We represent this force with

F. = m (cos(p), sin(p)) = mcos(p) i +msin(p) ]

for some magnitude m and some angle with the horizontal ¢. (Note:
is the angle the chain makes with the vertical; ¢ is the angle with the
horizontal.)

As the weight is at equilibrium, the sum of the forces is 0:

mcos(p)i +msin(p)j + 5i — 255 =

Thus the sum of the i and fcomponents are 0, leading us to the following
system of equations:

5+ mcosp =0
. (12.2.1)
—25+msing =0
This is enough to determine FL already, as we know mcos(p) = —5

and msin(¢) = 25. Thus F, = (—5,25). We can use this to find the
magnitude m:

m=/(—5)2 +252 = 5v26 ~ 255 1b.

We can then use either equality from Equation (12.2.1) to solve for .
We choose the first equality as using arccosine will return an angle in
the 2nd quadrant:

-5
5+ 5v26cos(¢) = 0= ¢ = cos™* () ~ 1.7682 ~ 101.31°.

9V 26

Figure 12.2.32 A figure of a weight
being pushed by the wind in Exam-
ple 12.2.31
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Subtracting 90° from this angle gives us an angle of 11.31° with the ver-
tical.

We can now use trigonometry to find out how high the weight is lifted.
The diagram shows that a right triangle is formed with the 2ft chain as
the hypotenuse with an interior angle of 11.31°. The length of the ad-
jacent side (in the diagram, the dashed vertical line) is 2 cos(11.31°) ~
1.96ft. Thus the weight is lifted by about 0.04ft, almost 1/2in.

The algebra we have applied to vectors is already demonstrating itself to be
very useful. There are two more fundamental operations we can perform with
vectors, the dot product and the cross product. The next two sections explore
each in turn.
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12.2.1 Exercises

Terms and Concepts

1. Name two different things that cannot be described with just one number, but rather need 2 or more numbers
to fully describe them.

2. What s the difference between (1, 2) and (1, 2)?

3.  What s a unit vector?

4, Unit vectors can be thought of as conveying what type of information?
5. What does it mean for two vectors to be parallel?

6. What effect does multiplying a vector by —2 have?

Problems

Exercise Group. In the following exercises, points P and () are given. Write the vector ]@ in component form and
using the standard unit vectors.

7. IfP=(2,-1)and @Q = (3,5), writethevector 8. If P =(3,2)and Q = (7, —2), write the vector
F@: @

(a) in component form. (a) in component form.
(b) using the standard unit vectors. (b) using the standard unit vectors.
9. IfP=(0,3,—1)and Q = (6,2,5), write the 10. If P =(2,1,2)and Q = (4, 3,2), write the
vector PQ): vector PQ):
(a) in component form. (a) in component form.
(b) using the standard unit vectors. (b) using the standard unit vectors.

11. Lletu =(1,-2)and ¥ = (1,1).
(a) Find @+ ¥, 4 — ¥, 24 — 37.
(b) Sketch the above vectors on the same axes, along with 4 and ¥.

(c) Find ¥ where ¢ + ¥ = 20 — Z.
12, Letu=(1,1,—1)and ¥ = (2,1,2).

(a) Find @@ + 7, @ — ¥, wii — \/20.
(b) Sketch the above vectors on the same axes, along with 4 and ¥.
(c) Find ¥ where @ + ¥ = U + 27.

Exercise Group. In the following exercises, sketch i, v, & + ¥ and @ — ¢/ on the same axes.
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13. 14.
Y Y
U
i
T T
U
v
15. 16.
z z
u
U
’EL’
x Y x vy

Exercise Group. In the following exercises, find |||, ||7]], ||@ + ¥| and ||@ — |

17. u={(2,1),7=(3,-2). 18. 4 =(-3,2,2),v=(1,-1,1).

19. @=(1,2),0=(-3,-6). 20. @ =(2,-3,6),7=(10,-15,30).
21. Under what conditions is ||| + ||7]|| = ||@ + ¥/||?
Exercise Group. In the following exercises, find the unit vector @ in the direction of .

22. Find the unit vector # in the direction of 23. Find the unit vector % in the direction of

v=(3,7). v =(6,8).
24. Find the unit vector # in the direction of 25. Find the unit vector % in the direction of
v=(1,-2,2). v=1(2,-2,2).

26. Find the unit vector in the first quadrant of R? that makes a 50° angle with the z-axis.
27. Find the unit vector in the second quadrant of R? that makes a 30° angle with the y-axis.
28. Verify, from Key Idea 12.2.25, that

@ = (sin(6) cos(ip), sin(8) sin(p), cos(6))
is a unit vector for all angles 6 and ¢.

Exercise Group. A weight of 100Ib is suspended from two chains, making angles with the vertical of § and ¢ as shown
in the figure below.
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In the following exercises, the angles # and ¢ are given. Find the magnitude of the force applied to each chain.
29. 0 =30°¢p = 30° 30. 6 =060°p =60°
31. 0 =20°%p=15° 32. 9=0%p=0°

Exercise Group. A weight of plb is suspended from a chain of length £ while a constant force of ﬁw pushes the weight
to the right, making an angle of 8 with the vertical, as shown in the figure below.

In the following exercises, a force ﬁw and length ¢ are given. Find the angle 6 and the height the weight is lifted
as it moves to the right.

33. F,=1Ib,¢=1ft,p=1lb 34. F, =1Ib, ¢ = 1ft,p = 10lb
35. F, =1lIb,¢=10ft,p = 1lb 36. F, =10lb, ¢ = 10ft,p = 1Ib
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12.3 The Dot Product

The previous section introduced vectors and described how to add them to-
gether and how to multiply them by scalars. This section introduces a multi-
plication on vectors called the dot product.

Definition 12.3.2 Dot Product.

1. Let@ = (uy, up) and 7@ = (vq,vs) in R2. The dot product of i and
7, denoted 4 - U, is

U= U1V1 + UV2.

S

2. Let @ = (u1,us,u3) and ¥ = (vy,vs,v3) in R3. The dot product
of @ and ¥, denoted 4 - U, is

—

-0 = U1V1 + U2 + u3vs.

S

Note how this product of vectors returns a scalar, not another vector. We
practice evaluating a dot product in the following example, then we will discuss
why this product is useful.

Example 12.3.3 Evaluating dot products.

1. Lletd = (1,2), 7= (3,—1) inR%. Find @ - ©.

2. Let# = (2,-2,5)and i = (—1,0,3) inR3. Find & - ¥.
Solution.

1. Using Definition 12.3.2, we have

S

i-7=1(3)+2(—1) = 1.

2. Using the definition, we have

77 =2(—1) - 2(0) + 5(3) = 13.

The dot product, as shown by the preceding example, is very simple to eval-
uate. It is only the sum of products. While the definition gives no hint as to why
we would care about this operation, there is an amazing connection between
the dot product and angles formed by the vectors. Before stating this connec-
tion, we give a theorem stating some of the properties of the dot product.

Theorem 12.3.4 Properties of the Dot Product.
Let i, ¥ and 1@ be vectors in R? or R3 and let ¢ be a scalar.
1. 4 - U = ¥ - 4 {Commutative Property}

. @ (U4 W) = -0+ u - {Distributive Property}

2
3
4.0-7=0
5

youtu.be/watch?v=1996h2jxUhw

Figure 12.3.1 Video introduction to
Section 12.3

Video solution

youtu.be/watch?v=NXZz_TGvFZ0


https://www.youtube.com/watch?v=I996h2jxUhw
https://www.youtube.com/watch?v=NXZz_TGvFZ0
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The last statement of the theorem makes a handy connection between the
magnitude of a vector and the dot product with itself. Our definition and theo-
rem give properties of the dot product, but we are still likely wondering “What
does the dot product mean?” It is helpful to understand that the dot product of
a vector with itself is connected to its magnitude.

The next theorem extends this understanding by connecting the dot product
to magnitudes and angles. Given vectors @ and ¥ in the plane, an angle 6 is
clearly formed when % and ' are drawn with the same initial point as illustrated
in Figure 12.3.6(a). (We always take 6 to be the angle in [0, 7] as two angles are
actually created.)

<y

u
(a) (b)

Figure 12.3.6 lllustrating the angle formed by two vectors with the same initial
point

The same is also true of 2 vectors in space: given @ and ¢ in R3 with the
same initial point, there is a plane that contains both % and ©. (When @ and ¥
are co-linear, there are infinitely many planes that contain both vectors.) In that
plane, we can again find an angle 6 between them (and again, 0 < 6 < 7). This
is illustrated in Figure 12.3.6(b).

The following theorem connects this angle 6 to the dot product of # and v.

Theorem 12.3.7 The Dot Product and Angles.

Let @ and T be nonzero vectors in R2 or R®. Then

—

S

-0 = ||d]| ||7]| cos(6),
where 6, 0 < 6 < T, is the angle between u and .

Using Theorem 12.3.4, we can rewrite this theorem as

0

Note how on the left hand side of the equation, we are computing the dot
product of two unit vectors. Recalling that unit vectors essentially only provide
direction information, we can informally restate Theorem 12.3.7 as saying “The
dot product of two directions gives the cosine of the angle between them.”

When 6 is an acute angle (i.e., 0 < 6 < 7/2), cos(f) is positive; when
6 = 7/2, cos(d) = 0; when @ is an obtuse angle (7/2 < 6 < ), cos(d) is
negative. Thus the sign of the dot product gives a general indication of the angle
between the vectors, illustrated in Figure 12.3.9.

=

= cos(0).

2

gl

youtu.be/watch?v=7mZ-eK8fBCk

Figure 12.3.5 Video presentation of
Theorem 12.3.4

youtu.be/watch?v=d8mzoznYsJo

Figure 12.3.8 Video presentation of
Theorem 12.3.7


https://www.youtube.com/watch?v=7mZ-eK8fBCk
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_dotpangleb_3D.html
https://www.youtube.com/watch?v=d8mzoznYsJo
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. v
v -
v
0=m/2
u u L

i7>0 i 7=0 i7<0"
Figure 12.3.9 lllustrating the relationship between the angle between vectors
and the sign of their dot product

We can use Theorem 12.3.7 to compute the dot product, but generally this
theorem is used to find the angle between known vectors (since the dot product
is generally easy to compute). To this end, we rewrite the theorem’s equation

as
TR q U
cos() = ———= < 0= cos™! (_, - ) .
[l [|91] ]l [1]]

We practice using this theorem in the following example.

Example 12.3.10 Using the dot product to find angles.

Let@ = (3,1), ¥ = (—2,6) and & = (—4, 3), as shown in Figure 12.3.11.
Find the angles o, 8 and 6.

Solution. We start by computing the magnitude of each vector.
@] = v10; [|]] = 2v10; ||| = 5.

We now apply Theorem 12.3.7 to find the angles.

o= cos <<¢T£{26M))
= 90°.

A2 2.1763 & 124.7°

We see from our computation that « 4 5 = 0, as indicated by Figure 12.3.11.
While we knew this should be the case, it is nice to see that this non-intuitive
formula indeed returns the results we expected.

We do a similar example next in the context of vectors in space.

Example 12.3.12 Using the dot product to find angles.

Letd = (1,1,1), ¥ = (—1,3,—2) and & = (—5,1,4), as illustrated in
Figure 12.3.13. Find the angle between each pair of vectors.

<L

g

Figure 12.3.11 Vectors used in Exam-
ple 12.3.10

Video solution

youtu.be/watch?v=7bkKYObUxFo


https://www.youtube.com/watch?v=7bkKYObUxFo
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Solution.

1. Between % and

2. Between @ and w:

3. Between ¥ and @:

663

- (i)

™
B) .

While our work shows that each angle is 7/2, i.e., 90°, none of these
angles looks to be a right angle in Figure 12.3.13. Such is the case when
| drawing three-dimensional objects on the page.

All three angles between these vectors was 7/2, or 90°. We know from
geometry and everyday life that 90° angles are “nice” for a variety of reasons,
so it should seem significant that these angles are all /2. Notice the common
feature in each calculation (and also the calculation of « in Example 12.3.10): the
dot products of each pair of angles was 0. We use this as a basis for a definition
of the term orthogonal, which is essentially synonymous to perpendicular.

Definition 12.3.14 Orthogonal.

Nonzero vectors « and ¢ are orthogonal if their dot product is O.

Solution.

Example 12.3.15 Finding orthogonal vectors.
Let @ = (3,5) and ¥ = (1,2, 3).
1. Find two vectors in R? that are orthogonal to .

2. Find two non-parallel vectors in R® that are orthogonal to 7.

1. Recall that a line perpendicular to a line with slope m has slope

Figure 12.3.13 Vectors used in Exam-
ple 12.3.12

The term perpendicular originally
referred to lines. As mathemat-
ics progressed, the concept of “be-
ing at right angles to” was applied
to other objects, such as vectors
and planes, and the term orthog-
onal was introduced. It is espe-
cially used when discussing ob-
jects that are hard, or impossi-
ble, to visualize: two vectors in
5-dimensional space are orthog-
onal if their dot product is 0. It
is not wrong to say they are per-
pendicular, but common conven-
tion gives preference to the word
orthogonal.


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_dotp3.html
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—1/m, the “opposite reciprocal slope.” We can think of the slope
of @ as 5/3, its “rise over run.” A vector orthogonal to @ will have
slope —3/5. There are many such choices, though all parallel:

(—5,3) or (5,—3) or (—10,6) or (15,—9), etc.

2. There are infinitely many directions in space orthogonal to any
given direction, so there are an infinite number of non-parallel
vectors orthogonal to ¢. Since there are so many, we have great
leeway in finding some. One way is to arbitrarily pick values for the
first two components, leaving the third unknown. For instance, let
01 = (2,7, 2). If ¥} is to be orthogonal to ¥, then ¥ - ¥ = 0, so

2—1—14—1—32:O:>z:¥.

So ¢; = (2,7,—16/3) is orthogonal to ¥. We can apply a simi-
lar technique by leaving the first or second component unknown.
Another method of finding a vector orthogonal to ¥ mirrors what
we did in part 1. Let ¥ = (—2,1,0). Here we switched the first
two components of ¥, changing the sign of one of them (similar to
the “opposite reciprocal” concept before). Letting the third com-
ponent be 0 effectively ignores the third component of ¢/, and it is
easy to see that

Uy - 7 = (—2,1,0) - (1,2,3) = 0.

Clearly ¥; and ¥ are not parallel.

An important construction is illustrated in Figure 12.3.16, where vectors o
and ' are sketched. In Figure 12.3.16(a), a dotted line is drawn from the tip
of i to the line containing ¥, where the dotted line is orthogonal to ¥. In Fig-
ure 12.3.16(b), the dotted line is replaced with the vector Z and w is formed,
parallel to 7. It is clear by the diagram that & = @ + Z. What is important
about this construction is this: # is decomposed as the sum of two vectors, one
of which is parallel to ¥ and one that is perpendicular to v'. It is hard to overstate
the importance of this construction (as we’ll see in upcoming examples).

The vectors ), Z and @ as shown in Figure 12.3.16(b) form a right triangle,
where the angle between ¥ and i is labeled 8. We can find « in terms of ¢’ and
.

Using trigonometry, we can state that

|l&]| = ||l cos(8). (12.3.1)

(a) (b)

Figure 12.3.16 Developing the construction of the orthogonal projection

Video solution

OL1A0

kit

[=] A

youtu.be/watch?v=eXkGPeTjohM


https://www.youtube.com/watch?v=eXkGPeTjohM
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We also know that 0 is parallel to to ¥; that is, the direction of @ is the
direction of ¥, described by the unit vector ¢/ ||7]|. The vector 1 is the vector in

the direction ¢/ ||#]| with magnitude ||| cos(9):

1
w = ( ||| cos(0) ) —U
(Nl cos())

(*n i ) L g

= TV
Nl 19| ) [17]]
@

—

<L

[\v)

S
<y

o —
_—a—»U

v-v
Since this construction is so important, it is given a special name.

(Applying Theorem 12.3.4).

Definition 12.3.17 Orthogonal Projection.

Let nonzero vectors i and ¥ be given. The orthogonal projection of «
onto ¥, denoted proj ; 4, is

g
<y

proj ;i =

S
<y

Example 12.3.19 Computing the orthogonal projection.

1. Let@ = (—2,1) and ¥ = (3, 1). Find proj ; i, and sketch all three
vectors with initial points at the origin.

2. Letw = (2,1,3) and & = (1,1, 1). Find proj z @, and sketch all
three vectors with initial points at the origin.
Solution.

1. Applying Definition 12.3.17, we have

proj il = ——if
v-v
-5
=55 30
/3 1
N\ 27 2/

Vectors i, ¥ and proj ;i are sketched in Figure 12.3.20. Note
how the projection is parallel to #; that is, it lies on the same line
through the origin as ¥, although it points in the opposite direc-
tion. That is because the angle between « and v is obtuse (i.e.,
greater than 90°).

2. Apply the definition:

g
8]

8]

proj z w =

8

Wl oy

(1,1,1)

—~

2,2,2).

(Replacing cos(6) using Theorem 12.3.7)

youtu.be/watch?v=h8FnrYGOpMg

Figure 12.3.18 Video presentation of
Definition 12.3.17

Figure 12.3.20 Sketching the three
vectors in Part 1 of Example 12.3.19


https://www.youtube.com/watch?v=h8FnrYGOpMg
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These vectors are sketched in Figure 12.3.21(a), and again in Fig-
ure 12.3.21(b) from a different perspective. Because of the nature
of graphing these vectors, the sketch in Figure 12.3.21(a) makes it
difficult to recognize that the drawn projection has the geometric
properties it should. The graph shown in Figure 12.3.21(b) illus-
trates these properties better.

w

Video solution

(b)

Figure 12.3.21 Sketching the three vectors in Part 2 of Exam-
ple 12.3.19

youtu.be/watch?v=Pcd-bORHB70

We can use the properties of the dot product found in Theorem 12.3.4 to
rearrange the formula found in Definition 12.3.17:

S
S

proj z U4 =

S Sl
ST

E—
171

<4 17) v
=\U 7= ) 7=
151/ 111l

The above formula shows that the orthogonal projection of « onto ¥/ is only
concerned with the direction of ¥, as both instances of ¥ in the formula come in
the form ¥/ |||, the unit vector in the direction of ©.

A special case of orthogonal projection occurs when ¥/ is a unit vector. In this
situation, the formula for the orthogonal projection of a vector i onto ©' reduces
to just proj ;@ = (@ - ¥)¥,as v - U = 1.

This gives us a new understanding of the dot product. When #is a unit vector,
essentially providing only direction information, the dot product of i and ¥ gives
“how much of % is in the direction of #.” This use of the dot product will be very
useful in future sections.

Now consider Figure 12.3.22 where the concept of the orthogonal projection
is again illustrated. It is clear that

S

£

531
<y

i = proj z i + Z. (12.3.2) proj = i

As we know what @ and proj ; & are, we can solve for Z'and state that Figure 12.3.22 lllustrating the orthog-

o o . onal projection
Z = U — proj z u. proj

This leads us to rewrite Equation (12.3.2) in a seemingly silly way:

U = proj z @ + (4 — proj z @).


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_dotp4b_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_dotp4c_3D.html
https://www.youtube.com/watch?v=Pcd-bORHB7o
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This is not nonsense, as pointed out in the following Key Idea. (Notation
note: the expression “|| §” means “is parallel to .” We can use this notation to

“—= =

state “Z || 4" which means “Z is parallel to i.” The expression “_L ¢” means “is

=N

orthogonal to #,” and is used similarly.)

f Key Idea 12.3.23 Orthogonal Decomposition of Vectors. )
Let nonzero vectors @ and ¥ be given. Then i can be written as the sum of
two vectors, one of which is parallel to ¥, and one of which is orthogonal
to v

U

I
o
=
&
1 ST
4
+
—
1

\
e
=
&
S
3
=

We illustrate the use of this equality in the following example.
Example 12.3.24 Orthogonal decomposition of vectors.

1. Let@ = (—2,1)and ¥ = (3, 1) asin Example 12.3.19. Decompose
11 as the sum of a vector parallel to ¥ and a vector orthogonal to 7.

2. Letw = (2,1,3) and & = (1, 1, 1) as in Example 12.3.19. Decom-
pose 1 as the sum of a vector parallel to # and a vector orthogonal
to 7.

Solution.
1. In Example 12.3.19, we found that proj ; @ = (—1.5, —0.5). Let
7 =il —projyii = (=2,1) — (=1.5,—0.5) = (—0.5, 1.5) .

Is Z orthogonal to #7? (i.e., is 2 L ¥ ?) We check for orthogonality
with the dot product:

Z-v=(-05,1.5)-(3,1) = 0.
Since the dot product is 0, we know Z L ¥. Thus:

proj; @ + (@ — projzu)
(—1.5,—0.5) + (=0.5,1.5).

G 17

<_2a ]->

2. We found in Example 12.3.19 that proj ; @ = (2,2, 2). Applying
the Key Idea, we have:

Z=w —projzuw =(2,1,3) — (2,2,2) = (0,-1,1).
We check to see if 27 L 7
Z-2={(0,—-1,1)- (1,1,1) = 0.

Since the dot product is 0, we know the two vectors are orthogo-
nal. We now write w as the sum of two vectors, one parallel and
one orthogonal to 7:

W= projzuw + (W — proj z w)

+
(2,1,3) = (2,2,2) + (0,—1,1)
~—— N——

E; g

Video solution

youtu.be/watch?v=9IxUaJ1M4Jk


https://www.youtube.com/watch?v=9IxUaJ1M4Jk
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We give an example of where this decomposition is useful.
Example 12.3.25 Orthogonally decomposing a force vector.

Consider Figure 12.3.26(a), showing a box weighing 50lb on a ramp that
rises 5ft over a span of 20ft. Find the components of force, and their
magnitudes, acting on the box (as sketched in Figure 12.3.26(b)):

7 T

7
20 20 \
" PR

proj - j

I —

Q —
K

(a) (b)

Figure 12.3.26 Sketching the ramp and box in Example 12.3.25. Note:
The vectors are not drawn to scale.

1. in the direction of the ramp, and

2. orthogonal to the ramp.

Solution. Asthe ramp rises 5ft over a horizontal distance of 20ft, we can
represent the direction of the ramp with the vector ¥ = (20, 5). Gravity
pulls down with a force of 50lb, which we represent with § = (0, —50).

1. To find the force of gravity in the direction of the ramp, we com-
pute proj ~ g:

Q)
=3

proj g = ——r
—250
= = (20,5)
200 50
— <_177_17> ~ (—11.76,—2.94) .

The magnitude of proj g is ||projzg|| = 50/v17 ~ 12.131b.
Though the box weighs 50Ib, a force of about 12Ib is enough to
keep the box from sliding down the ramp.

2. Tofind the component Z of gravity orthogonal to the ramp, we use
Key Idea 12.3.23.

7= G- proj-g Video solution

200 800
=( —,——— ) ~ (11.76, —47.06) .
(=) = s, ~aro)

The magnitude of this force is || Z]| & 48.51lb. In physics and engi-

neering, knowing this force is important when computing things

like static frictional force. (For instance, we could easily compute

if the static frictional force alone was enough to keep the box from

sliding down the ramp.)

youtu.be/watch?v=85RquaXgutc



https://www.youtube.com/watch?v=85RquaXgutc
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12.3.1 Application to Work

In physics, the application of a force F' to move an object in a straight line a
distance d produces work; the amount of work W is W = F'd, (where F'is in
the direction of travel). The orthogonal projection allows us to compute work
when the force is not in the direction of travel.

Consider Figure 12.3.27, where a force Fis being applied to an object mov-
ing in the direction of d. (The distance the object travels is the magnitude of J:)

The work done is the amount of force in the direction of J: , times

|

projdjﬁ‘

Jore ]

T LERE
Jaf

IFd

|

Fed

The expression F - dwill be positive if the angle between Fanddis acute;
when the angle is obtuse (hence F.dis negative), the force is causing motion
in the opposite direction of d, resulting in “negative work.” We want to capture
this sign, so we drop the absolute value and find that W = F.d.

Definition 12.3.28 Work.

Let F be a constant force that moves an object in a straight line from
point P to_‘point Q. Let d = @ The work W done by F along dis
W =F-d.

Example 12.3.29 Computing work.

A man slides a box along a ramp that rises 3ft over a distance of 15ft by
applying 50Ib of force as shown in Figure 12.3.30. Compute the work
done.

Solution. The figure ind_[cates that the force applied makes a 30° angle
with the horizontal, so F' = 50 (cos(30°),sin(30°)) ~ (43.3,25). The
ramp is represented by d= (15, 3). The work done is simply

— =

F - d =50 (cos(30°),sin(30°)) - (15,3) =~ 724.5 ft-Ib .

Note how we did not actually compute the distance the object traveled,
nor the magnitude of the force in the direction of travel; this is all inher-
ently computed by the dot product!

The dot product is a powerful way of evaluating computations that depend

on angles without actually using angles. The next section explores another “prod-

uct” on vectors, the cross product. Once again, angles play an important role,
though in a much different way.

—

-

/F

—> projd~13

-

d

Figure 12.3.27 Finding work when the
force and direction of travel are given
as vectors

Figure 12.3.30 Computing work when
sliding a box up a ramp in Exam-

ple 12.3.29
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12.3.2 Exercises

Terms and Concepts

> wbd e

Problems

The dot product of two vectors is a

Give a synonym for “orthogonal.”

, hot a vector.

670

How are the concepts of the dot product and vector magnitude related?

How can one quickly tell if the angle between two vectors is acute or obtuse?

Exercise Group. In the following exercises, find the dot product of the given vectors.

5.
7.
9.

12. Create your own vectors i and @ in R® and scalar ¢ and show that ¢

i=(2,—4),7=(3,7) 6.
i=(1,-1,2),5=(2,5,3) 8.

i=(1,1),7=(1,2,3) 10.

(
11. Create your own vectors i, ¥ and « in R? and show that @ - (¥ + W) = i - ¥ + @ - 0.
(

7=(53),5=(6,1)
i=(3,5-1),7=(4,-1,7)

ﬁ:

- 0) =1 - (cv).

Exercise Group. In the following exercises, find the measure of the angle between the two vectors in radians.

13.
15.

= {(1,1)and ¥ = (1,2). 14.
@=(8,1,—4) and ¥ = (2,2,0). 16.

4= (—=2,1yand ¥ = (3,5).
i=(1,7,2) and 7 = (4,-2,5).

Exercise Group. In the following exercises, a vector v'is given. Give two vectors that are orthogonal to v

17.

19.

Exercise Group.

Find two nonzero vectors orthogonal to 18.
0= (4,7).

Find two nonzero vectors orthogonal to 20.
v=(1,1,1).

onto ¥, and sketch all three vectors with the same initial point.

21.
23.
25.

4=(1,2)and ¥ = (—1,3). 22.
4= (-3,2)and ¥ = (1,1) 24.
i=(1,5,1)and 7 = (1,2,3). 26.

Find two nonzero vectors orthogonal to
U= (-3,5).

Find two nonzero vectors orthogonal to
v=1(1,-2,3).

In the following exercises, vectors i and ¥ are given. Find proj ; i, the orthogonal projection of @

@ =(5,5)and ¥ = (1, 3).
(—3,2)and ¥ = (2,3).
(3,—1,2)and ¥ = (2,2,1).

U

U

Exercise Group. In the following exercises, vectors i and ¥ are given. Write  as the sum of two vectors, one of which
is parallel to ¥/ (or is zero) and one of which is orthogonal to ¥. Note: these are the same pairs of vectors as found in
Exercises 21-26.

27.

29.

31.

Write @ = (1, 2) as the sum of two vectors, one  28.

parallel to ¥ = (—1, 3) (or zero) and the other
perpendicular.
U= +

Write @ = (—3, 2) as the sum of two vectors, 30.

one parallel to ¥ = (1, 1) (or zero) and the
other perpendicular.
U= +

Write @ = (1,5, 1) as the sum of two vectors, 32.

one parallel to 7 = (1, 2, 3) (or zero) and the
other perpendicular.
U= +

Write @ = (5, 5) as the sum of two vectors, one
parallel to ¥ = (1, 3) (or zero) and the other
perpendicular.

U= +
Write @ = (—3, 2) as the sum of two vectors,
one parallel to ¥ = (2, 3) (or zero) and the
other perpendicular.

U= +
Write @ = (3, —1, 2) as the sum of two vectors,
one parallel to 7 = (2,2, 1) (or zero) and the
other perpendicular.

i= +
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33.

34.

35.

36.

37.

38.

39.

A 10lb box sits on a ramp that rises 4ft over a distance of 20ft. How much force is required to keep the box from
sliding down the ramp?

A 10lb box sits on a 15ft ramp that makes a 30° angle with the horizontal. How much force is required to keep
the box from sliding down the ramp?

How much work is performed in moving a box horizontally 10ft with a force of 20lb applied at an angle of 45°
to the horizontal?

How much work is performed in moving a box horizontally 10ft with a force of 20lb applied at an angle of 10°
to the horizontal?

How much work is performed in moving a box up the length of a ramp that rises 2ft over a distance of 10ft, with
a force of 50Ib applied horizontally?

How much work is performed in moving a box up the length of a ramp that rises 2ft over a distance of 10ft, with
a force of 50lb applied at an angle of 45° to the horizontal?

How much work is performed in moving a box up the length of a 10ft ramp that makes a 5° angle with the
horizontal, with 50Ib of force applied in the direction of the ramp?
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12.4 The Cross Product

“Orthogonality” is immensely important. A quick scan of your current environ-
ment will undoubtedly reveal numerous surfaces and edges that are perpendic-
ular to each other (including the edges of this page). The dot product provides
a quick test for orthogonality: vectors i and ¥ are perpendicular if, and only if,
u-v=0.

Given two non-parallel, nonzero vectors « and ¥ in space, it is very useful
to find a vector w that is perpendicular to both @ and #. There is an operation,
called the cross product, that creates such a vector. This section defines the cross
product, then explores its properties and applications.

Definition 12.4.2 Cross Product.

Let @ = (uy,us,u3) and T = (vy,v9,v3) be vectors in R3. The cross
product of & and ¥, denoted i x 7, is the vector

U X U= (ugv3 — ugva, — (U103 — U3V1), U1V — UV1) .

This definition can be a bit cumbersome to remember. After an example we
will give a convenient method for computing the cross product. For now, careful
examination of the products and differences given in the definition should reveal
a pattern that is not too difficult to remember. (For instance, in the first compo-
nent only 2 and 3 appear as subscripts; in the second component, only 1 and 3
appear as subscripts. Further study reveals the order in which they appear.)

Let’s practice using this definition by computing a cross product.

Example 12.4.3 Computing a cross product.
Let @ = (2,—1,4) and ¥ = (3,2,5). Find @ x ¥, and verify that it is

orthogonal to both % and v.
Solution. Using Definition 12.4.2, we have

ax7 = {(~1)5— (4)2,—((2)5 — (4)3),(2)2 — (~1)3) = (~13,2,7).

(We encourage the reader to compute this product on their own, then
verify their result.)
We test whether or not @ x ¥ is orthogonal to # and ¥ using the dot
product:

(@ x0)-@=(-13,2,7)-(2,-1,4) =0,

(@x0) -7=(-13,2,7)- (3,2,5) = 0.

Since both dot products are zero, i x ¥ is indeed orthogonal to both @
and 7.

A convenient method of computing the cross product starts with forming a
particular 3 x 3 matrix, or rectangular array. The first row comprises the standard
unit vectors f j and k. The second and third rows are the vectors @ and v,
respectively. Using « and v from Example 12.4.3, we begin with:

W N =
[\3|k>.1
—

[ B SN

youtu.be/watch?v=63syRIBjyhO

Figure 12.4.1 Video introduction to
Section 12.4

Video solution

youtu.be/watch?v=kFpmnYBVQt4


https://www.youtube.com/watch?v=63syRlBjyh0
https://www.youtube.com/watch?v=kFpmnYBVQt4

CHAPTER 12. VECTORS 673

Now repeat the first two columns after the original three:

j
-1
2

.y

-1
2

W N S
Tt =
W N =

This gives three full “upper left to lower right” diagonals, and three full “upper
right to lower left” diagonals, as shown. Compute the products along each di-
agonal, then add the products on the right and subtract the products on the
left:

—3k & 105 —5i 125 4k [m] =
youtu.be/watch?v=geWKO0OQpl6_Y

the determinant formula for the cross

We practice using this method. product
Example 12.4.5 Computing a cross product.

Let@ = (1,3,6) and ¥ = (—1,2,1). Compute both @ x ¥and ¥ x 4.

Solution. To compute i x ¥, we form the matrix as prescribed above,
complete with repeated first columns:

i7 ki
1 3 6 1 3
-1 2 1 -1 2

We let the reader compute the products of the diagonals; we give the
result:

@xT=(31—6]+2k) — (—3k+12/ +7) = (-9,-7,5).

To compute U X i, we switch the second and third rows of the above
matrix, then multiply along diagonals and subtract:

i
-1
1

i
~1
1

Video solution

W Ny
[
W N S

Note how with the rows being switched, the products that once ap-
peared on the right now appear on the left, and vice-versa. Thus the
result is:

Uxi=(12i+j—3k) — (2k+3i—65) = (9,7,-5), youtu.be/watch?v=6-PGDOhhYbg

which is the opposite of @& x U. We leave it to the reader to verify that
each of these vectors is orthogonal to « and v



https://www.youtube.com/watch?v=geWK0Qpl6_Y
https://www.youtube.com/watch?v=6-PGDOhhYbg

CHAPTER 12. VECTORS 674

12.4.1 Properties of the Cross Product

It is not coincidence that ¥ x @ = —(u X ¥) in the preceding example; one
can show using Definition 12.4.2 that this will always be the case. The following
theorem states several useful properties of the cross product, each of which can
be verified by referring to the definition.

Theorem 12.4.6 Properties of the Cross Product.

Let @, ¥ and @ be vectors in R3 and let ¢ be a scalar. The following iden-
tities hold:

1. 4 x ¥ = —(¥ x @) Anticommutative Property

N
—
Q
-~

(@ + 7) x & = 4 x W+ U x o Distributive Properties

(b) @ x (V+ W) =@ x T+ 1@ x &

4. (a) (@ x V) - @ = 0 Orthogonality Properties
(b) (@xv)-7=0

5. @4xd=0

6. ix0=0

7. 4 (U x W) = (& x ¥) - @ Triple Scalar Product

We introduced the cross product as a way to find a vector orthogonal to
two given vectors, but we did not give a proof that the construction given in
Definition 12.4.2 satisfies this property. Theorem 12.4.6 asserts this property
holds; we leave it as a problem in the Exercise section to verify this.

Property 5 from the theorem is also left to the reader to prove in the Exercise
section, but it reveals something more interesting than “the cross product of a
vector with itselfis 0.” Let i7 and ¥ be parallel vectors; that is, let there be a scalar
c such that ¥ = cu. Consider their cross product:

x (ctl)
i x 1) (by Property 3 of Theorem 12.4.6)
= 0 (by Property 5 of Theorem 12.4.6).

We have just shown that the cross product of parallel vectors is 0. This hints
at something deeper. Theorem 12.3.7 related the angle between two vectors
and their dot product; there is a similar relationship relating the cross product
of two vectors and the angle between them, given by the following theorem.

Theorem 12.4.8 The Cross Product and Angles.
Let @ and ¥ be nonzero vectors in R3. Then

@ x 31| = |||l [15] sin(9).
where 6, 0 < 6 < 7, is the angle between @ and .

Note that this theorem makes a statement about the magnitude of the cross
product. When the angle between @ and #is 0 or 7 (i.e., the vectors are parallel),
the magnitude of the cross product is 0. The only vector with a magnitude of

youtu.be/watch?v=QOCSD4gA_Wg

Figure 12.4.7 Video presentation of
Theorem 12.4.6

Parallel vectors and the cross prod-
uct. We could rewrite Definition 12.3.14
and Theorem 12.4.8 to include

0, then define that % and ¥ are
parallel if @ x & = 0. Since 0 -
T=0and0 x 7 = 6, this would
mean that 0 is both parallel and
orthogonal to all vectors. Appar-
ent paradoxes such as this are not
uncommon in mathematics and
can be very useful. (See also the
aside in Section 12.2.)


https://www.youtube.com/watch?v=QOCSD4qA_Wg
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0is0 (see Property 9 of Theorem 12.2.17), hence the cross product of parallel
vectors is 0.
We demonstrate the truth of this theorem in the following example.

Example 12.4.10 The cross product and angles.

Let @ = (1,3,6) and ¢ = (—1,2,1) as in Example 12.4.5. Verify Theo-
rem 12.4.8 by finding 6, the angle between % and ¥, and the magnitude
of U X v.

Solution. We use Theorem 12.3.7 to find the angle between % and 7.

6 = cos™* (“)
[l 1]

— cos! (11)
V4616
~ 0.8471 = 48.54°.
Our work in Example 12.4.5 showed that @ x ¥ = (=9, —7,5), hence
|@ x ¢l = v155. Is ||@ x ¢|| = |||l ||7]| sin(f#)? Using numerical ap-

proximations, we find:

@ x @l = V155 || ||4]|sin(8) = VA6v/6sin(0.8471)
~ 12.45. ~ 12.45.

Numerically, they seem equal. Using a right triangle, one can show that

oo () 225

which allows us to verify the theorem exactly.

Right Hand Rule. The anticommutative property of the cross product demon-
strates that « x ¢/ and ¥ x u differ only by a sign — these vectors have the same
magnitude but point in the opposite direction. When seeking a vector perpen-
dicular to @ and U, we essentially have two directions to choose from, one in the
direction of @ x ¥ and one in the direction of ¥ x . Does it matter which we
choose? How can we tell which one we will get without graphing, etc.?

Another wonderful property of the cross product, as defined, is that it fol-
lows the right hand rule. Given @ and @ in R3 with the same initial point, point
the index finger of your right hand in the direction of @ and let your middle fin-
ger point in the direction of ¥ (much as we did when establishing the right hand
rule for the 3-dimensional coordinate system). Your thumb will naturally extend
in the direction of & x ¥. One can “practice” this using Figure 12.4.11. If you
switch, and point the index finder in the direction of ¢ and the middle finger in
the direction of i, your thumb will now point in the opposite direction, allowing
you to “visualize” the anticommutative property of the cross product.

12.4.2 Applications of the Cross Product

There are a number of ways in which the cross product is useful in mathematics,
physics and other areas of science beyond “just” finding a vector perpendicular
to two others. We highlight a few here.

youtu.be/watch?v=_DjAuiDG2kA

Figure 12.4.9 Video presentation of
Theorem 12.4.8 and Example 12.4.10

Figure 12.4.11 lllustrating the Right
Hand Rule of the cross product


https://www.youtube.com/watch?v=_DjAuiDG2kA
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_crossp_rhr.html
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Area of a Parallelogram. It is a standard geometry fact that the area of a par-
allelogram is A = bh, where b is the length of the base and h is the height of
the parallelogram, as illustrated in Figure 12.4.12(a). As shown when defining
the Parallelogram Law of vector addition, two vectors # and ¢’ define a parallelo-
gram when drawn from the same initial point, as illustrated in Figure 12.4.12(b).
Trigonometry tells us that h = ||| sin(6), hence the area of the parallelogram
is

A= |a@| |3 sin(8) = || x 7, (12.4.1)

where the second equality comes from Theorem 12.4.8.

U

(a) (b)
Figure 12.4.12 Using the cross product to find the area of a parallelogram

We illustrate using Equation (12.4.1) in the following example.
Example 12.4.13 Finding the area of a parallelogram.

1. Find the area of the parallelogram defined by the vectors @ =
(2,1) and ¥ = (1, 3).

2. Verify that the points A = (1,1,1), B = (2,3,2), C = (4,5,3)
and D = (3,3,2) are the vertices of a parallelogram. Find the
area of the parallelogram.

Solution.

1. Figure 12.4.14(a) sketches the parallelogram defined by the vec-
tors @ and ¥. We have a slight problem in that our vectors ex-
ist in R2, not R3, and the cross product is only defined on vec-
tors in R3. We skirt this issue by viewing i and ¥ as vectors in
the x — y plane of R3, and rewrite them as @ = (2,1,0) and
¥ = (1, 3,0). We can now compute the cross product. It is easy
to show that @ x ¥ = (0, 0, 5); therefore the area of the parallel-
ogramis A = ||u x ¥]| = 5.
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o

» Video solution

w
<y

)
y 4

1 2 3 4 4 youtu.be/watch?v=CYboFA8zYBs
(a) (b)
Figure 12.4.14 Sketching the parallelograms in Example 12.4.13

2. To show that the quadrilateral ABCD is a parallelogram (shown 3
in Figure 12.4.14(b)), we need to show that the opposite sides are
parallel. We can quickly show that AB = DC = (1,2,1) and
ﬁ = ﬁ = (2,2, 1). We find the area by computing the mag-
nitude of the cross product of E and R}':

ExB?:(O,l,—%:HEXB?H:VE%Q.QS& ¢

1 2 3
This application is perhaps more useful in finding the area of a triangle (in
short, triangles are used more often than parallelograms). We illustrate thisin ~ Figure 12.4.16 Finding the area of a

the following example. triangle in Example 12.4.15
Example 12.4.15 Area of a triangle.

Find the area of the triangle with vertices A = (1,2), B = (2, 3) and
C = (3,1), as pictured in Figure 12.4.16.

Solution. We found the area of this triangle in Example 7.1.11 to be
1.5 using integration. There we discussed the fact that finding the area
of a triangle can be inconvenient using the “%bh” formula as one has to
compute the height, which generally involves finding angles, etc. Using
a cross product is much more direct.

We can choose any two sides of the triangle to use to form vectors; we youtu.be/watch?v=GuEn2qOey2U
choose AB = (1,1) and AC = (2,—1). As in the previous example,

we will rewrite these vectors with a third component of 0 so that we can

apply the cross product. The area of the triangle is

Video solution

1 1 1 3
5 4B x AC = 5 1(1,1,0 x (2, -1,0) = 5 10,0, -3)] = 2.

We arrive at the same answer as before with less work.

Volume of a Parallelepiped. The three dimensional analogue to the parallel-

ogram is the parallelepiped. Each face is parallel to the opposite face, as illus-

trated in Figure 12.4.17. By crossing ¥ and w, one gets a vector whose magnitude u
is the area of the base. Dotting this vector with # computes the volume of the
parallelepiped! (Up to a sign; take the absolute value.)

Figure 12.4.17 A parallelepiped is the
three dimensional analogue to the
parallelogram


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_crossp4b_3D.html
https://www.youtube.com/watch?v=CYboFA8zYBs
https://www.youtube.com/watch?v=GuEn2qOey2U
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_crossp_parallelepiped.html
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Thus the volume of a parallelepiped defined by vectors @, ¢ and 0 is
V=|a (0xd). (12.4.2)

Note how this is the Triple Scalar Product, first seen in Theorem 12.4.6. Ap-
plying the identities given in the theorem shows that we can apply the Triple
Scalar Product in any “order” we choose to find the volume. That is,

V=lu (x| = (Fx7)|=|(ux7)-d|, etc.
Example 12.4.18 Finding the volume of parallelepiped.

Find the volume of the parallelepiped defined by the vectors @ =
(1,1,0), ¥ = (—1,1,0) and & = (0, 1, 1).
Solution. We apply Equation (12.4.2). We first find ¢ x @ = (1,1, —1).
Then

|@- (0 x @) =(1,1,0) - (1,1, -1)| = 2.

L So the volume of the parallelepiped is 2 cubic units.

While this application of the Triple Scalar Product is interesting, it is not used
all that often: parallelepipeds are not a common shape in physics and engineer-
ing. The last application of the cross product is very applicable in engineering.

Torque. Torque is a measure of the turning force applied to an object. A classic
scenario involving torque is the application of a wrench to a bolt. When aforce is
applied to the wrench, the bolt turns. When we represent the force and wrench
with vectors F and Z we see that the bolt moves (because of the threads) in
a direction orthogonal to Fand/. Torque is usually represented by the Greek
letter 7, or tau, and has units of N-m, a Newton-meter, or ft-lb, a foot-pound.

While a fuII understanding of torque | is beyond the purposes of this book,
when a force F is applied to a lever arm 7, the resulting torque is

?=0xF. (12.4.3)
Example 12.4.20 Computing torque.

A lever of length 2ft makes an angle with the horizontal of 45°. Find the
resulting torque when a force of 10lb is applied to the end of the level
where:

1. the force is perpendicular to the lever, and

2. the force makes an angle of 60° with the lever, as shown in Fig-
ure 12.4.21.

Solution.

1. We start by determining vectors for the force and lever arm. Since
the lever arm makes a 45° angle with the horizontal and is 2ft long,
we can state that £ = 2 (cos(45°),sin(45°)) = (v/2,V/2). Since
the force vector is perpendicular to the lever arm (as seen in the
left hand side of Figure 12.4.21), we can conclude it is making an
angle of —45° with the horizontal. As it has a magnitude of 10lb,
we can state F' = 10 (cos(—45°), sin(—45°)) = (5v2,-5V2).

Video solution

youtu.be/watch?v=r2_dGc1KWEc

Figure 12.4.19 A parallelepiped in Ex-
ample 12.4.18

F )
I
90 T
60
A I

Figure 12.4.21 Showing a force being
applied to a lever in Example 12.4.20


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_crossp6.html
https://www.youtube.com/watch?v=r2_dGc1KWEc
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Using Equation (12.4.3) to find the torque requires a cross product.
We again let the third component of each vector be 0 and compute
the cross product:

F=0xF
= {2, f2,o> x <5\f,—5\/§,0>
— (0,0, —20)

This clearly has a magnitude of 20 ft-lb. We can view the force
and lever arm vectors as lying “on the page”; our computation of 7
shows that the torque goes “into the page.” This follows the Right
Hand Rule of the cross product, and it also matches well with the
example of the wrench turning the bolt. Turning a bolt clockwise
moves it in.

2. Our lever arm can still be represented by 7= <\@, ﬂ) As our

force vector makes a 60° angle with E we can see (referencing the
right hand side of the figure) that F' makes a —15° angle with the
horizontal. Thus

B, <5(1+\/§) 5(—1+\/§)>

F =10(cos —15°,sin —15°) = )
V2 V2
~ (9.659, —2.588) .

We again make the third component 0 and take the cross product
to find the torque:

F=0xF
B 5(1+v3) 5(—1+3)
—<\/§,\/§,0>><< i 7 ,0>
_ <0,07—10\/§>
~ (0,0, —17.321).

As one might expect, when the force and lever arm vectors are or-
thogonal, the magnitude of force is greater than when the vectors
are not orthogonal.

While the cross product has a variety of applications (as noted in this chap-
ter), its fundamental use is finding a vector perpendicular to two others. Know-
ing a vector is orthogonal to two others is of incredible importance, as it allows
us to find the equations of lines and planes in a variety of contexts. The impor-
tance of the cross product, in some sense, relies on the importance of lines and
planes, which see widespread use throughout engineering, physics and mathe-
matics. We study lines and planes in the next two sections.
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12.4.3 Exercises

Terms and Concepts

1. The cross product of two vectors is a , hot a scalar.

2.  One can visualize the direction of & x ¥ using the

3.  Give a synonym for “orthogonal.”

True or False? A fundamental principle of the cross product is that i x ¥ is orthogonal to @ and ¥. (I True

[ False)
5. is a measure of the turning force applied to an object.
6. T/F: If @ and ¥/ are parallel, then i x ¥ = 0.
Problems

Exercise Group. In the following exercises, vectors # and v’ are given. Compute % x ¢ and check that this vector is
orthogonal to both « and 7.

7. Letdu=(3,2,-2),7=(0,1,5). 8. Letu = (5, 43> =(2,-5,1).
9. Lletd=(4,-5,-5),0=(3,3,4). 10. Lletw = (—4,7,—10),7 = (4,4,1).
11. Letu=(1,0,1),9=(5,0,7). 12. Lletu=(1,5,— > v =(-2,-10,8).
13. 4= {a,b,0),7 = (c,d,0) 14. d=71,0=].
Check this is orthogonal to both @ and .
15. @=10,0=k 16. @ =j, 0=k
UX T =

17.  Pick any vectors %, ¥ and & in R® and show that @ x (U +
18.  Pick any vectors @, ¥ and  in R? and show that @ - (¥ x @) = (@ x ) - 0.

Exercise Group. In the following exercises, the magnitudes of vectors # and ¥ in R? are given, along with the angle
0 between them. Use this information to find the magnitude of @ x .

19. If ||| =2, ||¢]] = 5, and 6 = 30° is the angle 20. |If ||d@]| =3,]|7|| =7,and 6 = /2 is the angle
between @ and ¥, then ||@ x 9] = between @ and ¥, then ||@ x 9] =

21. |If ||@]| = 3, ||9]| =4, and § = 7 is the angle 22. |If ||d]| = 2,]||7|| =5, and 6 = 57/6 is the angle
between @ and ¥, then ||@ x 9] = between @ and ¥, then ||@ x 9] =

Exercise Group. In the following exercises, find the area of the parallelogram defined by the given vectors.

23. Find the area of the parallelogram defined by 24. Find the area of the parallelogram defined by
@=(1,1,2),and ¥ = (2,0,3). i=(-2,1,5),and ¥ = (—1,3,1).

25. Find the area of the parallelogram defined by 26. Find the area of the parallelogram defined by
a=(1,2),and ¥ = (2,1). 4 =(2,0),and ¢ = (0,3).

Exercise Group. In the following exercises, find the area of the triangle with the given vertices.

27. Find the area of the triangle with vertices 28. Find the area of the triangle with vertices
(0,0,0), (1,3,—1) and (2,1,1). (5,2,—1), (3,6,2) and (1,0,4).

29. Find the area of the triangle with vertices (1,1), ~ 30. Find the area of the triangle with vertices (3, 1),
(1,3)and (2,2). (1,2) and (4, 3).

Exercise Group. In the following exercises, find the area of the quadrilateral with the given vertices. (Hint: break the
quadrilateral into two triangles.)
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31. Find the area of the quadrilateral with vertices 32. Find the area of the quadrilateral with vertices
(0,0), (1,2), (3,0), and (4, 3). (0,0,0), (2,1,1), (—1,2,-8),and (1, —1,5).

Exercise Group. In the following exercises, find the volume of the parallelepiped defined by the given vectors.

33. Find the volume of the parallelepiped defined 34. Find the volume of the parallelepiped defined
bya = (1,1,1),v=(1,2,3), and byd =(-1,2,1),v=(2,2,1), and
W =(1,0,1). w=(3,1,3).

Exercise Group. In the following exercises, find a unit vector orthogonal to both % and .

35. Find a unit vector orthogonal to both 36. Find a unit vector orthogonal to both
4=(1,1,1),and ¥ = (2,0, 1) . a=(1,-2,1),and 0 = (3,2,1).

37. Find a unit vector orthogonal to both 38. Find a unit vector orthogonal to both
4= (5,0,2),and ¥ = (—3,0,7). = (1,-2,1),and ¥ = (—2,4,-2).

39. A bicycle rider applies 150Ib of force, straight down, onto a pedal that extends 7in horizontally from the crank-
shaft. Find the magnitude of the torque applied to the crankshaft.

40. A bicycle rider applies 150Ib of force, straight down, onto a pedal that extends 7in from the crankshaft, making
a 30° angle with the horizontal. Find the magnitude of the torque applied to the crankshaft.

41. To turn a stubborn bolt, 80Ib of force is applied to a 10in wrench. What is the maximum amount of torque that
can be applied to the bolt?

42. To turn a stubborn bolt, 80lb of force is applied to a 10in wrench in a confined space, where the direction of
applied force makes a 10° angle with the wrench. How much torque is subsequently applied to the wrench?

43. Show, using the definition of the Cross Product, that @ - (¢ x ¥') = 0; that is, that 4 is orthogonal to the cross
product of @ and 7.

44. Show, using the definition of the Cross Product, that @ x i = 0.
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12.5 Lines

To find the equation of a line in the zy-plane, we need two pieces of information:
a point and the slope. The slope conveys direction information. As vertical lines
have an undefined slope, the following statement is more accurate:

To define a line, one needs a point on the line and the direction of the line.

This holds true for lines in space. youtu.be/watch?v=rA3i_j9MGEM

Figure 12.5.1 Video introduction to
12.5.1 Lines in space Section 12.5

Let P be a point in space, let p’be the vector with initial point at the origin and
terminal point at P (i.e., p’ “points” to P), and let d be a vector. Consider the
points on the line through P in the direction of d.

Clearly one point on the line is P; we can say that the vector p’lies at this
point on the line. To find another point on the line, we can start at p’and move
in a direction parallel to d. For instance, starting at p’and traveling one length of
Jplaces one at another point on the line. Consider Figure 12.5.2 where certain
points along the line are indicated.

The figure illustrates how every point on the line can be obtained by starting
with p’and moving a certain distance in the direction of d. That is, we can define
the line as a function of ¢:

it)y=p+td. (12.5.1)

In many ways, this is not a new concept. Compare Equation (12.5.1) to the
familiar “y = ma + b"” equation of a line:

The equations exhibit the same structure: they give a starting point, define Figure 12.5.2 Defining a line in space
a direction, and state how far in that direction to travel.

Equation (12.5.1) is an example of a vector-valued function; the input of the
function is a real number and the output is a vector. We will cover vector-valued
functions extensively in the next chapter.

There are other ways to represent aline. Let P = (g, yo, 20), 7 = {0, Y0, 20),
andletd = (a, b, ¢). Then the equation of the line through P in the direction of

- 2d)

dis:
. . Starting Point Direction
Lt)=p+td
= <$07y0,30>+t<aabac> y=b+ mz [(t) — 5+ td
= (xo + at,yo + bt, 29 + ct) .
The last line states that the x values of the line are given by x = o + at, the How Far To Go In That Direction

y values are given by y = gy + bt, and the z values are given by z = 2y + ct.
These three equations, taken together, are the parametric equations of the line
through p'in the direction of d.

Finally, each of the equations for z, y and z above contain the variable t. We
can solve for t in each equation:

Figure 12.5.3 Understanding the vec-
tor equation of a line

r — X
=9+ at =1t= ,
a
yzyo+bt:>t:%,
zZ— 20
z=zy+ct=>1= ,
c

assuming a, b, ¢ # 0. Since t is equal to each expression on the right, we can set
these equal to each other, forming the symmetric equations of the line through
p'in the direction of d:

T—o Y—Y <Z— 20

a b c


https://www.youtube.com/watch?v=rA3i_j9MGEM
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_lines_intro.html
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Each representation has its own advantages, depending on the context. We
summarize these three forms in the following definition, then give examples of
their use.

Definition 12.5.4 Equations of Lines in Space.

Let P = (zo, yo, 20) and let o' = (xq, Yo, 20). Consider the line in space
that passes through P in the direction of d = {(a, b, ¢).

1. The vector equation of the line is
i) = p+td.
2. The parametric equations of the line are
r=ux9+at,y =y + bt,z = 2y + ct.

3. The symmetric equations of the line are

T—Zo Y—Y <2— 20
a b c

Example 12.5.5 Finding the equation of a line.

Give all three equations, as given in_)Deﬁnition 12.5.4, of the line through
P = (2,3,1) in the direction of d = (—1,1,2). Does the point Q =
(—1,6,6) lie on this line?

Solution.  We identify the point P = (2,3, 1) with the vector p’ =
(2,3, 1). Following the definition, we have

—

e the vector equation of the lineis ¢(t) = (2,3,1) + ¢ (—1,1,2);
e the parametric equations of the line are
r=2—-t,y=3+t,z=1+ 2t; and

e the symmetric equations of the line are

x—2 y—3 z-1
-1 1 2

The first two equations of the line are useful when a ¢ value is given:
one can immediately find the corresponding point on the line. These
forms are good when calculating with a computer; most software pro-
grams easily handle equations in these formats. (For instance, the
graphics program that made Figure 12.5.6 can be given the input
“(2-t,3+t,1+2xt) " for —1 < t < 3.).

Does the point @ = (—1, 6, 6) lie on the line? The graph in Figure 12.5.6
makes it clear that it does not. We can answer this question without the
graph using any of the three equation forms. Of the three, the symmetric
equations are probably best suited for this task. Simply plug in the values
of x, y and z and see if equality is maintained:

—1-2726-376-1
-1 1 2

=3=3+#25.

Figure 12.5.6 Graphing a line in Exam-
ple 12.5.5


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_lines1.html
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We see that () does not lie on the line as it did not satisfy the symmetric
equations.

Example 12.5.7 Finding the equation of a line through two points.

Find the parametric equations of the line through the points P =
(2,-1,2)and @ = (1,3, —1).
Solution. Recall the statement made at the beginning of this section: to
find the equation of a line, we need a point and a direction. We have two
points; either one will suffice. The direction of the line can be found by
the vector with initial point P and terminal point Q: F@ = (-1,4,-3).
The parametric equations of the line £ through P in the direction of P
are:

l:x=2—ty=—1+4tz=2—3t.

A graph of the points and line are given in Figure 12.5.8. Note how in the
given parametrization of the line, ¢ = 0 corresponds to the point P, and
t = 1 corresponds to the point (). This relates to the understanding of
the vector equation of a line described in Figure 12.5.3. The parametric
equations “start” at the point P, and ¢ determines how far in the direc-
tion of P( to travel. When t = 0, we travel 0 lengths of ]@; when
L t =1, we travel one length of 1@ resulting in the point Q.

12.5.2 Parallel, Intersecting and Skew Lines

In the plane, two distinct lines can either be parallel or they will intersect at
exactly one point. In space, given equations of two lines, it can sometimes be
difficult to tell whether the lines are distinct or not (i.e., the same line can be
represented in different ways). Given Iines[l(t) =P +td; and Zg(t) = ph +tdy,
we have four possibilities: l71 and 572 are

the same line they share all points
intersecting lines they share only 1 point;

parallel lines dy I dy, no points in common;

skew lines dy K d», no points in common.

The next two examples investigate these possibilities.
Example 12.5.9 Comparing lines.

Consider lines /1 and /5, given in parametric equation form:

r = 143t r = —2+4s
Ly = 2—1t by = 3+s .
z = t z = 5+42s

Determine whether /1 and /5 are the same line, intersect, are parallel,
or skew.

Solution. We start by Looking at the directions of each line. Line ¢ has
the direction given by d; = (3, —1, 1) and line ¢ has the direction given
by ds = (4,1,2). It should be clear that d; and d5 are not parallel, hence

Video solution

OF:%{00
r

youtu.be/watch?v=i307pfanflE

Video solution

youtu.be/watch?v=3ROgMsmz0JO

Figure 12.5.8 A graph of the line in Ex-
ample 12.5.7


https://www.youtube.com/watch?v=i307pfanflE
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_lines6.html
https://www.youtube.com/watch?v=3ROgMsmz0J0
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{1 and /5 are not the same line, nor are they parallel. Figure 12.5.10 veri-
fies this fact (where the points and directions indicated by the equations
of each line are identified).

We next check to see if they intersect (if they do not, they are skew lines).
To find if they intersect, we look for ¢ and s values such that the respec-
tive z, y and z values are the same. That is, we want s and ¢ such that:

143t = —244s =5
2—t = 3+s .
t = 542 B y

This is a relatively simple system of linear equations. Since the last equa-

tion is already solved for ¢, substitute that value of ¢ into the equation Figure 12.5.10 Sketching the lines
from Example 12.5.9

above it:

2—(5428)=34+s=>s=-2,t=1.
A key to remember is that we have three equations; we need to check if Video solution
s = —2, t = 1 satisfies the first equation as well:

1+3(1) £ -2+ 4(-2).

It does not. Therefore, we conclude that the lines ¢; and /5 are skew.

Example 12.5.11 Comparing lines. youtu.be/watch?v=hEYfincwMXO0

Consider lines ¢ and /5, given in parametric equation form:

r = —0.7+1.6¢ r = 2.8 —2.9s
by = 424272t by y = 10.15—4.93s
z = 23— 3.36t z = —5.054+6.09s.

Determine whether /1 and /5 are the same line, intersect, are parallel,
or skew.

Solution. It is obviously very difficult to simply look at these equations
and discern anything. This is done intentionally. In the “real world,”
most equations that are used do not have nice, integer coefficients.
Rather, there are lots of digits after the decimal and the equations can
look “messy.”

We again start by deciding whether or not each line has the same direc-
tion. The direction of ¢, is given by d; = (1.6,2.72, —3.36) and the
direction of ¢, is given by dy = (—2.9,—-4.93,6.09). When it is not
clear through observation whether two vectors are parallel or not, the
standard way of determining this is by comparing their respective unit
vectors. Using a calculator, we find:

-

d

i, = —— = (0.3471,0.5901, —0.7289)
dy

.

[\~

iy = ) = (—0.3471,—0.5901,0.7289) .

The two vectors seem to be parallel (at least, their components are equal
to 4 decimal places). In most situations, it would suffice to conclude that



https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_lines2.html
https://www.youtube.com/watch?v=hEYfincwMX0
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the lines are at least parallel, if not the same. One way to be sure is to
rewrite d; and ds in terms of fractions, not decimals. We have

g - (16 212 336 g — (29 493 609
Y7 \10°100° 100 27\ 10" 100100/ "

One can then find the magnitudes of each vector in terms of fractions,
then compute the unit vectors likewise. After a lot of manual arithmetic
(or after briefly using a computer algebra system), one finds that

10 17 21 . 10 17 21
= o9’ /aa~’ oo~ Uz = - o9’ ma~' /oo~ .

' 83’ \/830" /830 2 83 /330 v/330

We can now say without equivocation that these lines are parallel.

Are they the same line? The parametric equations for a line describe

one point that lies on the line, so we know that the point P, =

(—0.7,4.2,2.3) lies on ¢;. To determine if this point also lies on ¢5, plug
in the x, y and z values of P, into the symmetric equations for /5:

£l

(—0.7) — 2.8 7 (4.2) —10.15 7 (2.3) — (—5.05)
—-2.9 a —-493 6.09
1.2069 = 1.2069 = 1.2069.

The point P; lies on both lines, so we conclude they are the same line,

just parametrized differently. Figure 12.5.12 graphs this line along with

the points and vectors described by the parametric equations. Note how

d_i and afz are parallel, though point in opposite directions (as indicated
| by their unit vectors above).

12.5.3 Distances

Given a point () and a line Z(t) =p+ td in space, it is often useful to know
the distance from the point to the line. (Here we use the standard definition
of “distance,” i.e., the length of the shortest line segment from the point to the
line.) Identifying p’'with the point P, Figure 12.5.13 will help establish a general
method of computing this distance h.

From trigonometry, we know h = H]@H sin(6). We have a similar identity

involving the cross product: HJ@ X JH = H}@H HJH sin(#). Divide both sides
of this latter equation by Hd‘H to obtain h:

|73 4]
h="+———7F7—. (12.5.2)
|]
It is also useful to determine the distance between lines, which we define as
the length of the shortest line segment that connects the two lines (an argument
from geometry shows that this line segments is perpendicular to both lines). Let

lines El(t) = +td, and Zg(t) = ph +tdy be given, as shown in Figure 12.5.15.
To find the direction orthogonal to both d; and d;, we take the cross product:

c= cfl X d; The magnitude of the orthogonal projection of P; P, onto Cis the
distance h we seek:

h = HprojgplPQH

Figure 12.5.12 Graphing the lines in
Example 12.5.11

Figure 12.5.13 Establishing the dis-
tance from a point to a line

youtu.be/watch?v=Z)_e_0s2s2M

Figure 12.5.14 Determining distance
from a line to a point


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_lines3.html
https://www.youtube.com/watch?v=ZJ_e_0s2s2M
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A problem in the Exercise section is to show that this distance is 0 when the
lines intersect. Note the use of the Triple Scalar Product: Py Py -¢ = Py Py~ (dy X
da).
The following Key Idea restates these two distance formulas.

L

L

Key Idea 12.5.17 Distances to Lines. Figure 12.5.15 Establishing the dis-

. tance between lines
1. Let P be a point on a line ¢ that is parallel to d. The distance h

from a point @ to the line £ is:

7@ 4]

h=-"—7—

.

2. Let P, be a point on line élqthat is paralleljo J'l_,' and let P, be a
point on line /5 parallel to do, and let ¢ = d; x d», where lines ¢; youtu.be/watch?v=h0x9SfUVGVc
and /5 are not parallel. The distance h between the two lines is:

Figure 12.5.16 Determining distance
‘PlP2 . E‘ between skew lines

hfw.

Example 12.5.18 Finding the distance from a point to a line.

—

Find the distance from the point @ = (1,1,3) to the line {(t) =
(1,—-1,1) +(2,3,1).

Solution. The equation of the line gives us the point P = (1,—1,1)

that lies on the line, hence PQ) = (0,2,2). The equation also gives
d = (2,3, 1). Following Key Idea 12.5.17, we have the distance as
Video solution
[Pé 4]

SaF e

I
=44, -] E

V14 [=] &
43 ,
= ﬁ ~ 1.852. youtu.be/watch?v=xDB7li9crEs

—

| The point @ is approximately 1.852 units from the line £(¢).



https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_lines_dist2.html
https://www.youtube.com/watch?v=h0x9SfUVGVc
https://www.youtube.com/watch?v=xDB7li9crEs
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Example 12.5.19 Finding the distance between lines.

Find the distance between the lines

r = 143t r = —2+44s
Elzy = 2—t Egiy = 3—|—S
z = t z = b4 2s.

Solution. These are the sames lines as given in Example 12.5.9, where
we showed them to be skew. The equations allow us to identify the
following points and vectors:

P =(1,2,0)P, = (-2,3,5) = P P, = (—3,1,5).

dy=(3,—1,1)do = (4,1,2) = @=dy x dy = (—3,-2,7).

From Key Idea 12.5.17 we have the distance h between the two lines is

i
h:W

42
= — ~5.334.

V62

The lines are approximately 5.334 units apart.

One of the key points to understand from this section is this: to describe a
line, we need a point and a direction. Whenever a problem is posed concern-
ing a line, one needs to take whatever information is offered and glean point
and direction information. Many questions can be asked (and are asked in the
Exercise section) whose answer immediately follows from this understanding.

Lines are one of two fundamental objects of study in space. The other fun-
damental object is the plane, which we study in detail in the next section. Many
complex three dimensional objects are studied by approximating their surfaces
with lines and planes.

Video solution

youtu.be/watch?v=h0x9SfUVGVc


https://www.youtube.com/watch?v=h0x9SfUVGVc
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12.5.4 Exercises

Terms and Concepts

689

To find an equation of a line, what two pieces of information are needed?

Two distinct lines in the plane can intersect or be

1
2
3.  Twodistinct lines in space can intersect, be
4

or be

Use your own words to describe what it means for two lines in space to be skew.

Problems

Exercise Group.

5.

11.

13.

Exercise Group.

Passes through P = (2, —4, 1), parallel to

d=1(9,2,5).

Passes through P = (2,1, 5) and

Q= (7,-2,4).

Passes through P = (0,1, 2) and orthogonal to
both_

dy = (2,—1,7) and dy = (7,1, 3).
l is#a line that passes through the intersection
of (1(t) = (2,1,1) + ¢t (5,1,—2) and
lo(t) = (=2, —1,2) + ¢ (3,1, —1), and is
orthogonal to both lines.

Passes through P = (1,1
d=1(2,3).

), parallel to

intersecting, give the point of intersection.

15.

17.

19.

6:1(7:) =(1,2,1) +t(2,—1,1) and
lo(t) = (3,3,3) +1(—4,2,-2).
Oi(t) = (3,4,1) +£(2,-3,4),
Oy(t) = (=3,3,—3) + £ (3, -2, 4).
r =1+2¢t
Gi(t)={y =3—2tand
z =1
r =3—t
bt)=Sy =3+5t.
z =247t

6.

12.

14.

16.

18.

20.

Write the vector, parametric and symmetric equations of the lines described.

£is a line that passes through P = (6,1, 7),

parallel to d = (—3,2,5).

Lis a line that passes through P = (1, -2, 3)
and Q = (5,5,5).

Lis a line that passes through P = (5,1,9) and
is orthogonal to both d; = (1,0, 1) and

dy = (2,0,3).
£is a line that passes through the intersection

r =t
of /1 (t) = y = —242tand
z =1+t
T =2+t
lo(t) = y =2—t ,andisorthogonal to
z =3+2t

both lines.
£is a line that passes through P =
parallel tod = (0, 1) .

(—2,5),

Determine if the described lines are the same line, parallel lines, intersecting or skew lines. If

Oi(t) = (2,1,1) +¢(5,1,3) and
H(t) = <14,5,9)+t( ,1>
G(t) = (1,1,1) + £ (3,1,3) and
o (t) = (7,3,7) + 1 (6,2,6).

r =1.1+40.6t
() =<y =3.77409¢ and

z =-234+1.5t

r =3.11+ 3.4t
Lt)y={y =2+5.1t

z =2.05+8.5t
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z=0.240.6t
21, /1 =< y=133—-0.45¢ and 22.
z=—-4.2+1.05¢
x=0.86+9.2t
ly=q y=0.835—-6.9t

z = —3.045 4+ 16.1¢

Exercise Group. Find the distance from the point to the line.

23, Q=(1,1,1),£(t) = (2,1,3) + (2,1, -2) 24.

25. Q=1(0,3),6(t) = (2,0) +t(1,1) 26.

Exercise Group. Find the distance between the two lines.

27. 0 (t) = (1,2,1) +t(2,—1,1), 28.

=

Oo(t) = (3,3,3) +t (4,2, -2).

690

rz =0.1+1.1¢t
() ={y =29 1.5¢tand

z =32+16t

r =4-211
Gt)=y =18+7.2t.

2 =31+1.1t

Find the distance from the point Q = (2,5, 6)

to the line £(t) = (—1,1,1) + ¢ (1,0,1).
Find the distance from the point Q = (1,1) to

—

the line £(t) = (4,5) +t (—4,3).

Find the distance between the line
(t) = (0,0,1) 4+t (1,0,0) and the line
t

A
lo(t) = (0,0,3) +£(0,1,0).

Exercise Group. The following exercises explore special cases of the distance formulas found in Key Idea 12.5.17.

-

29. Let @ be a point on the line £(t). Show why the ~ 30.

distance formula correctly gives the distance
from the point to the line as 0.

31. Letlines 71 (t) and Z5(t) be parallel.

(a) Show why the distance formula for
distance between lines cannot be used as
stated to find the distance between the
lines.

— o
(b) Show why letting ¢ = (P P> X da) X da
allows one to the use the formula.

(c) Show how one can use the formula for
the distance between a point and a line to
find the distance between parallel lines.

Let lines £ (t) and /5(t) be intersecting lines.
Show why the distance formula correctly gives
the distance between these lines as 0.
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12.6 Planes

Any flat surface, such as a wall, table top or stiff piece of cardboard can be
thought of as representing part of a plane. Consider a piece of cardboard with
a point P marked on it. One can take a nail and stick it into the cardboard at P
such that the nail is perpendicular to the cardboard; see Figure 12.6.1.

This nail provides a “handle” for the cardboard. Moving the cardboard around
moves P to different locations in space. Tilting the nail (but keeping P fixed) tilts
the cardboard. Both moving and tilting the cardboard defines a different plane
in space. In fact, we can define a plane by: 1) the location of P in space, and 2)
the direction of the nail.

The previous section showed that one can define a line given a point on the
line and the direction of the line (usually given by a vector). One can make a
similar statement about planes: we can define a plane in space given a point on
the plane and the direction the plane “faces” (using the description above, the
direction of the nail). Once again, the direction information will be supplied by
a vector, called a normal vector, that is orthogonal to the plane.

What exactly does “orthogonal to the plane” mean? Choose any two points
P and Q in the plane, and consider the vector P(). We say a vector 7i is orthog-
onal to the plane if 77 is perpendicular to 1@ for all choices of P and Q; that is,
ifﬁ~]@ = (O for all P and Q.

This gives us way of writing an equation describing the plane. Let P =
(0, Yo, 20) be a point in the plane and let 7 = (a, b, ¢) be a normal vector to
the plane. A point @ = (z,y, z) lies in the plane defined by P and i if, and only

if, }% is orthogonal to 7i. Knowing PQ) = (z — 2o,y — Yo, 2 — 20), consider:

PO-ii=0

<33_330ay_y0az_2'0> ' <a7b7c> =0
a(x — x0) + by —yo) + ¢(z — z0) = 0. (12.6.1)

Equation (12.6.1) defines an implicit function describing the plane. More algebra
produces:
azr + by + cz = axy + by + czp.

The right hand side is just a number, so we replace it with d:
ax + by 4+ cz =d. (12.6.2)

As long as ¢ # 0, we can solve for z:

1
z=—(d — az — by). (12.6.3)
c

Equation (12.6.3) is especially useful as many computer programs can graph
functions in this form. Equations (12.6.1) and (12.6.2) have specific names, given
next.

Definition 12.6.3 Equations of a Plane in Standard and General Forms.

The plane passing through the point P = (x¢, yo, z0) with normal vector
71 = {a, b, c) can be described by an equation with standard form

a(x — x9) + b(y — yo) + c(z — z09) = 0;
the equation’s general form is

ax + by + cz = d.

Figure 12.6.1 lllustrating defining a
plane with a sheet of cardboard and
a nail

youtu.be/watch?v=aP-fcbArvtA

Figure 12.6.2 Video inroduction to
Section 12.6


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_planes_intro.html
https://www.youtube.com/watch?v=aP-fcbArvtA
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A key to remember throughout this section is this: to find the equation of a
plane, we need a point and a normal vector. We will give several examples of
finding the equation of a plane, and in each one different types of information
are given. In each case, we need to use the given information to find a point on
the plane and a normal vector.

Example 12.6.4 Finding the equation of a plane.

Write the equation of the plane that passes through the points P =
(1,1,0),Q@ = (1,2,—1) and R = (0,1, 2) in standard form.

Solution. We need a vector 71 that is orthogonal to the plane. Since P,
Q@ and R are in the plane, so are the vectors P‘é and PR; ]?62 X P*}% is
orthogonal to 1@ and PR and hence the plane itself.

It is straightforward to compute 77 = F@ X ]ﬁ = (2,1,1). We can
use any point we wish in the plane (any of P, ) or R will do) and we
arbitrarily choose P. Following Definition 12.6.3, the equation of the
plane in standard form is

2@-1)+(y—1)+=z=0.

The plane is sketched in Figure 12.6.5.

We have just demonstrated the fact that any three non-collinear points de-
fine a plane. (This is why a three-legged stool does not “rock;” it's three feet
always lie in a plane. A four-legged stool will rock unless all four feet lie in the
same plane.)

Example 12.6.6 Finding the equation of a plane.

Verify that lines ¢; and /5, whose parametric equations are given below,
intersect, then give the equation of the plane that contains these two
lines in general form.

r = —5+42s r = 243t
by = 1+s bory = 1-—2¢
z = —4+42s z = 14t

Solution. The lines clearly are not parallel. If they do not intersect, they
are skew, meaning there is not a plane that contains them both. If they
do intersect, there is such a plane.

To find their point of intersection, we set the x, y and z equations equal
to each other and solve for s and ¢:

—5+2s = 243t
1+s = 1-2t=s=2,t=-1.
—4+2s = 1+t

When s = 2 and t = —1, the lines intersect at the point P = (-1, 3,0).
Let dy = (2,1,2) and dy = (3, —2, 1) be the directions of lines ¢; and
{5, respectively. A normal vector to the plane containing these the two
lines will also be orthogonal to d: and cfg Thus we find a normal vector
71 by computing 77 = dy x dy = (5,4—17).

We can pick any point in the plane with which to write our equation;
each line gives us infinite choices of points. We choose P, the point of

Video solution

Op1ie40

[=] XiAnd

youtu.be/watch?v=o0c77R0am1vk

/
I
)
i
,»
i

i

S
\.

Figure 12.6.5 Sketching the plane in
Example 12.6.4


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_planes1.html
https://www.youtube.com/watch?v=oc77R0am1vk
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intersection. We follow Definition 12.6.3 to write the plane’s equation
in general form:

5(x+1)+4(y—3)—72=0
Sr+5+4y—12—-72=0
S +4y —Tz="T.

The plane’s equation in general form is 5x + 4y — 7z = 7; it is sketched Figure 12.6.7 Sketching the plane in
in Figure 12.6.7. Example 12.6.6

Example 12.6.8 Finding the equation of a plane.

. . Vid luti
Give the equation, in standard form, of the plane that passes through the ideo solution

point P = (—1,0,1) and is orthogonal to the line with vector equation
Solution. As the plane is to be orthogonal to the_ljne, the plane must
be orthogonal to the direction of the line given by d = (1,2, 2). We use
this as our normal vector. Thus the plane’s equation, in standard form,
is

(x+1)+2y+2(z—1)=0.
The line and plane are sketched in Figure 12.6.9.

Example 12.6.10 Finding the intersection of two planes.

Give the parametric equations of the line that is the intersection of the
planes p; and py, where:

prix—(y—2)+(z—1)=0
p2:—2x—-2)+@W+1)+(2-3)=0
Solution. To find an equation of a line, we need a point on the line and

the direction of the line.
We can find a point on the line by solving each equation of the planes

for z:

pr:z=—x+y—1

peiz=2x—y—2
We can now set these two equations equal to each other (i.e., we are Figure 12.6.9 The line and plane in Ex-
finding values of = and y where the planes have the same z value): ample 12.6.8

—x+y—1=2z—-y—2
2y =3z —1

1
y=50Br-1)

We can choose any value for z; we choose = = 1. This determines that
y = 1. We can now use the equations of either plane to find z: when
x =1landy =1, z = —1 on both planes. We have found a point P on
theline: P = (1,1, —1).



https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_planes2.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_planes3.html
https://www.youtube.com/watch?v=2diP-H-QLoI
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We now need the direction of the line. Since the line lies in each plane,
its direction is orthogonal to a normal vector for each plane. Consid-
ering the equations for p; and p2, we can quickly determine their nor-
mal vectors. For pq, i1 = (1,—1,1) and for po, ls = (—2,1,1). A
direction orthogonal to both of these directions is their cross product:
CTZ 7y X T_ig = <—2, -3, —1>.

The parametric equations of the line through P = (1,1, —1) in the di-
rectionof d = (-2, -3, —1) is:

(rx=-2t+1y=—-3t+1z=—t—1.

The planes and line are graphed in Figure 12.6.11.

Example 12.6.12 Finding the intersection of a plane and a line.

Find the point of intersection, if any, of the line ¢(t) = (3,-3,—1) +
t (—1,2, 1) and the plane with equation in general form 2z +y + z = 4.
Solution. The equation of the plane shows that the vector 77 = (2,1, 1)
is a normal vector to the plane, and the equation of the line shows that
the line moves parallel to d = (—1,2,1). Since these are not orthogonal,
we know there is a point of intersection. (If there were orthogonal, it
would mean that the plane and line were parallel to each other, either
never intersecting or the line was in the plane itself.)

To find the point of intersection, we need to find a ¢ value such that ¢(t)
satisfies the equation of the plane. Rewriting the equation of the line
with parametric equations will help:

r=3—1
lt)y=<y=-3+2t.
z=—-14+1

Replacing x, y and z in the equation of the plane with the expressions
containing ¢ found in the equation of the line allows us to determine a ¢
value that indicates the point of intersection:

2r+y+2=4
2B3—t)+ (-3+2t)+(-1+¢t)=4
t=2.

When t = 2, the point on the line satisfies the equation of the plane;
that point is £(2) = (1,1,1). Thus the point (1,1, 1) is the point of
intersection between the plane and the line, illustrated in Figure 12.6.13.

12.6.1 Distances

Just as it was useful to find distances between points and lines in the previous

section, it is also often necessary to find the distance from a point to a plane.
Consider Figure 12.6.15, where a plane with normal vector 7i is sketched

containing a point P and a point (), not on the plane, is given. We measure the

distance from @ to the plane by measuring the length of the projection of ]@

Video solution

youtu.be/watch?v=x2HB6huEEMQ

Figure 12.6.11 Graphing the planes
and their line of intersection in Exam-
ple 12.6.10

Video solution

youtu.be/watch?v=DjuaixHOayo

Figure 12.6.13 lllustrating the inter-
section of a line and a plane in Exam-
ple 12.6.12


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_planes4.html
https://www.youtube.com/watch?v=x2HB6huEEmQ
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_planes5.html
https://www.youtube.com/watch?v=DjuaixH0ayo
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.7
= Tl (12.6.4)

onto 7i. That is, we want:
- P@ .
n

ot 5 PG| = T
7

Equation (12.6.4) is important as it does more than just give the distance
between a point and a plane. We will see how it allows us to find several other
distances as well: the distance between parallel planes and the distance from a
line and a plane. Because Equation (12.6.4) is important, we restate it as a Key
Idea.

( \

Key Idea 12.6.16 Distance from a Point to a Plane.

Let a plane with normal vector 77 be given, and let ) be a point. The
distance h from @) to the plane is

ﬁ.P-dz]

h=1— ],

—

73]l

where P is any point in the plane.

Example 12.6.17 Distance between a point and a plane.

Find the distance between the point Q = (2, 1,4) and the plane with
equation 2z — by + 62 = 9.

Solution.  Using the equation of the plane, we find the normal vec-
tor i = (2,—5,6). To find a point on the plane, we can let z and y
be anything we choose, then let z be whatever satisfies the equation.
Letting « and y be 0 seems simple; this makes z = 1.5. Thus we let
P =(0,0,1.5),and PQ = (2,1,2.5).

The distance h from @ to the plane is given by Key Idea 12.6.16:

h="—
7]
_ |<2a 757 6> i <27 1a 25>|
H<27 _576>||
_ 4]
V65
~ 1.74.

We can use Key ldea 12.6.16 to find other distances. Given two parallel
planes, we can find the distance between these planes by letting P be a point
on one plane and () a point on the other. If £ is a line parallel to a plane, we
can use the Key Idea to find the distance between them as well: again, let P be
a point in the plane and let ) be any point on the line. (One can also use Key
Idea 12.5.17.) The Exercise section contains problems of these types.

These past two sections have not explored lines and planes in space as an ex-
ercise of mathematical curiosity. However, there are many, many applications
of these fundamental concepts. Complex shapes can be modeled (or, approxi-
mated) using planes. For instance, part of the exterior of an aircraft may have
a complex, yet smooth, shape, and engineers will want to know how air flows
across this piece as well as how heat might build up due to air friction. Many

youtu.be/watch?v=DT4JMy5Ak54

Figure 12.6.14 Video introduction to
Subsection 12.6.1

Figure 12.6.15 lllustrating finding the
distance from a point to a plane

Video solution

youtu.be/watch?v=SgA40LUmoFk


https://www.youtube.com/watch?v=DT4JMy5Ak54
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_planes_dist.html
https://www.youtube.com/watch?v=SqA4OLUmoFk
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equations that help determine air flow and heat dissipation are difficult to apply
to arbitrary surfaces, but simple to apply to planes. By approximating a surface
with millions of small planes one can more readily model the needed behavior.
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12.6.2 Exercises

Terms and Concepts

697

1. In order to find the equation of a plane, what two pieces of information must one have?

2.  What s the relationship between a plane and one of its normal vectors?

Problems

Exercise Group. In the following exercises, give any two points in the given plane.

3.

20 —4dy + 7z =2

=2

4.

6.

List any two points in the plane with equation
3(z+2)+5(@y—9) —4z=0.

List any two points in the plane with equation
4(y+2)—(2—6)=0.

Exercise Group. In the following exercises, give the equation of the described plane in standard and general forms.

7.

11.

13.

15.

17.

19.

Passes through (2, 3, 4) and has normal vector
i =(3,—-1,7).
Passes through the points (1,2, 3), (3, —1,4)
and (1,0,1).
Contains the intersecting lines
0(t) =(2,1,2) +¢(1,2,3) and
b(t) = (2,1,2) + t(2,5,4).
ConEains the parallel lines
6(t) =(1,1,1) +¢(1,2,3) and
lo(t) =(1,1,2) +¢(1,2,3).
Contains the point (2, —6, 1) and the line

r =245t
)y={y=2+2t
z=-14+2t

A plane contains the point (5,7, 3) and is
orthogonal to the line

—

L(t) = (4,5,6) +t(1,1,1).

A plane contains the point (—4, 7,2) and is
parallel to the plane
3(z—2)+8y+1)—10z=0.

8.

10.

12.

14.

16.

18.

A plane passes through (1, 3, 5) and has normal
vector 7i = (0,2,4).

A plane passes through the points (5, 3, 8),
(6,4,9) and (3,3, 3).

A plane contains the intersecting lines

0 (t) = (5,0,3) 4+t (—1,1,1) and

lo(t) = (1,4,7) + 1 (3,0, —3).

A plane contains the parallel lines

O(t) = (1,1,1) + ¢ (4,1,3) and

0H(t) =(2,2,2) +t(4,1,3).

A plane contains the point (5, 7, 3) and the line
r =t

=9y =t.
z =t

A plane contains the point (4,1, 1) and is

r =4+4
orthogonaltotheline ¢y =1+1¢
z =141

A plane contains the point (1,2, 3) and is
parallel to the plane = = 5.

Exercise Group. In the following exercises, give the equation of the line that is the intersection of the given planes.

21.

pl: 3(x—2)+(y—1)+42=0,and
p2: 2(x—1)—2(y+3)+6(x—1)=0.

22,

Give the equation of the line (in vector form)
that is the intersection of the planes
5(x—5)+2(y+2)+4(x—1)=0,and
3z —4(y—1)+2(z—1) =0.

Exercise Group. Find the point of intersection between the line and the plane.

23.

line: (5,1, —-1) +t(2,2,1)

plane: 5z —y — z = —3

24.

e line: (4,1,0) +¢(1,0,—1)

e plane: 3z +y — 2z =38



CHAPTER 12. VECTORS 698

25. 26.
line: (1,2,3) +¢(3,5,—1) o line: (1,2,3) +¢(3,5,—1)

plane: 3x — 2y —z =14 e plane: 3z — 2y — z = —4

Exercise Group. Find the indicated distance.

27. The distance from the point (1, 2, 3) to the 28. Find the distance from the point (2, 6, 2) to the
plane plane2(z —1) —y+4(z+1) = 0.
3z—1)+(@y—2)+5(z—2)=0.
29. The distance between the parallel planes 30. Find the distance between the parallel planes
x+y+z=0and 2 -1)+2(y+1)+(2—2)=0and
(z—2)+(y—3)+(z+4)=0 2 —-3)+2(y—1)+(2—3) =0.

31. Show why if the point @ lies in a plane, then the distance formula correctly gives the distance from the point to
the plane as 0.

32. How is Exercise 12.5.30 in Section 12.5 easier to answer once we have an understanding of planes?



Chapter 13

Vector Valued Functions

In the previous chapter, we learned about vectors and were introduced to the
power of vectors within mathematics. In this chapter, we’ll build on this foun-
dation to define functions whose input is a real number and whose output is a
vector. We'll see how to graph these functions and apply calculus techniques
to analyze their behavior. Most importantly, we'll see why we are interested in
doing this: we'll see beautiful applications to the study of moving objects.

13.1 Vector-Valued Functions

We are very familiar with real valued functions, that is, functions whose output
is a real number. This section introduces vector-valued functions — functions
whose output is a vector.

Definition 13.1.2 Vector-Valued Functions.

A vector-valued function is a function of the form

(t) = (f(t),9(t)) or 7(t) = (f(t), 9(t),h(t) ),

where f, g and h are real valued functions.
The domain of 'is the set of all values of ¢ for which 7(¢) is defined. The
range of 7 is the set of all possible output vectors 7(t).

13.1.1 Evaluating and Graphing Vector-Valued Functions

Evaluating a vector-valued function at a specific value of t is straightforward;
simply evaluate each component function at that value of ¢. For instance, if
7(t) = (t*,1 + t — 1), then 7(—2) = (4,1). We can sketch this vector, as is
done in Figure 13.1.3(a). Plotting lots of vectors is cumbersome, though, so gen-
erally we do not sketch the whole vector but just the terminal point. The graph
of a vector-valued function is the set of all terminal points of #(¢), where the
initial point of each vector is always the origin. In Figure 13.1.3(b) we sketch the
graph of 7; we can indicate individual points on the graph with their respective
vector, as shown.

699

youtu.be/watch?v=MJBP_8ZxiwM

Figure 13.1.1 Video introduction to
Section 13.1


https://www.youtube.com/watch?v=MJBP_8ZxiwM
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3 Y 317

2| 2

1 #(=2) 1 7(—2)

x - ) . T
1 2 3 4 5 1 3 4 5

—1 -1
—24 -2
-3 -3
(a) (b)

Figure 13.1.3 Sketching the graph of a vector-valued function

Vector-valued functions are closely related to parametric equations of graphs.
While in both methods we plot points (z(t), y(t)) or (z(t),y(t), z(t)) to pro-
duce a graph, in the context of vector-valued functions each such point repre-
sents a vector. The implications of this will be more fully realized in the next
section as we apply calculus ideas to these functions.

Example 13.1.4 Graphing vector-valued functions.

1
Graph 7(t) = <t3 —t, 752—1—1>’ for —2 < t < 2. Sketch #(—1) and
7(2).
Solution. We start by making a table of ¢, x and y values as shown in
Figure 13.1.5(a). Plotting these points gives an indication of what the

graph looks like. In Figure 13.1.5(b), we indicate these points and sketch
the full graph. We also highlight 7(—1) and 7(2) on the graph.

t2+1

-2 —6 1/5
1/2

0
0 0
1 0 1/2
2 6 1/5

(a) (b)
Figure 13.1.5 Sketching the vector-valued function of Example 13.1.4

Example 13.1.6 Graphing vector-valued functions.

Graph 7(t) = (cos(¢),sin(t),t) for 0 < ¢ < 4.

Solution. We can again plot points, but careful consideration of this
function is very revealing. Momentarily ignoring the third component,
we see the x and y components trace out a circle of radius 1 centered
at the origin. Noticing that the z component is ¢, we see that as the
graph winds around the z-axis, it is also increasing at a constant rate in
the positive z direction, forming a spiral. This is graphed in Figure 13.1.7.

Video solution

youtu.be/watch?v=wXzQo0ce3Us


https://www.youtube.com/watch?v=wXzQo0ce3Us
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L In the graph #(7m /4) ~ (0.707,—0.707,5.498) is highlighted to help us
understand the graph.

13.1.2 Algebra of Vector-Valued Functions

Definition 13.1.8 Operations on Vector-Valued Functions.

Let 71 () = (f1(t),g1(¢)) and 72(t) = (f2(t), g2(t)) be vector-valued
functions in R? and let ¢ be a scalar. Then:

1. 7 (t) £75(t) = (f1(t) £ fa(t), 91(t) £ g2(2) ).
2. cri(t) = (cf1(t), cg1(t) ).
A similar definition holds for vector-valued functions in R2.

This definition states that we add, subtract and scale vector-valued functions
component-wise. Combining vector-valued functions in this way can be very
useful (as well as create interesting graphs).

Example 13.1.10 Adding and scaling vector-valued functions.

Let 7 () = (0.2¢,0.3t), ¥2(t) = (cos(t),sin(t)) and 7(t) = 71 (t) +
7a(t). Graph 71 (t), 7 (t), ¥(t) and 57(t) on —10 < ¢t < 10.

Solution. We can graph 7, and 7 easily by plotting points (or just using
technology). Let’s think about each for a moment to better understand
how vector-valued functions work.

We can rewrite 7 (t) = (0.2¢,0.3t) as 71 (t) = ¢(0.2,0.3). That is,
the function 7 scales the vector (0.2,0.3) by ¢. This scaling of a vector
produces a line in the direction of (0.2, 0.3).

We are familiar with 7% (t) = (cos(t), sin(t) ); it traces out a circle, cen-
tered at the origin, of radius 1. Figure 13.1.11(a) graphs 71 (¢) and 7(t).
Adding 71 (t) to 72(t) produces 7#(t) = (cos(t) + 0.2¢,sin(t) + 0.3t),
graphed in Figure 13.1.11(b). The linear movement of the line combines
with the circle to create loops that move in the direction of (0.2,0.3).
(We encourage the reader to experiment by changing 71 (¢) to (2t, 3t),
etc., and observe the effects on the loops.)

4 y 41y 20 y

2 2 10
4 2 2 4 4 2 2 4 20 10 \3 10 20

4 4 20

(a) (b) (c)
Figure 13.1.11 Graphing the functions in Example 13.1.10

Multiplying 7(¢) by 5 scales the function by 5, producing 57(t) =
(5 cos(t)+t, 5sin(t) 4+ 1.5¢), which is graphed in Figure 13.1.11(c) along
with 7(t). The new function is “5 times bigger” than 7(¢). Note how the
graph of 57(¢) in Figure 13.1.11(c) looks identical to the graph of #(¢) in
Figure 13.1.11(b). This is due to the fact that the x and y bounds of the

Video solution

youtu.be/watch?v=N1qqqHWRéyw

youtu.be/watch?v=5jygsmDFjZw

Figure 13.1.9 Video presentation of
Definition 13.1.8


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_vvf2.html
https://www.youtube.com/watch?v=N1qqqHWR6yw
https://www.youtube.com/watch?v=5jygsmDFjZw
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plot in Figure 13.1.11(c) are exactly 5 times larger than the bounds in
Figure 13.1.11(b).

Example 13.1.12 Adding and scaling vector-valued functions. youtu.be/watch?v=6A30p7KYppw

A cycloid is a graph traced by a point p on a rolling circle, as shown in
Figure 13.1.13. Find an equation describing the cycloid, where the circle

has radius 1. W

Solution. This problem is not very difficult if we approach it in a clever
way. We start by letting (t) describe the position of the point p on the Figure 13.1.13 Tracing a cycloid
circle, where the circle is centered at the origin and only rotates clock-
wise (i.e., it does not roll). This is relatively simple given our previous
experiences with parametric equations; p(t) = (cos(t), — sin(t)).

We now want the circle to roll. We represent this by letting &(¢) repre-
sent the location of the center of the circle. It should be clear that the y
component of ¢(¢) should be 1; the center of the circle is always going
to be 1 if it rolls on a horizontal surface.

The 2 component of ¢(¢) is a linear function of ¢: f(t) = mt for some
scalarm. Whent = 0, f(t) = 0 (the circle starts centered on the y-axis).
When t = 2, the circle has made one complete revolution, traveling a
distance equal to its circumference, which is also 27r. This gives us a point
onour line f(t) = mt, the point (27, 2). It should be clear that m = 1
and f(t) = t. So &(t) = (¢, 1).

We now combine p’and ¢ together to form the equation of the cycloid:
7(t) = p(t) + &) = (cos(t) + ¢, —sin(t) 4+ 1), which is graphed in
Figure 13.1.14.

Video solution

youtu.be/watch?v=BH9FZMTdgQw

13.1.3 Displacement

A vector-valued function 7(¢) is often used to describe the position of a moving 10

object at time t. Att = tg, the object is at 7(tp); at ¢ = t1, the object is at
7(t1). Knowing the locations 7(to) and 7(¢1) give no indication of the path taken
between them, but often we only care about the difference of the locations,
7(t1) — 7(to), the displacement.

Definition 13.1.15 Displacement. mw

2 4 6 8§ 10 12 14 16

ot

Let 7(¢t) be a vector-valued function and let ¢ty < t¢; be values in the

domain. The displacement d of 7, fromt = to to ¢t = 1, is Fi|gu1r§ 11?'21'14 The cycloid in Exam-
ple 13.1.

-

d = 7(t1) — 7(to).

When the displacement vector is drawn with initial point at 7(¢¢), its ter-
minal point is #(¢1). We think of it as the vector which points from a starting
position to an ending position.

Example 13.1.17 Finding and graphing displacement vectors.

Let 7(t) = (cos(5t),sin(5¢)). Graph #(t) on —1 < ¢t < 1, and find the
displacement of 7(¢) on this interval.

Solution. The function 7(¢) traces out the unit circle, though at a differ-
ent rate than the “usual” (cos(t), sin(t)) parametrization. At t, = —1, youtu.be/watch?v=LfOpC91t7H8

Figure 13.1.16 Video presentation of
Definition 13.1.15



https://www.youtube.com/watch?v=6A3op7KYppw
https://www.youtube.com/watch?v=BH9FZMTdgQw
https://www.youtube.com/watch?v=LfOpC91t7H8
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we have 7(tg) = (0,—1); att; = 1, we have 7#(¢;) = (0,1). The dis-
placement of 7(¢) on [—1, 1] is thus d = (0, 1) — (0, —1) = (0, 2).

A graph of 7#(t) on [—1, 1] is given in Figure 13.1.18, along with the dis-
placement vector d on this interval.

Measuring displacement makes us contemplate related, yet very different,
concepts. Considering the semi-circular path the object in Example 13.1.17 took,
we can quickly verify that the object ended up a distance of 2 units from its initial

location. That is, we can compute JH = 2. However, measuring distance from

the starting point is different from measuring distance traveled. Being a semi-
circle, we can measure the distance traveled by this object as 7 =~ 3.14 units.
Knowing distance from the starting point allows us to compute average rate of
change.

Definition 13.1.19 Average Rate of Change.

Let 7(¢) be a vector-valued function, where each of its component func-
tions is continuous on its domain, and let ¢ty < t;. The average rate of
change of 7(t) on [tg, t1] is

m(t1) — 7(to)

average rate of change =
t1 — to

Example 13.1.20 Average rate of change.

Let 7(t) = (cos(3t),sin(5t)) as in Example 13.1.17. Find the average
rate of change of #(¢) on [—1, 1] and on [—1, 5].

Solution. We computed in Example 13.1.17 that the displacement of
7(t) on [—1,1] was d = (0,2). Thus the average rate of change of 7(t)
on[—1,1]is:
Y- 02
1-(-1) 2

We interpret this as follows: the object followed a semi-circular path,
meaning it moved towards the right then moved back to the left, while
climbing slowly, then quickly, then slowly again. On average, however,
it progressed straight up at a constant rate of (0, 1) per unit of time.
We can quickly see that the displacement on [—1, 5] is the same as on

[—1,1], 50 d = (0, 2). The average rate of change is different, though:

7(5) —r(=1) _(0,2) _
e G

As it took “3 times as long” to arrive at the same place, this average rate
| of change on [—1, 5] is 1/3 the average rate of change on [—1, 1].

We considered average rates of change in Sections 1.1 and 2.1 as we studied
limits and derivatives. The same is true here; in the following section we apply
calculus concepts to vector-valued functions as we find limits, derivatives, and
integrals. Understanding the average rate of change will give us an understand-
ing of the derivative; displacement gives us one application of integration.

Video solution

[=] it [m]
Tt

[=]

youtu.be/watch?v=eGslv3hYlak

&y

Figure 13.1.18 Graphing the displace-
ment of a position function in Exam-
ple 13.1.17

Video solution

youtu.be/watch?v=REA-v1g68bo


https://www.youtube.com/watch?v=eGsIv3hYlak
https://www.youtube.com/watch?v=REA-v1g68bo
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13.1.4 Exercises

Terms and Concepts

1.  Vector-valued functions are closely related to of graphs.

2.  When sketching vector-valued functions, technically one isn’t graphing points, but rather

3. It can be useful to thinkof as a vector that points from a starting position to an ending position.
4. Inthe context of vector-valued functions, average rate of changeis divided by time.

Problems

Exercise Group. In the following exercises, sketch the vector-valued function on the given interval.

5 7(t)=(t*t*—1),for -2 <t < 2. 6. 7(t)=(t*3),for—2<t <2

7. 7(t) = (1/t,1/t?),for =2 < t < 2. 8.  7(t) = ({5t?,sin(t)), for —2m < ¢ < 2.
9. 7(t) = (Ft?sin(t)), for =2 < t < 2. 10. 7(t) = (3sin(wt), 2 cos(nt)), on [0, 2].
11.  7(t) = (3cos(t),2sin(2t)), on [0, 27]. 12.  7(t) = (2sec(t),tan(t)), on [—m, 7].

Exercise Group. In the following exercises, sketch the vector-valued function on the given interval in R2. Technology
may be useful in creating the sketch.

13. 7(t) = (2cos(t), t,2sin(t)), on [0, 27]. 14. 7(t) = (3cos(t),sin(t),t/m) on [0, 27].
15.  7(t) = {(cos(t), sin(t),sin(t)) on [0, 27]. 16. 7(t) = (cos(t),sin(t),sin(2t)) on [0, 27].

Exercise Group. In the following exercises, find ||7(¢)]].

17. If#(t) = (t,t?), then 18. 7(t) = (5cos(t),3sin(t)).
17 =

19. If #(t) = (2cos(t),2sin(t),t), then 20. 7(t) = (cos(t),t,t?).
171 =

Exercise Group. Create a vector-valued function whose graph matches the given description.

21. Adcircle of radius 2, centered at (1, 2), traced 22. Adcircle of radius 3, centered at (5, 5), traced
counter-clockwise once at constant speed on clockwise once on [0, 27].

[0, 27).

23. Ancellipse, centered at (0, 0) with vertical major ~ 24. An ellipse, centered at (3, —2) with horizontal
axis of length 10 and minor axis of length 3, major axis of length 6 and minor axis of length
traced once counter-clockwise on [0, 27]. 4, traced once clockwise on [0, 27].

25. Aline through (2, 3) with a slope of 5. 26. Aline through (1,5) with a slope of —1/2.

27. The line through points (1,2, 3) and (4, 5, 6), 28. The line through points (1,2) and (4, 4), where
where 7(0) = (1,2) and 7(1) = (4, 4).

7(0) = (1,2,3) and (1) = (4,5, 6).
29. A vertically oriented helix with radius of 2 that 30. A vertically oriented helix with radius of 3 that
starts at (2,0, 0) and ends at (2, 0, 47) after one starts at (3,0,0) and ends at (3, 0, 3) after 2
revolution on [0, 27]. revolutions on [0, 1].

Exercise Group. Find the average rate of change of 7(¢) on the given interval.
31, 7(t) = (t,t*) on [-2,2]. 32. (t) = (t,t +sin(t)) on [0, 27].
33. () = (3cos(t),2sin(t),t) on [0, 27]. 34. ()= (t,3,¢*)on[-1,3].
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13.2 Calculus and Vector-Valued Functions

The previous section introduced us to a new mathematical object, the vector-
valued function. We now apply calculus concepts to these functions. We start
with the limit, then work our way through derivatives to integrals.

13.2.1 Limits of Vector-Valued Functions

The initial definition of the limit of a vector-valued function is a bit intimidating,
as was the definition of the limit in Definition 1.2.2. The theorem following the
definition shows that in practice, taking limits of vector-valued functions is no

more difficult than taking limits of real-valued functions. We can define one-sided limits
e .. - in a manner very similar to Defi-
Definition 13.2.1 Limits of Vector-Valued Functions. nition 13.2.1.

Let I be an open interval containing ¢, and let 7(¢) be a vector-valued
function defined on I, except possibly at c. The limit of 7(¢), as ¢ ap-
proaches ¢, is L, expressed as

lim #(t) = L

lim 7(t) = L,
means that given any ¢ > 0, there exists a d > 0 such that for all t # ¢,

if |t — ¢| < 6, we have ||7(t) — EH <e.

Note how the measurement of distance between real numbers is the ab-
solute value of their difference; the measure of distance between vectors is the
vector norm, or magnitude, of their difference.

Theorem 13.2.2 states that we can compute limits of vector-valued functions
component-wise.

Theorem 13.2.2 Limits of Vector-Valued Functions.

1. Let#(t) = ( f(t),g(t)) be a vector-valued function in R? defined
on an open interval I containing c, except possibly at c. Then

lim 7(t) = <Iim £(1), lim g(t)>. youtu.be/watch?v=MS6iGW1AQ2c
t—c t—c t—c
Figure 13.2.3 Video presentation of
2. Let #(t) = (f(t),g(t),h(t)) be a vector-valued function in R? Definition 13.2.1 and Theorem 13.2.2
defined on an open interval I containing c, except possibly at c.

Then
lim 7(t) = <Iim £(t), lim g(t), lim h(t)>

t—c t—c

Example 13.2.4 Finding limits of vector-valued functions. Video solution

in(t
Let 7(t) = <s|nt()’ t* — 3t + 3, cos(t)>. Find lim 7°(t).

Solution. We apply the theorem and compute limits component-wise.

L . osin(t) . o .
lim 7(t) = <I|m rang t'i%t —3t+3, t'ﬂ;') cos(t)> youtu.be/watch?v=FCFNyv2V8yk

t—0 t—0

=(1,3,1).



https://www.youtube.com/watch?v=MS6iGW1AQ2c
https://www.youtube.com/watch?v=FCFNyv2V8yk
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13.2.2 Continuity

Definition 13.2.5 Continuity of Vector-Valued Functions.

Let 7(¢) be a vector-valued function defined on an open interval I con-
taining c.

1. 7(t) is continuous at c if tlim 7(t) = r(c).
—c
2. If 7(t) is continuous at all ¢ in I, then 7(¢) is continuous on 1.

We again have a theorem that lets us evaluate continuity component-wise.
Theorem 13.2.6 Continuity of Vector-Valued Functions.

Let 7(t) be a vector-valued function defined on an open interval I contain-
ing c. Then 7(t) is continuous at c if, and only if, each of its component
functions is continuous at c.

Example 13.2.8 Evaluating continuity of vector-valued functions.

Let 7(t) = y

tinuousatt =0andt = 1.

Solution. While the second and third components of 7(¢) are defined at
t = 0, the first component, (sin(t))/t, is not. Since the first component
is not even defined at ¢t = 0, 7(¢) is not defined at ¢ = 0, and hence it is
not continuous at ¢ = 0.

At t = 1 each of the component functions is continuous. Therefore 7(t)
is continuous at ¢t = 1.

, 2 — 3t +3, cos(t)>. Determine whether 7" is con-

13.2.3 Derivatives

Consider a vector-valued function 7 defined on an open interval I containing
to and t;. We can compute the displacement of 7 on [tg, 1], as shown in Fig-
ure 13.2.9(a). Recall that dividing the displacement vector by ¢; — tg gives the
average rate of change on [tg, t1], as shown in Figure 13.2.9(b).

(t1) — (to)
t—to

(to)

(a) (b)

Figure 13.2.9 lllustrating displacement, leading to an understanding of the de-
rivative of vector-valued functions

The derivative of a vector-valued function is a measure of the instantaneous
rate of change, measured by taking the limit as the length of [¢, ¢1] goes to 0.
Instead of thinking of an interval as [to, 1], we think of it as [¢, ¢ 4+ h] for some
value of h (hence the interval has length h). The average rate of change is

¢+ h) —7(c)
h

Using one-sided limits, we can
also define continuity on closed
intervals as done before.

youtu.be/watch?v=5sX-TKcgnAO

Figure 13.2.7 Video presentation of
Subsection 13.2.2


https://www.youtube.com/watch?v=5sX-TKcgnA0
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for any value of i £ 0. We take the limit as h — 0 to measure the instantaneous
rate of change; this is the derivative of 7.

Definition 13.2.10 Derivative of a Vector-Valued Function.
Let 7(¢) be continuous on an open interval I containing c.

1. The derivative of 7att = cis

L et h)— o)
m(e) = illmo h ’

2. The derivative of 7is

(0 = gy T T0)

If a vector-valued function has a derivative for all cin an open interval I, we
say that 7(¢) is differentiable on 1.

Once again we might view this definition as intimidating, but recall that we
can evaluate limits component-wise. The following theorem verifies that this
means we can compute derivatives component-wise as well, making the task
not too difficult.

Theorem 13.2.11 Derivatives of Vector-Valued Functions.

1. Let7(t) = ( f(t), g(t)). Then
() = (f'(1),d())-
2. Let#(t) = { £(t), g(t), h(t) ). Then

() = (' (1), ' (), K'(t)).

Example 13.2.13 Derivatives of vector-valued functions.
Let 7(¢) = (12, ¢).

1. Sketch 7(t) and 7 (t) on the same axes.

—,

2. Compute 7(1) and sketch this vector with its initial point at the
origin and at 7(1).

Solution.

1. Theorem 13.2.11 allows us to compute derivatives component-
wise, so
7 (t) = (2t,1).

7(t) and 7' (¢) are graphed together in Figure 13.2.14(a). Note how
plotting the two of these together, in this way, is not very illuminat-
ing. When dealing with real-valued functions, plotting f(x) with
f'(z) gave us useful information as we were able to compare f
and f’ at the same z-values. When dealing with vector-valued
functions, it is hard to tell which points on the graph of 7’ corre-
spond to which points on the graph of 7.

Alternate notations for the de-
rivative of 7 include:

() = L (7))

B _dr
Cdt

=

Again, using one-sided limits, we
can define differentiability on closed
intervals. We'll make use of this

a few times in this chapter.

youtu.be/watch?v=-07FIEjwkQs

Figure 13.2.12 Video presentation
of Definition 13.2.10 and Theo-
rem 13.2.11


https://www.youtube.com/watch?v=-o7FIEjwkQs
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Video solution

=

2. We easily compute 7/(1) = (2,1), which is drawn in Fig-
ure 13.2.14 with its initial point at the origin, as well as at 7(1) =
(1,1). These are sketched in Figure 13.2.14(b).

21y 21Y

(1) youtu.be/watch?v=vcTn9uy2Fi8

(a) (b)

Figure 13.2.14 Graphing the derivative of a vector-valued function
in Example 13.2.13

Example 13.2.15 Derivatives of vector-valued functions.

Let #(t) = ({(cos(t),sin(t),t). Compute 7(¢) and 7/ (m/2). Sketch
7/ (m/2) with its initial point at the origin and at 7(7/2).

Solution. We compute 7 as 7/ (t) = (—sin(t), cos(t),1). Att = /2,
we have 7 (7/2) = (—1,0,1). Figure 13.2.16 shows a graph of #(¢),
L with 7 (7 /2) plotted with its initial point at the origin and at #(7/2).

Figure 13.2.16 Viewing a vector-
valued function and its derivative at

In Examples 13.2.13 and 13.2.15, sketching a particular derivative with its one point
initial point at the origin did not seem to reveal anything significant. However,
when we sketched the vector with its initial point on the corresponding point on
the graph, we did see something significant: the vector appeared to be tangent
to the graph. We have not yet defined what “tangent” means in terms of curves
in space; in fact, we use the derivative to define this term.

Definition 13.2.17 Tangent Vector, Tangent Line.

Let 7(¢) be a differentiable vector-valued function on an open interval I
containing ¢, where 7 (c) # 0.

1. Avector ¥ is tangent to the graph of 7*(t) at t = cif ¥ is parallel to
7 (c).

2y=
2. The tangent line to the graph of 7(t) at t = c is the line through youtu.be/watch?v=WwKvTWkegetl

7(c) with direction parallel to #(c). An equation of the tangent Figure 13.2.18 Video presentation of
line is = Definition 13.2.17
t) = 7c) +t7(c).

Example 13.2.19 Finding tangent lines to curves in space.

Video solution
Let 7(¢) = (t,t2,¢%) on [—1.5, 1.5]. Find the vector equation of the line 1™
tangent to the graph of ¥att = —1. E E
Solution. To find the equation of a line, we need a point on the line and 3
the line's direction. The point is given by #(—1) = (—1,1, —1). (To be .

[m] e

youtu.be/watch?v=mG-r7_uCzSk



https://www.youtube.com/watch?v=vcTn9uy2Fi8
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_vvflimit4.html
https://www.youtube.com/watch?v=WwKvTWkgetI
https://www.youtube.com/watch?v=mG-r7_uCzSk
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clear, (—1, 1, —1) is a vector, not a point, but we use the point “pointed
to” by this vector.)

The direction comes from 7#/(—1). We compute, component-wise,
7(t) = (1,2t,32). Thus #(—1) = (1, -2, 3).

The vector equation of the line is £(¢) = (—1,1,—1) + ¢ (1, —2, 3). This
line and 7(¢) are sketched in Figure 13.2.20.

Example 13.2.21 Finding tangent lines to curves.

Find the equations of the lines tangent to 7(t) = (¢*,¢?) at¢t = —1 and
t=0.

Solution. We find that 7 (t) = (3t2,2t). Att = —1, we have
7(—1) = (=1,1) and 7' (—1) = (3, -2),
so the equation of the line tangent to the graph of 7(¢) att = —1is
Lt)=(—1,1) +t(3,-2).
This line is graphed with #(¢) in Figuie 13.2.22.
Att = 0, we have #(0) = (0, 0) = 0! This implies that the tangent line

“has no direction.” We cannot apply Definition 13.2.17, hence cannot
find the equation of the tangent line.

We were unable to compute the equation of the tangent line to 7(t) =
(t3,t%) at t = 0 because 7(0) = 0. The graph in Figure 13.2.22 shows that
there is a cusp at this point. This leads us to another definition of smooth, pre-
viously defined by Definition 10.2.22 in Section 10.2.

Definition 13.2.23 Smooth Vector-Valued Functions.

Let 7(¢) be a differentiable vector-valued function on an open interval I
where 7 (t) is continuous on I. 7(¢) is smooth on I if i”'(¢) # O on I.

Having established derivatives of vector-valued functions, we now explore
the relationships between the derivative and other vector operations. The fol-
lowing theorem states how the derivative interacts with vector addition and the
various vector products.

Theorem 13.2.25 Properties of Derivatives of Vector-Valued Functions.

Let 7 and § be differentiable vector-valued functions, let f be a differen-
tiable real-valued function, and let c be a real number.

1 %(m) £5(0)) = 7(1) £ 8°(0)

5, %(cf’(t)) = o (%)

. %( FEF)) = F(7() + F(1)7 (1) Product Rule

4. %(m) : §(t)) = 7/(t) - 8(t) + (t) - & (t) Product Rule

Figure 13.2.20 Graphing a curve in
space with its tangent line

Video solution

[alE:

youtu.be/watch?v=czvJ5AtLpa4

Figure 13.2.22 Graphing 7(¢) and its
tangent line in Example 13.2.21

youtu.be/watch?v=sSPWKKcGno4

Figure 13.2.24 Video presentation of
Definition 13.2.23


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_vvfderiv1.html
https://www.youtube.com/watch?v=czvJ5AtLpa4
https://www.youtube.com/watch?v=sSPWKKcGno4

CHAPTER 13. VECTOR VALUED FUNCTIONS 710

(F(t) X §’(t)) — 7 (t) x 5(t) + F(t) x 5'(t) Product Rule

Example 13.2.27 Using derivative properties of vector-valued func-

tions. youtu.be/watch?v=8ulgeUUcOrY
Figure 13.2.26 Video presentation of

Let 7(t) = (t,t* — 1) and let @(¢) be the unit vector that points in the
Theorem 13.2.25

direction of 7(¢).
1. Graph 7(¢t) and @(t) on the same axes, on [—2, 2].
2. Find @’(t) and sketch @’(—2), @’(—1) and %'(0). Sketch each
with initial point the corresponding point on the graph of .
Solution.

1. To form the unit vector that points in the direction of 7, we need
to divide #(t) by its magnitude.

= _ 2 2 _1)2 a(t) = 1 2 _
|17 = V2 + (12 — 1) = d(t) m(t,t 1).

7(t) and (t) are graphed in Figure 13.2.28. Note how the graph
of @(t) forms part of a circle; this must be the case, as the length
of @(t) is 1 for all ¢.

2. To compute i’(t), we use Theorem 13.2.25, writing 31y
a(t) = F()i(t), where f(t) = ———— = (2+(2—1)?) V2.
12+ (12 -1)2 21
W Id writ "
(We could write Ll

. t 2 -1
u(t) - 2 2 2’ 2 2 2 z
VE+ =12 /2 + (12 -1) Srama— ;
and then take the derivative. It is a matter of preference; this latter \/

method requires two applications of the Quotient Rule where our

method uses the Product and Chain Rules.) We find f’(t) using Figure 13.2.28 Graphing 7(t) and ()
the Chain Rule: in Example 13.2.27
/ Lo 2 2\ —3/2 2
@)= —5(15 + (- 1)%) (2t + 2087 — 1)(2t))
2t(2t? — 1)

2(/P+ ([ —1)%)°

We now find @' (t) using part 3 of Theorem 13.2.25:

a'(t) = f(6)ua(t) + fe)i' ()

o 2t(2t% — 1) s
= t2+(t2—1)2)3<t’t 1>+—ﬁ2+(ﬁ_1)2 (1,2t).



https://www.youtube.com/watch?v=8ulgeUUc0rY
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This is admittedly very “messy;” such is usually the case when
we deal with unit vectors. We can use this formula to compute
@'(=2),4'(—1)and @'(0):
S -
13v/137 13V/13
@'(=1) = (0,-2)
@’(0) = (1,0)

> ~ (—0.320,—0.213)

Each of these is sketched in Figure 13.2.29. Note how the length
of the vector gives an indication of how quickly the circle is being

traced at that point. When t = —2, the circle is being drawn rel-
atively slow; when ¢t = —1, the circle is being traced much more
quickly.

It is a basic geometric fact that a line tangent to a circle at a point P is per-
pendicular to the line passing through the center of the circle and P. This is
illustrated in Figure 13.2.29; each tangent vector is perpendicular to the line
that passes through its initial point and the center of the circle. Since the center
of the circle is the origin, we can state this another way: @’ (¢) is orthogonal to
U(t).

Recall that the dot product serves as a test for orthogonality: if & - ¥ = 0,
then @ is orthogonal to ¢. Thus in the above example, @(t) - @'(t) = 0.

This is true of any vector-valued function that has a constant length, that is,
that traces out part of a circle. It has important implications later on, so we state
it as a theorem (and leave its formal proof as an Exercise.)

Theorem 13.2.30 Vector-Valued Functions of Constant Length.

Let 7(t) be a vector-valued function of constant length that is differen-
tiable on an open interval I. That s, ||7(t)|| = cfor alltin I; equivalently,
7(t) - 7(t) = 2 forall tin I. Then #(t) - 7 (t) = O forall t in I.

13.2.4 Integration

Before formally defining integrals of vector-valued functions, consider the fol-
lowing equation that our calculus experience tells us should be true:

b
/ 7 (t) dt = 7(b) — 7(a).

That is, the integral of a rate of change function should give total change. In
the context of vector-valued functions, this total change is displacement. The
above equation is true; we now develop the theory to show why.

We can define antiderivatives and the indefinite integral of vector-valued
functions in the same manner we defined indefinite integrals in Definition 5.1.2.
However, we cannot define the definite integral of a vector-valued function as
we did in Definition 5.2.6. That definition was based on the signed area between
afunctiony = f(z) and the z-axis. An area-based definition will not be useful in
the context of vector-valued functions. Instead, we define the definite integral of
a vector-valued function in a manner similar to that of Theorem 5.3.26, utilizing
Riemann sums.

Video solution

youtu.be/watch?v=sD1mgVOWQFo

-2+

Figure 13.2.29 Graphing some of the
derivatives of @(t) in Example 13.2.27


https://www.youtube.com/watch?v=sD1mgVOWQFo
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Definition 13.2.31 Antiderivatives, Indefinite and Definite Integrals of
Vector-Valued Functions.

Let 7(¢) be a continuous vector-valued function on [a, b]. An antideriva-
tive of 7(t) is a function K(t) such that R/ (t) = 7(t).
The set of all antiderivatives of 7(¢) is the indefinite integral of 7(¢), de-

noted by
/ 7(t) dt.

The definite integral of 7(¢) on [a, b] is

n

b
F(t)dt = i 7(c;) At;,
/a = 3" r(c)

i=1

where At; is the length of the ith subinterval of a partition of [a, b], | At|
is the length of the largest subinterval in the partition, and ¢; is any value
in the 7th subinterval of the partition.

It is probably difficult to infer meaning from the definition of the definite
integral. The important thing to realize from the definition is that it is built upon
limits, which we can evaluate component-wise.

The following theorem simplifies the computation of definite integrals; the
rest of this section and the following section will give meaning and application
to these integrals.

Theorem 13.2.32 Indefinite and Definite Integrals of Vector-Valued
Functions.

Let #(t) = (f(t), g(t)) be a vector-valued function in R? that is continu-
ous on [a, b].

1 / F(t) dt = < / () dt, / g(t)dt>
2 [ - < [ s [ o dt>

A similar statement holds for vector-valued functions in R3.

Example 13.2.34 Evaluating a definite integral of a vector-valued func-
tion.

1
Let () = (e*',sin(t)). Evaluate / (e) d.
0

Solution. We follow Theorem 13.2.32.

/1 7(t) dt = /1 (€*,sin(t)) dt

0 0

— </0162tdt,/01 sin(t) dt>
— <;e%‘;,—cos(t)‘;>

youtu.be/watch?v=GQTMVNKQusc

Figure 13.2.33 Video presentation
of Definition 13.2.31 and Theo-
rem 13.2.32


https://www.youtube.com/watch?v=GQTMVNKQusc
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Video solution

= <;(€2 —1),—cos(1) + 1>

~ (3.19,0.460) .

youtu.be/watch?v=57pkOzkF7TE

Example 13.2.35 Solving an initial value problem

Let 7 (t) = (2, cos(t), 12t). Find 7(t) where:

o 70) = (-7, -1,
o 7(0) = (5,3,0).

2) and

Solution. Knowing 7’ (t) = (2, cos(t), 12t), we find 7/ (¢) by evaluating

the indefinite integral.
</2dt,/cos(t)dt,/12tdt>

(2t + Cy,sin(t) + Co, 6t + C3)
= (2t,sin(t), 6t%) + (C1, Ca, Cs)

= (2t,sin(t), 6t*) + C.

—*//

Note how each indefinite integral creates its own constant which we col-
7(0) = (5,3,0) allows us to

lect as one constant vector C'. Knowing

solve for C:
7'(t) = (2t,sin(t), 6t*) + C
7(0) = (0,0,0) + C
(5,3,0) = C.

So 7(t) = (2t,sin(t), 6¢%) + (5,3,0) = (2t + 5,sin(t) + 3,6t?). To

find 7(t), we integrate once more.

/F’(t) dt = </2t+5dt,/sin(t) +3dt,/6t2 dt>

= (t? + 5t, — cos(t) + 3t,2t°) + C.

1,2), we solve for C-

With 7(0) = (=7, —1,

7(t) = (t* + 5t, — cos(t) + 3t,2t%) + C
. Video solution
7(0) = (0,—1,0) + C

(=7,-1,2) = (0,-1,0) + C

(=17,0,2) = C.
So
7(t) = <t2 + 5t, — cos(t) + 3t, t3> +(—7,0,2) youtu.be/watch?v=0-1B6C9jj9k

= (t* 4+ 5t — 7, — cos(t) + 3t,2t> + 2).



https://www.youtube.com/watch?v=57pkOzkF7TE
https://www.youtube.com/watch?v=0-1B6C9jj9k
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What does the integration of a vector-valued function mean? There are
many applications, but none as direct as “the area under the curve” that we
used in understanding the integral of a real-valued function.

A key understanding for us comes from considering the integral of a deriva-
tive:

a

b b
/ 7 (t)dt = 7(t)| = 7(b) — 7(a).

Integrating a rate of change function gives displacement.

Noting that vector-valued functions are closely related to parametric equa-
tions, we can describe the arc length of the graph of a vector-valued function as
an integral. Given parametric equations x = f(t), y = ¢(t), the arc length on
[a, b] of the graph is

b
Arc Length = / V()24 g'(t)? dt,

as stated in Theorem 10.3.17 in Section 10.3. If #(t) = (f(t), g(t)), note that

f'()2+g'(t)2 = |7(t)|- Therefore we can express the arc length of the
graph of a vector-valued function as an integral of the magnitude of its deriva-
tive.

Theorem 13.2.36 Arc Length of a Vector-Valued Function.

Let 7(t) be a vector-valued function where 7 (t) is continuous on [a, b)].
The arc length L of the graph of 7(¢) is

b
L:/ 7] d.

Note that we are actually integrating a scalar-function here, not a vector-
valued function.

The next section takes what we have established thus far and applies it to
objects in motion. We will let 7*(¢) describe the path of an object in the plane or
in space and will discover the information provided by #(¢) and 7" (t).
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13.2.5 Exercises

Terms and Concepts

Limits, derivatives and integrals of vector-valued functions are all evaluated -wise.

The definite integral of a rate of change functiongives

1
2
3.  Why s it generally not useful to graph both 7(¢) and 7’ (¢) on the same axes?
4

Theorem 13.2.25 contains three product rules. What are the three different types of products used in these
rules?

Problems

Exercise Group. Evaluate the given limit.

. 2 _ . . 279
5. lim (2t + 1,3t — 1,sin(t)) 6 lim <et, e >
. 1 i T(t4+h) —7(t) A
7. lim <—Sint(t),(1 + t)t> 8. }!@O 2 , Where 7(t) = (t2,¢,1).

Exercise Group. ldentify the interval or union of intervals on which 7(t) is continuous.
9. 7(t)= (3 1/t) 10. 7(t) = (cos(t), €', In(t))

Exercise Group. Find the derivative of the given function.

11.  7(t) = (cos(t),et, In(t)) 12. #t) <17 gz I 1,tan(t)>
13.  7(t) = (t?) (sin(t), 2t + 5) 14. 7(t) = (t* +1,t — 1) - (sin(t), 2t + 5)
15. 7(t) = <t2 +1,t—1, 1> x (sin(t), 2t + 5, 1) 16. (t) = (cosht,sinht)

Exercise Group. First, find 7/ (¢). Then sketch #(¢) and 7/(1), with the initial point of 7/ (1) at 7(1).
17. 7(t) = (P +t,t*—1) 18. (t) = (t? — 2t 4+ 2,¢> — 3> + 2t)
19. () =(*+1,t° —1) 20. (t) = (t* — 4t + 5,6 — 6% + 11t — 6)

Exercise Group. Give the equation of the line tangent to the graph of 7(t) at the given ¢ value.
21 7(t) = (P +t, 2 —t),att =1 22. 7(t) = (3cos(t),sin(t)),att = /4
23. 7(t) = (3cos(t),3sin(t),t) att = . 24. 7(t) = (e',tan(t),t), att = 0.

Exercise Group. Find the value(s) of ¢ for which 7(t) is not smooth.

25.  (t) = (cos(t),sin(t) — t) 26. F(t)= (> — 2t + 1,13 + > — 5t +3)
27. (t) = 28. 7(t) = (t* — 3t + 2, — cos(nt), sin(rt))

(cos(t) — sin(t), sin(t) — cos(t), cos(4t))

Exercise Group. The following exercises ask you to verify parts of Theorem 13.2.25. In each let f(t) = t3, 7(t) =
(t2,t —1,1) and §(t) = (sin(t), €', t). Compute the various derivatives as indicated.

29. Simplify f(¢)7(¢), then find its derivative; show 30. Simplify #(t) - 5(¢), then find its derivative; show

this is the same as f/(t)7(t) + f(¢)7 (¢). this is the same as 7 (t) - 5(t) + 7(¢) - 57 ().
31.  Simplify 7(t) x 5(t), then find its derivative; 32.  Simplify #(f(¢)), then find its derivative; show
show this is the same as this is the same as 7 (f(¢)) f'(t).

7 (t) x §(t) + 7(t) x §'(¢t).
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Exercise Group. In the following exercises, evaluate the given definite or indefinite integral.
3 ¢ 1 2
33. / (t°,cos(t), te') dt 34. / <1+t2’ sec’(t) ) dt
T 2
35. / (—sin(t),cos(t)) dt = 36. J/ (2t + 1,2t —1) dt
0 -2

Exercise Group. Solve the given initial value problems.

37. Find 7(t), given that 7/ (t) = (¢,sin(t)) and 38. Find 7(t), given that ¥/ (t) = (1/(t + 1), tan(t))
7(0) = (2,2). and
r(t) = 70) = (1,2).
39. Find 7(t), given that 7/ (t) = (¢%,¢,1), 40. Find 7(t), given that 7"/ (t) = (cos(t), sin(t), e*),
7(0) = (1,2,3) and 7(0) = (4,5,6) . 7 (0) = (0,0,0) and 7(0) = (0, 0,0).
7(t) =
Exercise Group. Find the arc length of #(¢) on the indicated interval.
41. (t) = (2cos(t),2sin(t), 3t) on [0, 27]. 42. (t) = (5cos(t),3sin(t),4sin(t)) on [0, 27].
43.  7(t) = (3, t%,¢3) on [0,1]. 44. i (t) = (e"tcos(t),e"tsin(t)) on [0, 1].

45.  Prove Theorem 13.2.30; that is, show if #(¢) has constant length and is differentiable, then #(¢) -7 (¢) = 0. (Hint:

7
use the Product Rule to compute 4 (7(t) - #(t)).)
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13.3 The Calculus of Motion

A common use of vector-valued functions is to describe the motion of an object
in the plane or in space. A position function 7(t) gives the position of an object
at time t. More formally, let O = 0 (either in the plane or in space) and suppose
an object is at point P, at time ¢ = t.. Then 7(t.) = (7130; that is, the vector
F(tc) “points” to the location of the object at a given time. This section explores
how derivatives and integrals are used to study the motion described by such a
function.

Definition 13.3.2 Velocity, Speed and Acceleration.

Let 7(t) be a position function in R? or R3.

Velocity The instantaneous rate of position change, denoted ¥/(t);
thatis, 0(t) = 7(t).
Speed The magnitude of velocity: ||7(¢)]|.

Acceleration The instantaneous rate of velocity change, denoted d(t);
thatis, @(t) = ¢'(t) = 7 (¢).

Example 13.3.3 Finding velocity and acceleration.

An object is moving with position function 7(t) = (t? — ¢,t> + t), —3 <
t < 3, where distances are measured in feet and time is measured in
seconds.

1. Find ¥(t) and a(t).

2. Sketch 7(t); plot ¥(—1), @(—1), ¥(1) and d@(1), each with their
initial point at their corresponding point on the graph of 7(¢).

3. When is the object’s speed minimized?

Solution.

1. Taking derivatives, we find
o) =7'(t) = (2t — 1,2t + 1) and a@(t) = 7' (t) = (2,2).
Note that acceleration is constant.

2. 9(—=1) = (=3,-1),a(—1) = (2,2); ¥(1) = (1,3), a(l) = (2,2).
These are plotted with #(¢) in Figure 13.3.4(a). We can think of
acceleration as “pulling” the velocity vector in a certain direction.
At t = —1, the velocity vector points down and to the left; at
t = 1, the velocity vector has been pulled in the (2,2) direction
and is now pointing up and to the right. In Figure 13.3.4(b) we plot
more velocity/acceleration vectors, making more clear the effect
acceleration has on velocity.

youtu.be/watch?v=UAGqV-réjBI

Figure 13.3.1 Video introduction to
Section 13.3


https://www.youtube.com/watch?v=UAGqV-r6jBI
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Figure 13.3.4 Graphing the position, velocity and acceleration of
an object in Example 13.3.3

Since @(t) is constant in this example, as ¢ grows large #(t) be-
comes almost parallel to @(t). For instance, when ¢ = 10, #(10) =
(19, 21), which is nearly parallel to (2, 2).

3. The object’s speed is given by

[()] = v/ (2t = 1)2 + (2t + 1)2 = /82 + 2.

To find the minimal speed, we could apply calculus techniques

(such as set the derivative equal to 0 and solve for ¢, etc.) but

we can find it by inspection. Inside the square root we have a Video solution
quadratic which is minimized when ¢ = 0. Thus the speed is
minimized at ¢ = 0, with a speed of v/2 . The graph in Fig-
ure 13.3.4(b) also implies speed is minimized here. The filled dots
on the graph are located at integer values of ¢ between —3 and 3.
Dots that are far apart imply the object traveled a far distance in 1
second, indicating high speed; dots that are close together imply
the object did not travel far in 1 second, indicating a low speed. youtu.be/watch?v=qpQidOR7TQQ
The dots are closest together near t = 0, implying the speed is

minimized near that value.

Example 13.3.5 Analyzing Motion.

Two objects follow an identical path at different rates on [—1, 1]. The
position function for Object 1 is 7 () = <t, t2>; the position function
for Object 2 is 7 (t) = <t3, t6>, where distances are measured in feet
and time is measured in seconds. Compare the velocity, speed and ac-
celeration of the two objects on the path.

Solution. We begin by computing the velocity and acceleration function
for each object:

01(t) = (1,2t) Ua(t) = (3t%,6t°)
@ (t) = (0,2) a»(t) = (6t,30t")

We immediately see that Object 1 has constant acceleration, whereas
Object 2 does not.

Att = —1, we have 71(—1) = (1,—2) and vh(—1) = (3,—6); the
velocity of Object 2 is three times that of Object 1 and so it follows that
the speed of Object 2 is three times that of Object 1 (3+/5 ft/s compared



https://www.youtube.com/watch?v=qpQidOR7TQQ
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to v/5 ft/s.)

Att = 0, the velocity of Object 1is ¥(1) = (1,0) and the velocity of
Object 2 is 0! This tells us that Object 2 comes to a complete stop at
t=0.

In Figure 13.3.6, we see the velocity and acceleration vectors for Object 1
1 plotted for t = —1,—1/2,0,1/2 and ¢ = 1. Note again how the
constant acceleration vector seems to “pull” the velocity vector from ‘ ‘
pointing down, right to up, right. We could plot the analogous picture -2 -1 \\ 1
for Object 2, but the velocity and acceleration vectors are rather large

(d@2(—1) = (—6,30)!) -1
Instead, we simply plot the locations of Object 1 and 2 on intervals Figure 13.3.6 Plotting velocity and ac-
of 1/10th of a second, shown in Figure 13.3.7(a) and Figure 13.3.7(b). celeration vectors for Object 1 in Ex-
Note how the z-values of Object 1 increase at a steady rate. This is be- ample 13.3.5

cause the z-component of d@(t) is O; there is no acceleration in the -

component. The dots are not evenly spaced; the object is moving faster

RS

neart = —landt¢ = 1thanneart = 0.
Yy
1
0.8
0.6 7(t)
0.4
0.2
xT
-1 —0.5 0.5 1
(a) (b)
Figure 13.3.7 Comparing the positions of Objects 1 and 2 in Exam-
ple 13.3.5
In Figure 13.3.7(b), we see the points plotted for Object 2. Note the large
change in position fromt = —1 tot = —0.8; the object starts moving

very quickly. However, it slows considerably at it approaches the origin,
and comes to a complete stop at ¢ = 0. While it looks like there are 3
points near the origin, there are in reality 5 points there.

Since the objects begin and end at the same location, they have the same
displacement. Since they begin and end at the same time, with the same
displacement, they have the same average rate of change (i.e., they have
the same average velocity). Since they follow the same path, they have
the same distance traveled. Even though these three measurements are
the same, the objects obviously travel the path in very different ways.

Example 13.3.8 Analyzing the motion of a whirling ball on a string.

A young boy whirls a ball, attached to a string, above his head in a
counter-clockwise circle. The ball follows a circular path and makes 2
revolutions per second. The string has length 2 ft.

1. Find the position function 7(¢) that describes this situation.

2. Find the acceleration of the ball and give a physical interpretation
of it.
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3. Atree stands 10 ft in front of the boy. At what ¢-values should the
boy release the string so that the ball hits the tree?

Solution.

1. The ball whirls in a circle. Since the string is 2ft long, the radius
of the circle is 2. The position function #(t) = (2 cos(¢), 2sin(¢))
describes a circle with radius 2, centered at the origin, but makes
a full revolution every 27 seconds, not two revolutions per second.
We modify the period of the trigonometric functions to be 1/2 by
multiplying ¢ by 47. The final position function is thus

7(t) = (2 cos(4rt), 2 sin(4nt)) .

(Plot this for 0 < ¢ < 1/2 to verify that one revolution is made in
1/2 a second.)

2. Tofind d@(t), we take the derivative of 7(t) twice.

0(t) = 7 (t) = (—8m sin(4mt), 8w cos(4nt))
a(t) = 7" (t) = (—32x* cos(4nt), —32n” sin(4rt))
= —321% (cos(4nt), sin(4xt)) .

Note how d(t) is parallel to #(¢), but has a different magnitude
and points in the opposite direction. Why is this?

Recall the classic physics equation, “Force = mass x accelera-
tion.” A force acting on a mass induces acceleration (i.e., the
mass moves); a mass that is accelerating is being acted upon by
a force. Thus force and acceleration are closely related. A moving
ball “wants” to travel in a straight line. Why does the ball in our
example move in a circle? It is attached to the boy’s hand by a
string. The string applies a force to the ball, affecting its motion:
the string accelerates the ball. This is not acceleration in the sense
of “it travels faster;” rather, this acceleration is changing the ve-
locity of the ball. In what direction is this force/acceleration being
applied? In the direction of the string, towards the boy’s hand.

The magnitude of the acceleration is related to the speed at which
the ballis traveling. A ball whirling quickly is rapidly changing direc-
tion/velocity. When velocity is changing rapidly, the acceleration
must be “large.”

3. When the boy releases the string, the string no longer applies a
force to the ball, meaning acceleration is 0 and the ball can now
move in a straight line in the direction of ¥/(¢).

Let t = tg be the time when the boy lets go of the string. The ball T T TS
will be at 7(¢¢), traveling in the direction of ¥(ty). We want to find .’ s
to so that this line contains the point (0, 10) (since the treeis 10 ft J ﬂb
directly in front of the boy). l\ !
1
There are many ways to find this time value. We choose one that \)l\ .
is relatively simple computationally. As shown in Figure 13.3.9, S
the vector from the release point to the tree is (0, 10) — 7(to). Figure 13.3.9 Modeling the flight of a

ball in Example 13.3.8
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This line segment is tangent to the circle, which means it is also
perpendicular to 7(t) itself, so their dot product is 0.

(to) - ((0,10) — 7(tg)) = 0

(2 cos(4mty), 2sin(4mty)) - (—2cos(4mty), 10 — 2sin(4rtg)) = 0
— 4cos?(4nty) + 20sin(4mty) — 4sin’(4rto) = 0

20sin(4ntg) —4 =0

sin(4nty) = 1/5

4ty = sin~1(1/5)

4ty ~ 0.2 4+ 27n,

where n is an integer. Solving for ¢ty we have:
to ~ 0.016 4+ n/2

This is a wonderful formula. Every 1/2 second after ¢t = 0.016s
the boy can release the string (since the ball makes 2 revolutions
per second, he has two chances each second to release the ball).

Example 13.3.10 Analyzing motion in space.

An object moves in a helix with position function #(t) =
(cos(t),sin(t),t), where distances are measured in meters and
time is in minutes. Describe the object’s speed and acceleration at time
t.

Solution. With 7(t) = (cos(¢), sin(t), t), we have:
(t) = (—sin(t),cos(t), 1) and
t) = (—cos(t), —sin(t),0) .

Q <
~

The speed of the object is ||7(t)|| = v/(—sin(t))2 + cos?(t) + 1 = /2
- it moves at a constant speed. Note that the object does not accel-
erate in the z-direction, but rather moves up at a constant rate of 1 %

The objects in Examples 13.3.8 and 13.3.10 traveled at a constant speed.
That is, ||7(t)|| = ¢ for some constant ¢. Recall Theorem 13.2.30, which states
that if a vector-valued function 7(t) has constant length, then 7(¢) is perpendicu-
lar to its derivative: 7(t) -7 (¢) = 0. In these examples, the velocity function has
constant length, therefore we can conclude that the velocity is perpendicular to
the acceleration: ¢(t) - @(t) = 0. A quick check verifies this.

There is an intuitive understanding of this. If acceleration is parallel to veloc-
ity, then it is only affecting the object’s speed; it does not change the direction
of travel. (For example, consider a dropped stone. Acceleration and velocity are
parallel — straight down — and the direction of velocity never changes, though
speed does increase.) If acceleration is not perpendicular to velocity, then there
is some acceleration in the direction of travel, influencing the speed. If speed
is constant, then acceleration must be orthogonal to velocity, as it then only
affects direction, and not speed.

Video solution

youtu.be/watch?v=qrNYh5hmyLE


https://www.youtube.com/watch?v=qrNYh5hmyLE
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Key Idea 13.3.11 Objects With Constant Speed.

If an object moves with constant speed, then its velocity and accelera-
tion vectors are orthogonal. That is, 7(¢) - @(t) = 0.

13.3.1 Projectile Motion

An important application of vector-valued position functions is projectile motion:
the motion of objects under only the influence of gravity. We will measure time
in seconds, and distances will either be in meters or feet. We will show that we
can completely describe the path of such an object knowing its initial position
and initial velocity (i.e., where it is and where it is going.)

Suppose an object has initial position #(0) = (g, yo) and initial velocity
U(0) = (vg,vy). Itiscustomary to rewrite ¥/(0) in terms of its speed vy and
direction i, where i is a unit vector. Recall all unit vectors in R? can be written
as {cos(#),sin(0)), where @ is an angle measure counter-clockwise from the z-
axis. (We refer to 6 as the angle of elevation.) Thus ¢(0) = v (cos(f), sin(6)).

Since the acceleration of the object is known, namely @(t) = (0, —g), where
g is the gravitational constant, we can find 7(t) knowing our two initial condi-
tions. We first find ¢(¢):

o(t) = /d’(t) dt
(t) = / (0, —g) dt
F(t) = (0, —gt) + C.
Knowing #(0) = v (cos(6), sin(0)), we have C' = vg (cos(t), sin(t)) and so
¥(t) = (vo cos(8), —gt + vy sin(6)) .
We integrate once more to find 7(¢):
7(t) = /E(t) dt
7(t) = /(vo cos(6), —gt + vg sin(8)) dt

7(t) = <(v0 cos(f))t, —%gt2 + (vo sin(G))t> +C.

Knowing 7(0) = (2, o), we conclude C' = (0, o) and

7(t) = <(v0 cos(6))t + zo , —%th + (wo sin(8))t + yo > )

Key Idea 13.3.13 Projectile Motion.

The position function of a projectile propelled from an initial position
of 7o = (zo, yo), with initial speed vy, with angle of elevation 6 and
neglecting all accelerations but gravity is

7(t) = <(v0 cos(9))t + xo, —%gt2 + (wo sin(8))t + yo > .

youtu.be/watch?v=-n1VJ3ngrTw

Figure 13.3.12 Video presentation of
Subsection 13.3.1

This text takes g to be 32 £ when
using Imperial units, and 9.8 3
when using Sl units.


https://www.youtube.com/watch?v=-n1VJ3ngrTw
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Letting vy = o (cos(6), sin(6)), 7(t) can be written as

1
7(t) = <0, —2th> + Tot + 7.

We demonstrate how to use this position function in the next two examples.
Example 13.3.14 Projectile Motion.

Sydney shoots her Red Ryder® bb gun across level ground from an el-
evation of 4 ft, where the barrel of the gun makes a 5° angle with the
horizontal. Find how far the bb travels before landing, assuming the bb
is fired at the advertised rate of 350 % and ignoring air resistance.

Solution. A direct application of Key Idea 13.3.13 gives

7(t) = ((350 cos(5°))t, —16t* + (350in(5°))t + 4)
~ (346.67t, —16t> + 30.50t 4 4),
where we set her initial position to be (0, 4). We need to find when the
bb lands, then we can find where. We accomplish this by setting the
y-component equal to 0 and solving for ¢:
—16t% +30.50t + 4 = 0

. _ 3050+ /30502 — 4(—16)(4)
B —32

t~2.03s.

(We discarded a negative solution that resulted from our quadratic equa-
tion.)

We have found that the bb lands 2.03 s after firing; with ¢t = 2.03, we find
the z-component of our position function is 346.67(2.03) = 703.74 ft.
The bb lands about 704 feet away.

Example 13.3.15 Projectile Motion.

Alex holds his sister’s bb gun at a height of 3 ft and wants to shoot a
target that is 6 ft above the ground, 25 ft away. At what angle should he
hold the gun to hit his target? (We still assume the muzzle velocity is
350 %.)

Solution. The position function for the path of Alex’s bb is
7(t) = ((350 cos())t, —16t> + (350sin(0))t + 3).

We need to find 6 so that 7(t) = (25, 6) for some value of ¢. That is, we
want to find 6 and ¢ such that

(350 cos(#))t = 25 and — 16t + (350sin(#))t + 3 = 6.

This is not trivial (though not “hard”). We start by solving each equation
for cos(6) and sin(6), respectively.

25 . 3+ 162
cos(0) = 350t and sin(9) = ~3E0t

Video solution

i
[=]

youtu.be/watch?v=9_Ev_uu0Y74



https://www.youtube.com/watch?v=9_Ev_uu0Y74
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Using the Pythagorean Identity cos?(6) + sin*(#) = 1, we have

25 \?  /3+1612\°
) Tl ) =1
350t 350t

Multiply both sides by (350t)?:

252 + (3 + 16t%)% = 350242
256t — 122, 404¢> + 634 = 0.

This is a quadratic in t2. That is, we can apply the quadratic formula to
find ¢2, then solve for ¢ itself.

2 122,404 + /122,4042 — 4(256)(634)
B 512

2 = 0.0052, 478.135
t = 40.072, +21.866

Clearly the negative t values do not fit our context, so we have t = 0.072
and ¢t = 21.866. Using cos(#) = 25/(350t), we can solve for 6:

2 2
6 = cos™! 75 and cos™* 75
350-0.072 350 - 21.866

f = 7.03° and 89.8°.

Alex has two choices of angle. He can hold the rifle at an angle of about
7° with the horizontal and hit his target 0.07 s after firing, or he can hold
his rifle almost straight up, with an angle of 89.8°, where he'll hit his
target about 22 s later. The first option is clearly the option he should
choose.

13.3.2 Distance Traveled

Consider a driver who sets her cruise-control to 60 mph, and travels at this speed
for an hour. We can ask:

1. How far did the driver travel?

2. How far from her starting position is the driver?

The firstis easy to answer: she traveled 60 miles. The second is impossible to
answer with the given information. We do not know if she traveled in a straight
line, on an oval racetrack, or along a slowly-winding highway.

This highlights an important fact: to compute distance traveled, we need
only to know the speed, given by ||7(t)]|.

Theorem 13.3.16 Distance Traveled.

Let ¥(t) be a velocity function for a moving object. The distance traveled
by the object on [a, b] is:

b
distance traveled = / lT(@)|| dt.
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Note that this is just a restatement of Theorem 13.2.36: arc length is the
same as distance traveled, just viewed in a different context.

Example 13.3.18 Distance Traveled, Displacement, and Average Speed.

youtu.be/watch?v=vTtjBp2SC1l
A particle moves in space with position function 7(t) = <t, t2, sin(wt)>
on [—2, 2], where ¢ is measured in seconds and distances are in meters.
Find:

Figure 13.3.17 Video presentation of
Theorem 13.3.16

1. The distance traveled by the particle on [—2, 2].

2. The displacement of the particle on [—2, 2].

3. The particle’s average speed.

Solution.

1. We use Theorem 13.3.16 to establish the integral:

2
distance traveled :/ lo(t)|| dt

—2

= /2 V1 + (2t)2 + 72 cos?(nt) dt.

-2

This cannot be solved in terms of elementary functions so we turn
to numerical integration, finding the distance to be 12.88 m.

Video solution

2. The displacement is the vector
F(2) - F(72) = <2a 47 0> - <727 47 0> = <4> 07 0> .

That is, the particle ends with an z-value increased by 4 and with
y- and z-values the same (see Figure 13.3.19).

3. We found above that the particle traveled 12.88 m over 4 seconds. youtu.be/watch?v=vLSocZ7XLQM
We can compute average speed by dividing: 12.88/4 = 3.22m/s.

We should also consider Definition 5.4.34 of Section 5.4, which
says that the average value of a function f on [a,b] is

ﬁ f;) f(z)dx. In our context, the average value of the speed z
is

1 2 1
average speed = - (9) /_2 |o(t)] dt ~ 112.88 =3.22m/s.

Note how the physical context of a particle traveling gives meaning
to a more abstract concept learned earlier.

In Definition 5.4.34 of Chapter 5 we defined the average value of a function

f(x) on [a, b] to be
b
bia/ f(z) dz.

Note how in Example 13.3.18 we computed the average speed as Figure 13.3.19 The path of the parti-
cle in Example 13.3.18

distance traveled 1 /2
2 (-2)

= u(t)|| dt;
travel time —( _9 I5@l


https://www.youtube.com/watch?v=vTtjBp2SC1I
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_motion6.html
https://www.youtube.com/watch?v=vLSocZ7XLQM
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that is, we just found the average value of ||#(t)|| on [—2, 2].
Likewise, given position function 7(t), the average velocity on [a, b] is

’

. b 2b) — 7
displacement 1 / (1) dt T(bl)) a)
; —a

traveltime  b—a -

that is, it is the average value of 7/(t), or ¥(t), on [a, b].

Key Idea 13.3.20 Average Speed, Average Velocity.

Let 7(¢) be a differentiable position function on [a, b].
The average speed is:

distance traveled fab |7 ()| dt _ 1 /b l5(t)] dt
travel time B b—a ~b-al, ’ .

The average velocity is:

displacement [V 7/(t) dt 1 b;/(t) &t
travel time b—a b—a J, ’

J

The next two sections investigate more properties of the graphs of vector-
valued functions and we'll apply these new ideas to what we just learned about

motion.
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13.3.3 Exercises

Terms and Concepts

How is velocity different from speed?
What is the difference between displacement and distance traveled?
What is the difference between average velocity and average speed?

Distance traveled is the same as , just viewed in a different context.

AT S

Describe a scenario where an object’s average speed is a large number, but the magnitude of the average velocity
is not a large number.

6. Explain why it is not possible to have an average velocity with a large magnitude but a small average speed.

Problems

Exercise Group. In the following exercises, a position function #(t) is given. Find (¢) and d(t).
7. 7t)=(2t+1,5t—2,7) 8. (t)=(3t*—2t+1,—t>+t+14)
9.  7(t) = (cos(t),sin(t)) 10. 7(t) = (t/10, — cos(t), sin(t))

Exercise Group. In the following exercises, a position function 7(t) is given. Sketch #(¢) on the indicated interval.
Find ¢(t) and @(t), then add ¥(to) and @(t) to your sketch, with their initial points at (), for the given value of t;.

11, 7(t) = {t,sin(t)) on [0, 7/2]; tg = 7 /4 12, #(t) = (¢*,sin(t?)) on [0, 7/2]; tg = \/7/4
7 = 2 — 2 — N = 2t 3
13. 7#(t) = (t* +t,—t* +2t)yon [-2,2];tp =1 14, #(1) = <t2117t2> on [—1,1]; o 0

Exercise Group. In the following exercises, a position function 7(¢) of an object is given. Find the speed of the object
in terms of ¢, and find where the speed is minimized/maximized on the indicated interval.

15. #(t) = (¢*,t) on[-1,1] 16. 7(t) = (¢3,t> — t3) on [-1,1]

17. 7(t) = (5cos(t),5sin(t)) on [0, 27] 18. 7(t) = (2cos(t),5sin(t)) on [0, 27]

19. 7(t) = (sec(t),tan(t)) on [0, 7/4]. 20. (t) = (t + cos(t),1 — sin(t)) on [0, 27]
21.  7(t) = (12t,5cos(t), 5sin(t)) on [0, 47] 22, 7(t) = (t* —t,t> + t,t)yon[0,1].

23. #(t) = (t,12, m> on[-1,1] 24. Projectile Motion:

7(t) = <(v0 cos(f))t, —%th + (vo sin(9))t>

Exercise Group. In the following exercises, position functions 7 (¢) and 73 (s) for two objects are given that follow
the same path on the respective intervals.

(a) Show that the positions are the same at the indicated t( and sq values; i.e., show 7 (tg) = 72(so).

(b) Find the velocity, speed and acceleration of the two objects at ¢y and sg, respectively.

25. 7(t) = (t,#2)on[0,1];to =1 26. 7 (t) = (3cos(t), 3sin(t)) on [0, 27); to = m/2
() = (52,51 on [0, 1]; 50 = 1 Fg(j) = (3 cos(4s),3sin(4s)) on [0, 7/2];
So=m/8
27. 7i(t Z: (3t,2t) on [0,2]; tg = 2 28. 7i(t)=(t,vVt)yon[0,1];to =1
72(s) = (65 — 6,45 — ) on [1,2); s = 2 Pa(s) = (sin(s), /sins) ) on [0, 7/2];

So=m/2
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Exercise Group.
velocity and position.

29. a(t) = (2,3);0(0) = (1,2),7(0) = (5,—2)
31.  d(t) = {cos(t), —sin(t));v(0) = (0, 1),7(0) =
(0,0)

Exercise Group.
speed of the described object on the given interval.

33. Anobject with position function
7(t) = (2 cos(t), 2sin(t), 3t), where distances
are measured in feet and time is in seconds, on
[0, 27].

35. An object with velocity function

0(t) = (cos(t), sin(t)), where distances are

measured in feet and time is in seconds, on

[0, 27].
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In the following exercises, find the position function of an object given its acceleration and initial

30. Givend(t) = (2,3),9(1) =(1,2),and
7(1) = (5, —2), find the position function 7(¢).
32. Givend(t) = (0,—32), ¥(0) = (10,50), and
7(0) = (0,0), find the position function 7(t).

In the following exercises, find the displacement, distance traveled, average velocity and average

34. An object has position function
7(t) = (5cos(t), —5sin(t)) , where distances
are measured in feet and time is in seconds.
Over [0, 7].

36. An object has velocity function
¥(t) = (1,2, —1), where distances are
measured in feet and time is in seconds. Over
[0, 10].

Exercise Group. The following exercises ask you to solve a variety of problems based on the principles of projectile

motion.
37. A boy whirls a ball, attached to a 3 ft string,
above his head in a counter-clockwise circle.
The ball makes 2 revolutions per second.
At what ¢-values should the boy release the
string so that the ball heads directly for a tree
standing 10 ft in front of him?

39. A hunter aims at a deer which is 40 yards away.
Her crossbow is at a height of 5 ft, and she aims
for a spot on the deer 4 ft above the ground.
The crossbow fires her arrows at 300 ft/s.

(a) At what angle of elevation should she
hold the crossbow to hit her target?

(b) If the deer is moving perpendicularly to
her line of sight at a rate of 20 mph, by
approximately how much should she lead
the deer in order to hit it in the desired
location? (How far ahead of the deer
should she aim?)

38. David faces Goliath with only a stone in a 3 ft
sling, which he whirls above his head at 4
revolutions per second. They stand 20 ft apart.

(a) At what t-values must David release the
stone in his sling in order to hit Goliath?

(b) What is the speed at which the stone is
traveling when released?

(c) Assume David releases the stone from a
height of 6ft and Goliath'’s forehead is 9 ft
above the ground. What angle of
elevation must David apply to the stone
to hit Goliath’s head?

40. A baseball player hits a ball at 100 mph, with an
initial height of 3 ft and an angle of elevation of
20°, at Boston's Fenway Park. The ball flies
towards the famed “Green Monster,” a wall 37
ft high located 310 ft from home plate.

(a) Show that as hit, the ball hits the wall.

(b) Show that if the angle of elevation is 21°,
the ball clears the Green Monster.
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41.

A Cessna flies at 1000 ft at 150 mph and drops a
box of supplies to the professor (and his wife)
on an island. Ignoring wind resistance, how far
horizontally will the supplies travel before they
land?
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42. Afootball quarterback throws a pass from a
height of 6 ft, intending to hit his receiver 20
yds away at a height of 5 ft.

(a) If the ball is thrown at a rate of 50mph,
what angle of elevation is needed to hit
his intended target?

(b) If the ball is thrown at with an angle of
elevation of 8°, what initial ball speed is
needed to hit his target?
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13.4 Unit Tangent and Normal Vectors

13.4.1 Unit Tangent Vector

Given a smooth vector-valued function 7(t), we defined in Definition 13.2.17
that any vector parallel to 7 () is tangent to the graph of #(t) at t = t. Itis
often useful to consider just the direction of 7/ (t) and not its magnitude. There-
fore we are interested in the unit vector in the direction of 7 (¢). This leads to a
definition.

Definition 13.4.1 Unit Tangent Vector.

Let 7(¢) be a smooth function on an open interval I. The unit tangent
vector T'(t) is

Example 13.4.3 Computing the unit tangent vector.

Let 7(t) = (3cos(t),3sin(t),4t). Find T'(t) and compute 7'(0) and

T(1).
Solution. We apply Definition 13.4.1 to find T‘(t)

= (—3sin(t), 3 cos(t),4)

We can now easily compute 7°(0) and T'(1):

55

These are plotted in Figure 13.4.4 with their initial points at #(0) and
7(1), respectively. (They look rather “short” since they are only length
1.)

The unit tangent vector T‘(t) always has a magnitude of 1, though it is
sometimes easy to doubt that is true. We can help solidify this thought

in our minds by computing Hf(l) H

T(1)H ~ 1/(—0.505)2 + 0.3242 + 0.82 = 1.000001.

We have rounded in our computation of f(l), so we don'’t get 1 exactly.
We leave it to the reader to use the exact representation of T(l) to verify
it has length 1.

In many ways, the previous example was “too nice.” It turned out that 7 ()
was always of length 5. In the next example the length of 7 (¢) is variable, leaving
us with a formula that is not as clean.

youtu.be/watch?v=tmKmAKUdSZ8

Figure 13.4.2 Video presentation of
Definition 13.4.1

Video solution

o}

- 3 4 - 3 3 4
T(0) = <O > ;T (1) = <—5 sin(1), E cos(1), 5> ~ (—0.505,0.324,0.8) . youtu.be/watch?v=aGEMbQrBpPI

Figure 13.4.4 Plotting unit tangent
vectors in Example 13.4.3


https://www.youtube.com/watch?v=tmKmAKUdSZ8
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_tannorm1.html
https://www.youtube.com/watch?v=aGEMbQrBpPI
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Example 13.4.5 Computing the unit tangent vector.

Let 7(t) = (> — t,#> +t). Find T'(t) and compute 7'(0) and T'(1).
Solution. We find 7 (¢) = (2t — 1,2t + 1), and

I7(6)] = V/(2¢ = 1)2 + (28 + 1)2 = /812 + 2.

Therefore
- 1 2t—1 2t +1
T(t):<2t—1,2t+1>:< s >
8t2 4+ 2 V82 + 27 /82 +2

When ¢ = 0, we have T'(0) = (—1/v/2,1/v/2); when t = 1, we have
T(1) = (1/v/10,3/1/10). We leave it to the reader to verify each of
these is a unit vector. They are plotted in Figure 13.4.6

13.4.2 Unit Normal Vector

Just as knowing the direction tangent to a path is important, knowing a direction
orthogonal to a path is important. When dealing with real-valued functions, we
defined the normal line at a point to the be the line through the point that was
perpendicular to the tangent line at that point. We can do a similar thing with
vector-valued functions. Given 7(t) in R?, we have 2 directions perpendicular
to the tangent vector, as shown in Figure 13.4.7. It is good to wonder “Is one of
these two directions preferable over the other?”

Given 7(t) in R3, there are infinitely many vectors orthogonal to the tangent
vector at a given point. Again, we might wonder “Is one out of this infinite num-
ber of choices preferable over the others? Is one of these the ‘right’ choice?”

The answer in both R? and R3 is “Yes, there is one vector that is not only
preferable, it is the ‘right’ one to choose.” Recall Theorem 13.2.30, which states
that if #(¢) has constant length, then 7(¢) is orthogonal to 7 (¢) for all . We know
T'(t), the unit tangent vector, has constant length. Therefore T'(¢) is orthogonal
to T"(t).

We'll see that 7" (t) is more than just a convenient choice of vector that is
orthogonal to 7 (t); rather, it is the “right” choice. Since all we care about is the
direction, we define this newly found vector to be a unit vector.

Definition 13.4.8 Unit Normal Vector.

Let 7(¢) be a vector-valued function where the unit tangent vector, T'(t),
is smooth on an open interval 1. The unit normal vector N (¢) is

. R

N(t) = — T'(t).
(1)

Example 13.4.10 Computing the unit normal vector.

Let 7(t) = (3cos(t),3sin(t),4t) as in Example 13.4.3. Sketch both
T'(w/2) and N (7/2) with initial points at #( /2).

Video solution

youtu.be/watch?v=zdfMTWdXzJs

6 1Y
41
2
/ T
,‘2 2 4 ()

Figure 13.4.6 Plotting unit tangent
vectors in Example 13.4.5

0.5 1 1.5 2

Figure 13.4.7 Given a direction in the
plane, there are always two direc-
tions orthogonal to it

T(t) is a unit vector, by defin-
iEion. This does not imply that
T'(t) is also a unit vector.

youtu.be/watch?v=HWX5uPUCFJs

Figure 13.4.9 Video presentation of
Definition 13.4.8


https://www.youtube.com/watch?v=zdfMTWdXzJs
https://www.youtube.com/watch?v=HWX5uPUCFJs
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Solution. In Example 13.4.3, we found

T(t) = ((—3/5) sin(t), (3/5) cos(t), 4/5) .

Therefore
T'(t) = <—§cos(t), —sin(t),0> and HT’(L‘)H = %
Thus .
N(t) = () = (—cos(t), —sin(t), 0)

3/5

We compute T'(r/2) = (—3/5,0,4/5) and N(7/2) = (0,—1,0).
L These are sketched in Figure 13.4.11.

The previous example was once again “too nice.” In general, the expression
for T'(t) contains fractions of square roots, hence the expression of 7" (t) is very
messy. We demonstrate this in the next example.

Example 13.4.12 Computing the unit normal vector.

Let 7(t) = (t* —t,t> +t) as in Example 13.4.5. Find N (t) and sketch
7(t) with the unit tangent and normal vectors at ¢t = —1,0 and 1.

Solution. In Example 13.4.5, we found
- 2t —1 2t+1
(1) = < s > .
V8t2 +2 /812 42
Finding T’(t) requires two applications of the Quotient Rule:

T’(t) - <\/m(2) — (2t — 1) (%(StQ + 2)_1/2(1675))

8t2 +2 ’
VB2 +2(2) — (2t + 1) (5(8t> +2)71/2(16t))
8t2 + 2

) a1 41 -20)
S\ (824277 (812 +2)2

This is not a unit vector; to find N (), we need to divide T”(t) by its

magnitude.
- 16(2t + 1)
)|~
®) (8t2 +2)3 +

_[16(8t2 4 2)
V(82 +2)3
4
o822

16(1 — 2t)?
(82 +2)3

Finally,

Lo 1 A2t 4+1)  4(1—21)
N(t) - 4/(8t2 + 2) < (8t2 + 2)3/2’ (8t2 + 2)3/2 >

e
i

youtu.be/watch?v=cZkvyFOt5P4

There is one flaw in our defini-
tion of N (t): it is possible that
we could have T"(t) = 0! In-
deed, this is the case for any line
of the form £(t) = 7, + t&. For
straight lines in the plane, it is
most common to orient the nor-
mal vector 90° counterclockwise
from the tangent vector, but for
lines in three dimensions, there
is no preferred choice of normal
vector.

Figure 13.4.11 Plotting unit tangent

and normal vectors in Figure 13.4.11


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_tannorm3.html
https://www.youtube.com/watch?v=cZkvyF0t5P4
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_ < 2t+1 2t — 1 >
VetZ+2 etiZt2/
Using this formula for N(t), we compute the unit tangent and normal
vectors for t = —1,0 and 1 and sketch them in Figure 13.4.13.

The final result for N (t) in Example 13.4.12 is suspiciously similar to 7'(¢).
There is a clear reason for this. If @ = (u1,uz) is a unit vector in R?, then the
only unit vectors orthogonal to @ are (—uz,u1) and (ug, —uy). Given T’(t), we
can quickly determine ]\7(t) if we know which term to multiply by (—1).

Consider again Figure 13.4.13, where we have plotted some unit tangent and
normal vectors. Note how N(t) always points “inside” the curve, or to the con-
cave side of the curve. This is not a coincidence; this is true in general. Knowing
the direction that 7(¢) “turns” allows us to quickly find N (t).

Theorem 13.4.14 Unit Normal Vectors in R?.

Let 7(t) be a vector-valued function in R? where T"(t) is smooth on an
open interval I. Let to be in I and T (ty) = (t1,t2) Then N (to) is either

N(to) = (—ta,t1) or N(to) = (ta, —t1),

whichever is the vector that points to the concave side of the graph of 7.

13.4.3 Application to Acceleration

Let 7(¢) be a position function. It is a fact (stated later in Theorem 13.4.15) that
acceleration, d@(t), lies in the plane defined by 7" and N. That is, there are scalar
functions ar(t) and ay(¢) such that

—

at) = ar()T(t) + an(t)N(t).

We generally drop the “of ¢” part of the notation and just write ar and ay.

The scalar at measures “how much” acceleration is in the direction of travel,
that is, it measures the component of acceleration that affects the speed. The
scalar ay measures “how much” acceleration is perpendicular to the direction
of travel, that is, it measures the component of acceleration that affects the
direction of travel.

We can find ar using the orthogonal projection of a(t) onto T(t) (review
Definition 12.3.17 in Section 12.3 if needed). Recalling that since T(t) is a unit
vector, T'(t) - T(t) = 1, so we have

proj 1, () =

Thus the amount of @(¢) in the direction of T'() is ar = a(t) - T(t). The
same logic gives ay = @(t) - N(t).

While this is a fine way of computing ar, there are simpler ways of finding ay
(as finding N itself can be complicated). The following theorem gives alternate
formulas for at and ay.

Video solution

youtu.be/watch?v=VExazWvgGIQ

6"71
4|
2
\/ x
5 ) J 6

Figure 13.4.13 Plotting unit tan-
gent and normal vectors in Exam-
ple 13.4.12

Keep in mind that both ar and
ay are functions of ¢; that is, the
scalar changes depending on t.
It is convention to drop the “(¢)”
notation from ar(t) and simply
write at.


https://www.youtube.com/watch?v=VExazWvgGlQ
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Theorem 13.4.15 Acceleration in the Plane Defined by T and N.

Let 7(t) be a position function with acceleration @(t) and unit tangent
and normal vectors T'(t) and N (t). Then d(t) lies in the plane defined
by T'(t) and N (t); that is, there exists scalars ar and ay such that

Moreover,
i di.
ar=ad(t) -T(t) = s ( legeall ) youtu.be/watch?v=mRKDo_rot7Y
= a(t) x v(t - ; ; :
an = (1) - N (&) = a@®)|? - a2 = |a(|)ﬂ(t)7|( )l — 5@ HT/(t)H ?hgure 13.fé?¥;deo presentation of
U eorem 13.4.
d
Note the second formula for ar: — ( ||#(¢)|| ). This measures the rate of

change of speed, which again is the amount of acceleration in the direction of
travel.

Example 13.4.17 Computing a7 and a .

Let 7(t) = (3 cos(t), 3sin(t), 4t) asin Examples 13.4.3 and 13.4.10. Find
aT and an.

Solution. The previous examples give @(t) = (—3cos(t), —3sin(t), 0)
and

F(t) = <—‘; sin(t), g cos(1), §> and N() = (— cos(t), — sin(t), 0) .

We can find ar and ay directly with dot products: Video solution

—

ar = d(t) - T(t) = %cos(t) sin(t) — %cos(t) sin(t) + 0 = 0.

(t) - N(t) = 3cos(t) + 3sin*(t) + 0 = 3.

L

aN =

Thus @(t) = 07'(t) + 3N (t) = 3N (t), which is clearly the case.

What is the practical interpretation of these numbers? ar = 0 meansthe
object is moving at a constant speed, and hence all acceleration comes
in the form of direction change.

youtu.be/watch?v=qA776vEHYMO

Example 13.4.18 Computing a7 and a .

Let 7(t) = (t* — t,t* +t) as in Examples 13.4.5 and 13.4.12. Find ar
and ay.

Solution. The previous examples give d(t) = (2, 2) and

T(t)—< 2t—-1 2t+1 >and1\7(t)—< 2t+1  2t-—1 >
V812 +2 V32 42 VetZ+ 2 Ri2+2/

While we can compute ay using J\7(t), we instead demonstrate using
another formula from Theorem 13.4.15.

 4t-2 N 442 8t
V242 V242 /242

ar = a(t) - T(t)



https://www.youtube.com/watch?v=mRKDo_rot7Y
https://www.youtube.com/watch?v=qA776vEHYM0
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o= VIEOIP —ai = -
—_— a =
T 8t2 > 812 + 2

16 4 .
Whent = 2, at = \/ﬁ ~ 2. 74 and ay = \/ﬁ ~ 0.69. We interpret youtu.be/watch?v=8LTqjQPvh-A

this to mean that at t = 2, the particle is accelerating mostly by increas-
ing speed, not by changing direction. As the path near ¢t = 2 is relatively
straight, this should make intuitive sense. Figure 13.4.19 gives a graph
of the path for reference.

Contrast this with ¢t = 0, where a1 = 0 and ay = 4/\/5 ~ 2.82. Here
the particle’s speed is not changing and all acceleration is in the form of
direction change.

Example 13.4.20 Analyzing projectile motion.

A ball is thrown from a height of 240 ft with an initial speed of 64  and ‘ t=0 ‘ Lz
an angle of elevation of 30°. Find the position function #(¢) of the ball -2 2 4 6
and analyze a7 and ay.

Solution. Using Key Idea 13.3.13 of Section 13.3 we form the position Figure 13.4.19 Graphing (t) in Exam-
function of the ball: ple 13.4.18

7(t) = ((64 cos(30°))t, —16t> + (64sin(30°))t + 240),

which we plot in Figure 13.4.21. 250
From this we find ¥(t) = (64 cos(30°), —32t + 64 sin(30°)) and d(t) =

S 200
(0, —32). Computing 7'(¢) is not difficult, and with some simplification

we find 150
- 3 1—-1
T(t) = V3 ) . 100
VI2 =2t + 472 -2t + 4
With d(t) as simple as it is, finding ar is also simple: 50
. 32t — 32 -
ar = a(t) - T(t) = ] 50 100 150 200 250 300
V2 -2t +4

Figure 13.4.21 Plotting the position
We choose to not find N (t) and find ay through the formula ay = of a thrown ball, with 1s increments

shown

la))” - a3

o 322_< 32t — 32 )2_ 32V/3
N VE—2t+4) JE-2u+4

Figure 13.4.22 gives a table of values of ar and ay. When t = 0, we t o ar an
see the ball’s speed is decreasing; when t = 1 the speed of the ball is
unchanged. This corresponds to the fact that at ¢ = 1 the ball reaches 0 -16 277
its highest point. 10 32
After t = 1 we see that ay is decreasing in value. This is because as the 2 16 27.7
ball falls, its path becomes straighter and most of the acceleration is in 3 242 20.9
L the form of speeding up the ball, and not in changing its direction. 4 277 16
5 294 12.7

Our understanding of the unit tangent and normal vectors is aiding our un-
derstanding of motion. The work in Example 13.4.20 gave quantitative analysis Figure 13.4.22 A table of values of ar
of what we intuitively knew. and ay in Example 13.4.20


https://www.youtube.com/watch?v=8LTqjQPvh-A
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The next section provides two more important steps towards this analysis.
We currently describe position only in terms of time. In everyday life, though,
we often describe position in terms of distance (“The gas station is about 2 miles
ahead, on the left.”). The arc length parameter allows us to reference position
in terms of distance traveled.

We also intuitively know that some paths are straighter than others — and
some are curvier than others, but we lack a measurement of “curviness.” The
arc length parameter provides a way for us to compute curvature, a quantitative
measurement of how curvy a curve is.
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13.4.4 Exercises

Terms and Concepts

1. If T'(t) is a unit tangent vector, what is Hf’(t) H ?

2. If N(t)is a unit normal vector, what is N (t) - 7 (t)?
The acceleration vector @(t) lies in the plane defined by what two vectors?

4.  ar measures how much the acceleration is affecting the of an object.

Problems

Exercise Group. Given 7(t), find 7'(t) and evaluate it at the indicated value of ¢.
5 7ty =22 —t)t=1 6. 7(t)= (t,cos(t)),t=m/4

—

7. #(t) = {cos’(t),sin®(t)),t = 7/4 8.  (t) = (cos(t),sin(t)),t = 7.

Exercise Group. Find the equation of the line tangent to the curve at the indicated ¢-value using the unit tangent
vector. Note: these are the same problems as in Exercises 5-8.

9.  Find the vector equation of the line tangent to 10. Find the vector equation of the line tangent to
7(t) = (2t*,1% — t) at t = 1 using the unit 7(t) = (t,cos(t)) at t = 7 /4 using the unit
tangent vector. tangent vector.

1. 7(t) = <cos3(t), sin3(t)>,t = 7/4 12. Find the vector equation of the line tangent to

7(t) = (cos(t),sin(t)) at t = 7 using the unit
tangent vector.

Exercise Group. Inthe following exercises, find ]\7(t) using Definition 13.4.8. Confirm the result using Theorem 13.4.14.
13.  7(t) = (3cos(t), 3sin(t)) 14. (1) = (t,t%)
15.  7(t) = (cos(t),2sin(t)) 16. 7(t) = (e',e7t)

Exercise Group. In the following exercises, a position function 7(¢) is given along with its unit tangent vector f(t)
evaluated at ¢ = a, for some value of a.
(a) Confirm that T‘(a) is as stated.

(b) Using a graph of 7(¢) and Theorem 13.4.14, find N (a).

Flt) = i T /4) — . 1 - 2 1
V34’ /34
19. #(t) = (1 + 2sin(t)) (cos(t), sin(t));T(0) = 20. 7(t) = (cos®(t),sin’(t) ;T (w/4) =
2 1 1 1
(%) (-7
Exercise Group. In the following exercises, find ﬁ(t)
21, 7(t) = (4t,2sin(t), 2 cos(t)) 22. If#(t) = (5cos(t), 3sin(t),4sin(t)), find N (t).
23. 7(t) = (acos(t),asin(t),bt); a >0 24. If 7(t) = (cos(at),sin(at),t), find N(t).

Exercise Group. In the following exercises, find ar and ay given #(t). Be sure you can sketch 7(¢) on the indicated
interval, and comment on the relative sizes of ar and ay at the indicated ¢ values.
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25.  7(t) = (t,t*) on [1,1]; consider ¢t = 0 and
t=1

27. 7(t) = (2cos(t), 2sin(t)) on [0, 27]; consider
t=0andt=m/2.

29. 7(t) = (acos(t),asin(t), bt) on [0, 27], where
a,b > 0; consider t = 0 and ¢ = 7/2.

26.

28.

30.

738

(t) = (t,1/t) on (0, 4]; consider ¢t = 1 and
t=2.

7(t) = (cos(t?),sin(t?)) on (0, 2]; consider
t=n/2andt = .

7(t) = (5cos(t),4sin(t), 3sin(t)) on [0, 27];
consider t = 0 and t = /2.

<

<
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13.5 The Arc Length Parameter and Curvature

13.5.1 The Arc Length Parametrization

In normal conversation we describe position in terms of both time and distance.
For instance, imagine driving to visit a friend. If she calls and asks where you are,
you might answer “| am 20 minutes from your house,” or you might say “l am 10
miles from your house.” Both answers provide your friend with a general idea
of where you are.

Currently, our vector-valued functions have defined points with a parame-
ter ¢, which we often take to represent time. Consider Figure 13.5.2(a), where
7(t) = <t2 —t, 2+ t> is graphed and the points correspondingtot = 0, 1 and
2 are shown. Note how the arc length between ¢t = 0 and ¢ = 1 is smaller than
the arc length between ¢ = 1 and ¢t = 2; if the parameter ¢ is time and 7 is
position, we can say that the particle traveled faster on [1, 2] than on [0, 1].

(a) (b)
Figure 13.5.2 Introducing the arc length parameter

Now consider Figure 13.5.2(b), where the same graph is parametrized by a
different variable s. Points corresponding to s = 0 through s = 6 are plotted.
The arc length of the graph between each adjacent pair of points is 1. We can
view this parameter s as distance; that is, the arc length of the graph from s = 0
tos = 3is 3, the arclength from s = 2to s = 6 is 4, etc. If one wants to find the
point 2.5 units from an initial location (i.e., s = 0), one would compute 7(2.5).
This parameter s is very useful, and is called the arc length parameter.

How do we find the arc length parameter?

Start with any parametrization of . We can compute the arc length of the
graph of 7 on the interval [0, ¢] with

t
arc length :/ |7 (w)]| du.
0

We can turn this into a function: as ¢ varies, we find the arc length s from 0
to t. This function is

t
s(t) = /0 17 ()| du. (13.5.1)

This establishes a relationship between s and ¢. Knowing this relationship
explicitly, we can rewrite 7(¢) as a function of s: 7"(s). We demonstrate this in
an example.

Example 13.5.3 Finding the arc length parameter.

Let7(t) = (3t — 1,4¢ + 2). Parametrize "with the arc length parameter
S.

youtu.be/watch?v=VHcu7bcQjsk

Figure 13.5.1 Video introduction to
Section 13.5


https://www.youtube.com/watch?v=VHcu7bcQjsk
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Solution. Using Equation (13.5.1), we write

/|| )| du.

We can integrate this, explicitly finding a relationship between s and ¢:

/H )| du

/ V32 + 42 du

:/5du
0

= 5t.

Since s = 5t, we can write t = s/5 and replace ¢ in 7(t) with s/5:

7(s) = (3(s/5) — 1,4(s/5) + 2) = <§3 - 1,:S+2>.

Clearly, as shown in Figure 13.5.4, the graph of ’is a line, where t = 0
corresponds to the point (—1,2). What point on the line is 2 units away
from this initial point? We find it with #(2) = (1/5, 18/5).

Is the point (1/5,18/5) really 2 units away from (—1,2)? We use the
Distance Formula to check:

1 2 /18 2 36
d= - — (-1 — -2 =
G- (2-2) - B
Yes, 7(2) is indeed 2 units away, in the direction of travel, from the initial
L point.

=Vi=2

Things worked out very nicely in Example 13.5.3; we were able to establish
directly that s = 5¢. Usually, the arc length parameter is much more difficult to
describe interms of ¢, a result of integrating a square root. There are a number of
things that we can learn about the arc length parameter from Equation (13.5.1),
though, that are incredibly useful.

First, take the derivative of s with respect to ¢t. The Fundamental Theorem
of Calculus (see Theorem 5.4.7) states that

ds / T
= =5 ) ="l

Letting ¢ represent time and (t) represent position, we see that the rate of
change of s with respect to t is speed; that is, the rate of change of “distance
traveled” is speed, which should match our intuition.

The Chain Rule states that

(13.5.2)

dr _dr ds
dt ds dt
() = (s) - |7 ()]
Solving for 7 (s), we have
7(s) = T 7, (13.5.3)

Video solution

youtu.be/watch?v=UZkbOv5zW1U

Figure 13.5.4 Graphing 7 in Exam-
ple 13.5.3 with parameters ¢ and s


https://www.youtube.com/watch?v=UZkbOv5zW1U
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where T“(t) is the unit tangent vector. Equation (13.5.3) is often misinterpreted,
as one is tempted to think it states 7 (t) = T'(¢), but there is a big difference be-
tween 7 (s) and 7' (t). The key to take from it is that 7 (s) is a unit vector. In fact,
the following theorem states that this characterizes the arc length parameter.

Theorem 13.5.5 Arc Length Parameter.

Let 7(s) be a vector-valued function. The parameter s is the arc length
parameter if, and only if, ||/ (s)|| = 1.

13.5.2 Curvature

Consider points A and B on the curve graphed in Figure 13.5.7(a). One can
readily argue that the curve curves more sharply at A than at B. It is useful
to use a number to describe how sharply the curve bends; that number is the
curvature of the curve.

Y Y

(a) (b)
Figure 13.5.7 Establishing the concept of curvature

We derive this number in the following way. Consider Figure 13.5.7(b), where
unit tangent vectors are graphed around points A and B. Notice how the direc-
tion of the unit tangent vector changes quite a bit near A, whereas it does not
change as much around B. This leads to an important concept: measuring the
rate of change of the unit tangent vector with respect to arc length gives us a
measurement of curvature.

Definition 13.5.8 Curvature.

Let 7(s) be a vector-valued function where s is the arc length parameter.
The curvature & of the graph of 7(s) is

If #(s) is parametrized by the arc length parameter, then

JF
ds

T'(s)

m(s) and N(s) = ——

T6) = 7@

(13.5.4)

youtu.be/watch?v=FLydDuy3r2I

Figure 13.5.6 Video presentation of

Theorem 13.5.5

youtu.be/watch?v=sjz_eHxgblLg

Figure 13.5.9 Video presentation of

Definition 13.5.8


https://www.youtube.com/watch?v=FLydDuy3r2I
https://www.youtube.com/watch?v=sjz_eHxgbLg
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We already knew that 7" (s) is in the same direction as N (s); that is, we can
think of 7'(s) as being “pulled” in the direction of N (s). How “hard” is it being
pulled? By a factor of x. When the curvature is large, T’(s) is being “pulled
hard” and the direction of 7'(s) changes rapidly. When & is small, T'(s) is not
being pulled hard and hence its direction is not changing rapidly.

We use Definition 13.5.8 to find the curvature of the line in Example 13.5.3.

Example 13.5.10 Finding the curvature of a line.

Use Definition 13.5.8 to find the curvature of 7(t) = (3t — 1, 4t + 2).

Solution. In Example 13.5.3, we found that the arc length parameter
was defined by s = 5t, so 7(s) = (3s/5 — 1,4s/5 + 2) parametrized ¥
with the arc length parameter. To find x, we need to find 7" (s).

T'(s) = 7 (s) (recall this is a unit vector)

= (3/5,4/5) .
Video solution
Therefore

T'(s) = (0,0)

and

K= HT’(S)H =0.

It probably comes as no surprise that the curvature of a line is 0. (How
“curvy” is a line? It is not curvy at all.)

While the definition of curvature is a beautiful mathematical concept, it is
nearly impossible to use most of the time; writing 7 in terms of the arc length
parameter is generally very hard. Fortunately, there are other methods of calcu-
lating this value that are much easier. There is a tradeoff: the definition is “easy”
to understand though hard to compute, whereas these other formulas are easy
to compute though it may be hard to understand why they work.

Theorem 13.5.11 Formulas for Curvature.
Let C be a smooth curve in the plane or in space.
1. If C'is defined by y = f(x), then
@l
(1 + (f'(x))Q)g/2

2. If C is defined as a vector-valued function in the plane, 7(t) =

(z(t),y(t)), then

|x/y// // l|

((@)2+(¥)?)

3. If C'is defined in space by a vector-valued function 7(t), then

T0| ool _aw- 5o

R = =

17 (t) OGO

3/2°

youtu.be/watch?v=SZigONOuhqU


https://www.youtube.com/watch?v=SZigON0uhqU
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We practice using these formulas.

Example 13.5.12 Finding the curvature of a circle.

Find the curvature of a circle with radius r, defined by ¢(t) =
(rcos(t),rsin(t)).

Solution. Before we start, we should expect the curvature of a circle to

be constant, and not dependent on ¢. (Why?)
We compute x using the second part of Theorem 13.5.11.

|(=rsin(t)) (= TS'n( )) (=7 cos(t))(r cos(t))|
3/2

((=rsin(t))? + (rcos(t))?)
(sm (t )+cos (t))
(r2 sin’ JrcosQ(t)))S/2
-5

KR =

1

r

| We have found that a circle with radius r has curvature k = 1/r.

Example 13.5.12 gives a great result. Before this example, if we were told
“The curve has a curvature of 5 at point A,” we would have no idea what this
really meant. Is 5 “big” — does is correspond to a really sharp turn, or a not-so-
sharp turn? Now we can think of 5 in terms of a circle with radius 1/5. Knowing
the units (inches vs. miles, for instance) allows us to determine how sharply the
curve is curving.

Let a point P on a smooth curve C be given, and let x be the curvature of
the curve at P. A circle that:

passes through P,

lies on the concave side of C,

e has a common tangent line as C' at P and

has radius = 1/ (hence has curvature &)

is the osculating circle, or circle of curvature, to C' at P, and r is the radius
of curvature. Figure 13.5.13 shows the graph of the curve seen earlier in Fig-
ure 13.5.7 and its osculating circles at A and B. A sharp turn corresponds to
a circle with a small radius; a gradual turn corresponds to a circle with a large
radius. Being able to think of curvature in terms of the radius of a circle is very
useful.

(The word “osculating” comes from a Latin word related to kissing; an os-
culating circle “kisses” the graph at a particular point. Many beautiful ideas in
mathematics have come from studying the osculating circles to a curve.)

Example 13.5.15 Finding curvature.
Find the curvature of the parabola defined by y = z? at the vertex and
atx = 1.
Solution. We use the first formula found in Theorem 13.5.11.
2]
(1+ (22)2)*?

k(z) =

Video solution

youtu.be/watch?v=NgffyzJBrTc

Figure 13.5.13 lllustrating the osculat-
ing circles for the curve seen in Fig-
ure 13.5.7

youtu.be/watch?v=x8TWhPo42QE

Figure 13.5.14 The osculating circle


https://www.youtube.com/watch?v=NgffyzJBrTc
https://www.youtube.com/watch?v=x8TWhPo42QE
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B 2

(1 + 4952)3/2

At the vertex (z = 0), the curvature is k = 2. At z = 1, the curvature is
k= 2/(5)%? ~ 0.179. So at = = 0, the curvature of y = 22 is that of a
circle of radius 1/2; at z = 1, the curvature is that of a circle with radius
~ 1/0.179 ~ 5.59. This is illustrated in Figure 13.5.16. At z = 3, the
curvature is 0.009; the graph is nearly straight as the curvature is very
close to 0.

Example 13.5.17 Finding curvature.

Find where the curvature of 7(t) = (¢,¢%,2t%) is maximized.

Solution. We use the third formulain Theorem 13.5.11 as #(¢) is defined
in space. We leave it to the reader to verify that

z
2.5 y

(b)
Figure 13.5.18 Understanding the curvature of a curve in space
Thus

@) < @)

7 (t)]|°
_ [I(12e?, 126, 2))
26
V14481 + 14442 + 4
S (VI en)’

While this is not a particularly “nice” formula, it does explicitly tell us
what the curvature is at a given ¢ value. To maximize x(t), we should
solve x/(t) = 0 for t. This is doable, but very time consuming. Instead,
consider the graph of () as given in Figure 13.5.18(a). We see that
K is maximized at two ¢ values; using a numerical solver, we find these
values are t &~ £0.189. In Figure 13.5.18(b) we graph 7(t) and indicate
| the points where curvature is maximized.

k(1)

744

7 (t) = (1,2¢,6t2) 7 (t) = (0,2,12t), and 7 (t) x7" (¢) = (12¢*, —12¢,2).

10 4

-10 - -6 -4 -2 2 4
—92 |

Figure 13.5.16 Examining the curva-
ture of y = 22


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_curvature4b_3D.html
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13.5.3 Curvature and Motion

Let 7(¢) be a position function of an object, with velocity #(t) = #'(¢) and ac-
celeration @(t) = 7(t). In Section 13.4 we established that acceleration is in
the plane formed by T'(¢) and N (t), and that we can find scalars ar and ay such
that

a(t) = arT(t) + anN ().
Theorem 13.4.15 gives formulas for ar and ay:

_dys _ [[9() x a@)|l
ar = %(Hv(t)ﬂ) and an =

We understood that the amount of acceleration in the direction of T relates
only to how the speed of the object is changing, and that the amount of acceler-
ation in the direction of IV relates to how the direction of travel of the object is
changing. (That is, if the object travels at constant speed, ar = 0; if the object
travels in a constant direction, ay = 0.)

In Equation (13.5.2) at the beginning of this section, we found s (t) = ||7(t)]|.
We can combine this fact with the above formula for ar to write

o= 5 (1901) = H ) ="

Since s’(t) is speed, s”(¢) is the rate at which speed is changing with respect
to time. We see once more that the component of acceleration in the direction
of travel relates only to speed, not to a change in direction.

Now compare the formula for ay above to the formula for curvature in The-
orem 13.5.11:

) <l PO <@l _ 5 <o)
mor o O Or

Thus

- 2
an = k£ [|7(2)]]

= :‘61(3’(15))2

This last equation shows that the component of acceleration that changes
the object’s direction is dependent on two things: the curvature of the path and
the speed of the object.

Imagine driving a car in a clockwise circle. You will naturally feel a force push-
ing you towards the door (more accurately, the door is pushing you as the car
is turning and you want to travel in a straight line). If you keep the radius of
the circle constant but speed up (i.e., increasing s’(t)), the door pushes harder
against you (ay has increased). If you keep your speed constant but tighten the
turn (i.e., increase ), once again the door will push harder against you.

Putting our new formulas for a1 and ay together, we have

a(t) = s" (DT (1) + r||5(2)||* N(2).

Thisis not a particularly practical way of finding at and ay, but it reveals some
great concepts about how acceleration interacts with speed and the shape of a
curve.
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Example 13.5.19 Curvature and road design.

The minimum radius of the curve in a highway cloverleaf is determined
by the operating speed, as given in the table in Table 13.5.20. For each
curve and speed, compute ay.

Solution.
Table 13.5.20 Operating speed and minimum radius in highway clover-
leaf design

Operating Minimum

Speed (mph) Radius (ft)

35 310

40 430

45 540

Using Equation (13.5.4), we can compute the acceleration normal to the
curve in each case. We start by converting each speed from “miles per
hour” to “feet per second” by multiplying by 5280,/3600.

35 mph, 310 ft = 51.33ft/s, k = 1/310
an =k [|5(t)|?
1 2
=—(51.
370 (51.33)
= 8.50 ft/s>.

40 mph, 430 ft = 58.67 ft/s, k = 1/430
58.67)

1
= 130
= 8.00 ft/s.

an

45 mph, 540 ft = 66 ft/s, x = 1/540

1 2
= %(66)
= 8.07 ft/s>.

aN

Note that each acceleration is similar; this is by design. Considering the
classic “Force = mass x acceleration” formula, this acceleration must be
kept smallin order for the tires of a vehicle to keep a “grip” on the road. If
one travels on a turn of radius 310 ft at a rate of 50 mph, the acceleration
is double, at 17.35 S% If the acceleration is too high, the frictional force
created by the tires may not be enough to keep the car from sliding. Civil
engineers routinely compute a “safe” design speed, then subtract 5-10
mph to create the posted speed limit for additional safety.

We end this chapter with a reflection on what we've covered. We started
with vector-valued functions, which may have seemed at the time to be just an-
other way of writing parametric equations. However, we have seen that the
vector perspective has given us great insight into the behavior of functions and
the study of motion. Vector-valued position functions convey displacement, dis-
tance traveled, speed, velocity, acceleration and curvature information, each of
which has great importance in science and engineering.
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13.5.4 Exercises

Terms and Concepts

It is common to describe position in terms of both and/or

A measure of the “curviness” of a curve is

Give two shapes with constant curvature.

Describe in your own words what an “osculating circle” is.

Complete the identity: 7”(s) = N(s).

A A

Given a position function 7(t), how are ar and ay affected by the curvature?

Problems

Exercise Group. In the following exercises, a position function 7(t) is given, where ¢ = 0 corresponds to the initial
position. Find the arc length parameter s, and rewrite 7*(t) in terms of s; that is, find 7(s).

7. 7(t) = (2t,t,—2t) 8. 7(t) = (Tcos(t),7sin(t)).
9.  7(t) = (3cos(t), 3sin(t), 2t) 10. 7(t) = 7(t) = (5cos(t), 13sin(t), 12 cos(t)) .

Exercise Group. In the following exercises, a curve C'is described along with 2 points on C.

(a) Using a sketch, determine at which of these points the curvature is greater.
(b) Find the curvature x of C, and evaluate « at each of the 2 given points.

11. Cisdefined by y = 23 — z; points given at 12. (Cisdefined by y = x%ﬂ; points givenat x = 0
r=0andz =1/2. and z = 2.
The curvature at x = 0is ([ greater than
Oequalto [Olessthan) the curvature at

T =2.
k(0) =
13. Cisdefined by y = cos(x); points given at 14. Clisdefined by y = /1 — z2 on (-1, 1); points
r=0andz =7/2. givenatz =0and z = 1/2.
15. Cis defined by 7(t) = (cos(t), sin(2t)) ; points 16. C'is defined by 7'(t) = (cos?(t), sin(t) cos(t) );
givenatt =0andt = /4. points givenatt = 0and t = 7/3.

The curvature att = 0is  ([J greater than
Oequalto [lessthan) the curvature at
t=m/4.

K(0) =

17. Cisdefined by 7/(t) = (t* — 1,#* — t); points 18. C'is defined by 7(t) = (tan(t), sec(t)) ; points
givenatt =0andt = 5. givenatt =0andt = /6.
The curvature att = 0is (I greater than
Oequalto [Olessthan) the curvature at

t=m/6.
K(0) =
19. Cisdefined by #(t) = (4t + 2,3t — 1,2t + 5); 20. C'isdefined by 7(t) = <t3 — 3 — 4,12 — 1> :
points givenatt =0andt = 1. points givenatt =0and t = 1.

The curvature att = 0is (I greater than
Oequalto [lessthan) the curvature at
t=1.

K(0) =
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C'is defined by
7(t) = (5cos(t), 13sin(t), 12 cos(¢)) . Points
givenatt =0andt = /2.

The curvature att = 0is (I greater than
Oequalto [lessthan) the curvature at
t=m/2.

k(0) =

21. Cisdefined by 7(t) = (3 cos(t), 3sin(¢), 2t); 22,
points givenatt =0and t = 7/2.

Exercise Group. Find the value of x or t where curvature is maximized.
3 24. y=sin(x)

23. y:éx
26, F(t) = (t,4/t,3/t)

25. 7(t) = (t* +2t,3t — t?)

Exercise Group. Find the radius of curvature at the indicated value.
28. y=zx2+zr—3atz=1

27. y=tan(x),atz =m/4
7(t) = (5cos(3t),t) att =0

29. 7(t) = (cos(t),sin(3t)),att =0 30.

Exercise Group. Find the equation of the osculating circle to the curve at the indicated ¢-value.
31. 7(t) = (t,t*),att =0 32. 7(t) = (3cos(t),sin(t)yatt =0

33. 7(t) = (3cos(t),sin(t)), att = /2 3. 7(t)=(t*—t,t*+tyatt=0



Chapter 14

Functions of Several Variables,
Continued

In Chapter 11 we introduced functions of several variables, and considered lim-
its, continuity, and partial derivatives. This chapter continues the study of func-
tions of several variables in more detail. We begin in Section 14.1 with what it
means for a multivariable function to be differentiable. We then continue with
multivariable analogues of elements from single variable calculus, such as the
chain rule and extreme values.

14.1 Differentiability and the Total Differential

We studied differentials in Section 4.4, where Definition 4.4.5 states that if y =
f(x) and f is differentiable, then dy = f’(z)dz. One important use of this dif-
ferential is in Integration by Substitution. Another important application is ap-
proximation. Let Az = dx represent a change in z. When dz is small, dy ~ Ay,
the change in y resulting from the change in z. Fundamental in this understand-
ing is this: as dx gets small, the difference between Ay and dy goes to 0. An-
other way of stating this: as dx goes to 0, the error in approximating Ay with
dy goes to 0.

We extend this idea to functions of two variables. Let = = f(x,y), and
let Az = dx and Ay = dy represent changes in x and y, respectively. Let
Az = f(x +dz,y + dy) — f(z,y) be the change in z over the change in 2 and
y. Recalling that f, and f, give the instantaneous rates of z-change in the x-
and y-directions, respectively, we can approximate Az with dz = fydz + f,dy;
in words, the total change in z is approximately the change caused by changing
x plus the change caused by changing y. In a moment we give an indication of
whether or not this approximation is any good. First we give a name to dz.

14.1.1 The Total Differential

Definition 14.1.1 Total Differential.

Let z = f(=z,y) be continuous on a set S. Let dx and dy represent
changes in = and y, respectively. Where the partial derivatives f,, and
fy exist, the total differential of z is

dz = fz(x,y)dz + f,(z,y) dy.

749
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Example 14.1.2 Finding the total differential.

Let z = z%e®V. Find dz.

Solution. We compute the partial derivatives: f, = 423¢ and f, =
3223, Following Definition 14.1.1, we have

dz = 4> dx + 3zt dy.

We can approximate Az with dz, but as with all approximations, there is
error involved. A good approximation is one in which the error is small. At a
given point (2o, yo), let £, and E,, be functions of dz and dy such that E,dx +
E,dy describes this error. Then

Az =dz + Edx + Eydy
= fe(®0,y0)dx + fy(w0,y0)dy + Erdr + Eydy.

If the approximation of Az by dz is good, then as dx and dy get small, so
does E,dx + E,dy. The approximation of Az by dz is even better if, as dz and
dy goto 0, sodo E, and E,. This leads us to our definition of differentiability.

Definition 14.1.3 Multivariable Differentiability.

Let = = f(z,y) be defined on a set S containing (o, yo) where
fa(zo,90) and fy(zo,yo) exist. Let dz be the total differential of z at
(0, %0), let Az = f(zo + dx,yo + dy) — f(20,%0), and let £, and E,
be functions of dx and dy such that

Az =dz + Edz + Eydy.

1. We say f is differentiable at (xq,yo) if, given € > 0, there is a
0 > 0 such that if ||(dz, dy)|| < 6, then ||(E,, E,)|| < €. Thatis,
asdz and dy goto 0, sodo E; and E,.

2. We say f is differentiable on S if f is differentiable at every point
in S. If fis differentiable on R?, we say that f is differentiable
everywhere.

Example 14.1.5 Showing a function is differentiable.

Show f(x,y) = xy + 3y? is differentiable using Definition 14.1.3.
Solution. We begin by finding f(z + dz,y + dy), Az, f, and f,,.

f(z +dz,y +dy) = (v + dz)(y + dy) + 3(y + dy)?
= 2y + xdy + ydz + dzdy + 3y* + 6ydy + 3dy>.

Az = f(z +dz,y +dy) — f(z,y), s0
Az = xdy + ydx + dxdy + 6ydy + 3dy>.

It is straightforward to compute f, = y and f, = =+ 6y. Consider once
more Az:

Az = xdy + ydx + dxdy + 6ydy + 3dy? (now reorder)
= ydx + zdy + 6ydy + dzdy + 3dy?

From Definition 14.1.1, we can
write

dz = ( fz, fy) - {dz,dy).

While not explored in this sec-
tion, the vector (f, f,) is seen
again in the next section and fully
defined in Section 14.3.

youtu.be/watch?v=hJaLxYbPgdM

Figure 14.1.4 Another approach to
defining differentiability


https://www.youtube.com/watch?v=hJaLxYbPgdM
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= (y) dx + (x + 6y) dy + (dy) dx + (3dy) dy
~— ——— ~— ~——
fw fy E, Ey
= fydx + fydy + Eydx + Eydy.

With £, = dy and E, = 3dy, it is clear that as dr and dy go to O,
E, and E, also go to 0. Since this did not depend on a specific point
(w0, 90), we can say that f(z, y) is differentiable for all pairs (z, y) in R2,
| or, equivalently, that f is differentiable everywhere.

Our intuitive understanding of differentiability of functions y = f(z) of one
variable was that the graph of f was “smooth.” A similar intuitive understanding youtu.be/watch?v=rYvDghIxIUA
of functions z = f(z,y) of two variables is that the surface defined by f is
also “smooth,” not containing cusps, edges, breaks, etc. The following theorem
states that differentiable functions are continuous, followed by another theorem
that provides a more tangible way of determining whether a great number of
functions are differentiable or not.

Figure 14.1.6 Establishing differen-
tiability using the definition in Fig-
ure 14.1.4

Theorem 14.1.7 Continuity and Differentiability of Multivariable Func-
tions.

Let z = f(z,y) be defined on a set S containing (xo,yo). If f is differ-
entiable at (z¢, yo), then f is continuous at (xo, yo).

Theorem 14.1.8 Differentiability of Multivariable Functions.

Let z = f(x,y) be defined on a set S. If f, and f,, are both continuous
on S, then f is differentiable on S.

The above theorems assure us that essentially all functions that we see in
the course of our studies here are differentiable (and hence continuous) on
their natural domains. There is a difference between Definition 14.1.3 and The-
orem 14.1.8, though: it is possible for a function f to be differentiable yet f,
and/or f, is not continuous. Such strange behavior of functions is a source of
delight for many mathematicians, but in practical situations we want to avoid it,
leading to the following definition.

Definition 14.1.9 Continouously Differentiable Function.

Let U be an open subset of mathbbR?. We say that a function £ is con-
tinuously differentiable on U if f, and f, are defined and continuous
at each pointin U.

A similar statement applies for functions of three variables in mathbbR3.

When f, and f, exist at a point but are not continuous at that point, we
need to use other methods to determine whether or not f is differentiable at
that point.

For instance, consider the function

=iz (@) #(0,0
o= {5 w200
0 (z,y) = (0,0)
We can find f;(0,0) and £, (0, 0) using Definition 11.3.3:

T f(0+h70)_f(0a0)
1:(0,0) = jim, h



https://www.youtube.com/watch?v=rYvDghlxlUA
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0
7}!@()?70
fy(o’o)ii!ino h
= A e =0

Both f, and f,, exist at (0, 0), but they are not continuous at (0, 0), as

R 22 2
Rle) =0 ad e = )

are not continuous at (0, 0). (Take the limit of f, as (z,y) — (0,0) along the
x- and y-axes; they give different results.) So even though f, and f, exist at
every point in the xy-plane, they are not continuous. Therefore it is possible, by
Theorem 14.1.8, for f to not be differentiable.

Indeed, it is not. One can show that f is not continuous at (0, 0) (see Ex-
ample 11.2.11), and by Theorem 14.1.7, this means f is not differentiable at
(0,0).

14.1.2 Approximating with the Total Differential

By the definition, when f is differentiable dz is a good approximation for Az
when dx and dy are small. We give some simple examples of how this is used
here.

Example 14.1.10 Approximating with the total differential.

Let z = y/x sin(y). Approximate f(4.1,0.8).

Solution.  Recognizing that 7/4 ~ 0.785 ~ 0.8, we can approxi-
mate f(4.1,0.8) using f(4,7/4). We can easily compute f(4,7/4) =
Vasin(n/4) = 2 (?) = /2 ~ 1.414. Without calculus, this is the

best approximation we could reasonably come up with. The total differ-
ential gives us a way of adjusting this initial approximation to hopefully
get a more accurate answer.

Welet Az = f(4.1,0.8) — f(4,7/4). The total differential dz is approx-
imately equal to Az, so

F(4.1,0.8)— f(4,7/4) ~ dz = f(4.1,0.8) ~ dz+f(4,7/4). (14.1.1)

To find dz, we need f; and f,.

o) = 52 = /) = 8
_V2/2 _
= = V2/8.

fay) = VEcos) = fy(dn/4) = VAL
_ 3

Approximating 4.1 with 4 gives dz = 0.1; approximating 0.8 with /4
gives dy ~ 0.015. Thus

dz = f.(4,7/4)(0.1) + f,(4,7/4)(0.015)
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= g(o.l) +/2(0.015)

~ 0.039.
Returning to Equation (14.1.1), we have
f(4.1,0.8) ~ 0.039 + 1.414 = 1.4531.

We, of course, can compute the actual value of f(4.1,0.8) with a calcu-
lator; the actual value, accurate to 5 places after the decimal, is 1.45254.
| Obviously our approximation is quite good.

The point of the previous example was not to develop an approximation
method for known functions. After all, we can very easily compute f(4.1,0.8)
using readily available technology. Rather, it serves to illustrate how well this
method of approximation works, and to reinforce the following concept:

“New position = old position + amount of change,” so

“New position ~ old position + approximate amount of change.”

In the previous example, we could easily compute f(4,7/4) and could ap-
proximate the amount of z-change when computing f(4.1,0.8), letting us ap-
proximate the new z-value.

It may be surprising to learn that it is not uncommon to know the values of
f, fe and f, at a particular point without actually knowing the function f. The
total differential gives a good method of approximating f at nearby points.

Example 14.1.11 Approximating an unknown function.

Given that f(2,—-3) = 6, f(2,-3) = 1.3 and f,(2,—3) = —0.6, ap-
proximate f(2.1, —3.03).

Solution. The total differential approximates how much f changes from
the point (2, —3) to the point (2.1, —3.03). With dz = 0.1 and dy =
—0.03, we have

dz = [4(2,~3)dz + f,(2,~3)dy
= 1.3(0.1) + (—0.6)(—0.03)
= 0.148.

The change in z is approximately 0.148, so we approximate
f(2.1,-3.03) =~ 6.148.

14.1.3 Tangent Plane Approximation

Recall from Chapter 2 that in one variable, the essence of differentiability is the
tangent line approximation. This idea is emphasized in Section 4.4, where we
first introduced the differential.

In Subsection 11.3.2 we saw that the partial derivatives of a function f(x,y)
can be used to define the tangent plane to a graph z = f(z, y). We will now see
that this plane plays the same role for functions of two variables as the tangent
line to a graph y = f(x) for a function of one variable.

Recall from Definition 4.4.4 that for a function f(z), when z is near ¢ we
have the linear approximation f(x) = ¢(x), where

Uz) = f(e) + f'()(x = ¢)
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is the linearization of f at c. If we set dr = Az = x — ¢, and evaluate the
differential dy = f’(z) dx at ¢, then we have

Ay = f(z) - f(¢)
dy = €(x) - f(c).

Given the graph y = f(z), we know that y = ¢(x) gives the tangent line
to the graph at c. For the graph z = f(x,y) of a function of two variables, we
similarly have the tangent plane

z = f(a,b) + fa(a,b)(x — a) + fy(a,b)(y - b)

defined in Definition 11.3.10, suggesting that we define the two variable lin-
earization

€($7y) = f(a‘a b) + f;c(a7 b)(.]? - Cl) + fy(aa b)(y - b)
Consider the total differential dz at (a, ):
dz = fo(a,b)dz + f,(a,b) dy.

If we assume that (x,y) is “close” to (a,b), and setde = x —a, dy = y — b,
then we have

dz = fz(a7b) dz + fy(a7b) dy = fm(avb)(x - a) + fy(aab)(y - b)

Since ¢(a,b) = f(a,b), we have ¢(x,y) — £(a,b) = dz, which agrees with
the one-variable situation, and reinforces the concept of the differential as the
“linear change” in a function.

If we recast Definition 14.1.3 in the language of tangent planes, we can more
easily see the analogy with functions of a single variable. We can now say that
f(z,y) is differentiable at (a, b) if it has a valid tangent plane approximation at
(@, b). Note that f(z,y) — £(z,y) is equal to the error term E, dz + E, dy.

By Theorem 14.1.7, we know that the tangent plane at (a, b, f(a, b)) exists,
and gives a good approximation to the graph z = f(z,y), as long as the partial
derivatives of f exist and are continuous at (a, ).

14.1.4 Error/Sensitivity Analysis

The total differential gives an approximation of the change in z given small changes
in z and y. We can use this to approximate error propagation; that is, if the input
is a little off from what it should be, how far from correct will the output be? We
demonstrate this in an example.

Example 14.1.12 Sensitivity analysis.

A cylindrical steel storage tank is to be built that is 10ft tall and 4ft across
in diameter. It is known that the steel will expand/contract with tem-
perature changes; is the overall volume of the tank more sensitive to
changes in the diameter or in the height of the tank?

Solution. A cylindrical solid with height / and radius r has volume V' =
mr2h. We can view V as a function of two variables, » and h. We can
compute partial derivatives of V:

o _
or

o

Vi (r,h) = 2mwrh and o= Vi(r, h) = 72,
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The total differential is dV = (27rh)dr + (7r?)dh. When h = 10 and
r = 2, we have dV = 40xndr + 4mwdh. Note that the coefficient of dr
is 40w =~ 125.7; the coefficient of dh is a tenth of that, approximately
12.57. A small change in radius will be multiplied by 125.7, whereas a
small change in height will be multiplied by 12.57. Thus the volume of
the tank is more sensitive to changes in radius than in height.

The previous example showed that the volume of a particular tank was more
sensitive to changes in radius than in height. Keep in mind that this analysis only
applies to a tank of those dimensions. A tank with a height of 1ft and radius of
5ft would be more sensitive to changes in height than in radius.

One could make a chart of small changes in radius and height and find exact
changes in volume given specific changes. While this provides exact numbers, it
does not give as much insight as the error analysis using the total differential.

14.1.5 Differentiability of Functions of Three Variables

The definition of differentiability for functions of three variables is very similar
to that of functions of two variables. We again start with the total differential.

Definition 14.1.13 Total Differential.

Letw = f(x,y, z) be continuousonaset D. Let dz, dy and dz represent
changes in z, y and z, respectively. Where the partial derivatives f,, f,
and f, exist, the total differential of w is

dw = fi(x,y,2) dx + fy(z,y,2) dy + f.(z,y,2)dz.

This differential can be a good approximation of the change in w when w =
f(z,y, z) is differentiable.

Definition 14.1.14 Multivariable Differentiability.

Let w = f(x,y, z) be defined on a set D containing (xg, yo, z0) Where
fz(x0, 0, 20), fy (0, Yo, 20) and f.(zo, Yo, 20) exist. Let dw be the total
differential of w at (o, yo, 20), let Aw = f(zo+dz, yo+dy, 20 +dz) —
f(z0,%0, 20), and let E,, E, and E, be functions of dz, dy and dz such
that

Aw = dw + Eydx + E,dy + E.dz.

1. We say f is differentiable at (xq, yo, 20) if, given £ > 0, there is a
0 > Osuch thatif ||(dz, dy, dz)|| < 6, then |[(E,, Ey, E,)|| < e.

2. We say f is differentiable on B if f is differentiable at every point
in B. If fis differentiable on R?, we say that f is differentiable
everywhere.

Just as before, this definition gives a rigorous statement about what it means
to be differentiable that is not very intuitive. We follow it with a theorem similar
to Theorem 14.1.8.
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Theorem 14.1.15 Continuity and Differentiability of Functions of Three
Variables.

Let w = f(z,y, z) be defined on a set D containing (xq, yo, 20)-

1. If f is differentiable at (xo,yo,20), then f is continuous at
(0, Yo, 20)-

2. If fz, fy and f, are continuous on D, then f is differentiable on D.

This set of definition and theorem extends to functions of any number of vari-
ables. The theorem again gives us a simple way of verifying that most functions
that we encounter are differentiable on their natural domains.

This section has given us a formal definition of what it means for a functions
to be “differentiable,” along with a theorem that gives a more accessible under-
standing. The following sections return to notions prompted by our study of
partial derivatives that make use of the fact that most functions we encounter
are differentiable.

Using the language of Definition 14.1.9,
we can restate Theorem 14.1.15

as saying that if f is continuously
differentiable on D, then f is dif-
ferentiable on D.
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14.1.6 Exercises

Terms and Concepts

T/F: If f(x,y) is differentiable on .S, the f is continuous on S.
T/F: If f, and f, are continuous on S, then f is differentiable on S.

757

T/F:If z = f(z,y) is differentiable, then the change in z over small changes dx and dy in « and y is approximately

2.

dz.
4,
Problems

Finish the sentence: “The new z-value is approximately the old z-value plus the approximate

Exercise Group. In the following exercises, find the total differential dz.

5.
7.

z = zsin(y) + 22 6.
z=5xr— Ty 8.

z = (222 + 3y)?
z = xe®tY

Exercise Group. In the following exercises, a function f(x,y) is given. Give the indicated approximation using the
total differential.

9.

11.

f(z,y) = /22 + y. Approximate f(2.95,7.1) 10.

knowing f(3,7) = 4.

f(x,y) = 2%y — xy>. Approximate 12.

£(2.04,3.06) knowing f(2,3) = —6.

f(z,y) = sin(z) cos(y). Approximate
f(0.1,-0.1) knowing f(0,0) = 0.

f(z,y) = In(x — y). Approximate f(5.1,3.98)
knowing f(5,4) = 0.

Exercise Group. The following exercises ask a variety of questions dealing with approximating error and sensitivity

analysis.
13.

15.

A cylindrical storage tank is to be 2ft tall with a 14.

radius of 1ft. Is the volume of the tank more
sensitive to changes in the radius or the height?

The length £ of a long wall is to be approximated.  16.

The angle 6, as shown in the diagram (not to
scale), is measured to be 85°, and the distance
x is measured to be 30’. Assume that the
triangle formed is a right triangle.

Is the measurement of the length of £ more
sensitive to errors in the measurement of x or
in6?

Projectile Motion: The x-value of an object
moving under the principles of projectile
motion is 2:(0, vo, t) = (vo cos(h))t. A particular
projectile is fired with an initial velocity of
vg = 250ft/s and an angle of elevation of
f = 60°. It travels a distance of 375ft in 3
seconds.

Is the projectile more sensitive to errors in
initial speed or angle of elevation?

It is “common sense” that it is far better to
measure a long distance with a long measuring
tape rather than a short one. A measured
distance D can be viewed as the product of the
length ¢ of a measuring tape times the number
n of times it was used. For instance, using a 3’
tape 10 times gives a length of 30’. To measure
the same distance with a 12’ tape, we would
use the tape 2.5 times. (i.e., 30 = 12 x 2.5.)
Thus D = nt.

Suppose each time a measurement is taken
with the tape, the recorded distance is within
1/16” of the actual distance. (i.e.,

dl =1/16" = 0.005ft). Using differentials,
show why common sense proves correct in that
it is better to use a long tape to measure long
distances.
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Exercise Group. In the following exercises, find the total differential dw.
17. w= 2%y 18. w = e”sin(y)In(z)

Exercise Group. In the following exercises, use the information provided and the total differential to make the given
approximation.

19. f(3,1) =7, fu(3,1) =9, f,(3,1) = —2. 20, f(—4,2) =13, fo(—4,2) = 2.6,
Approximate f(3.05,0.9). fy(—4,2) = 5.1. Approximate f(—4.12,2.07).

21, f(2,4,5) = -1, f»(2,4,5) =2, f,(2,4,5) = 22. f(3,3,3) =5, f.(3,3,3) =2, f,(3,3,3) =
-3, f.(2,4,5) = 3.7. Approximate 0, £.(3,3,3) = —2. Approximate
£(2.5,4.1,4.8). £(3.1,3.1,3.1).
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14.2 The Multivariable Chain Rule

Consider driving an off-road vehicle along a dirt road. As you drive, your eleva-
tion likely changes. What factors determine how quickly your elevation rises and
falls? After some thought, generally one recognizes that one’s velocity (speed
and direction) and the terrain influence your rise and fall.

One can represent the terrain as the surface defined by a multivariable func-
tion f(z,y); one can represent the path of the off-road vehicle, as seen from
above, with a vector-valued function 7#(¢) = (z(t), y(t)); the velocity of the ve-
hicle is thus 7 (t) = (2/(¢),y'(t)).

Consider Figure 14.2.1 in which a surface z = f(x, y) is drawn, along with a
dashed curve in the zy-plane. Restricting f to just the points on this circle gives
the curve shown on the surface (i.e., “the path of the off-road vehicle.”) The
derivative fl—ft gives the instantaneous rate of change of f with respect to ¢. If
we consider an object traveling along this path, % = % gives the rate at which
the object rises/falls (i.e., “the rate of elevation change” of the vehicle.) Concep-
tually, the Multivariable Chain Rule combines terrain and velocity information
properly to compute this rate of elevation change.

Abstractly, let z be a function of x and y; thatis, z = f(z,y) for some
function f, and let x and y each be functions of ¢. By choosing a ¢-value, z- and
y-values are determined, which in turn determine z: this defines z as a function
of t. The Multivariable Chain Rule gives a method of computing ‘é—f.

14.2.1 Multivariable Chain Rule, Part |

Theorem 14.2.3 Multivariable Chain Rule, Part I.

Let z = f(x,y), v = g(t) and y = h(t), where f, g and h are differ-
entiable functions. Then z = f(z,y) = f(g(t), h(t)) is a function of t,

and
dz _df dx dy
oA fa:(xay)a +fy<$ay)g
_ofde__ofdy
 Ox dt Oy dt

= <fa:7 fy> : (x’,y’>.
The Chain Rule of Section 2.5 states that

i(f (9@))) = ' (9(x))d ().

dz
If t = g(x), we can express the Chain Rule as
d _df dt.
de  dt dx’

recall that the derivative notation is deliberately chosen to reflect their fraction-
like properties. A similar effect is seen in Theorem 14.2.3. In the second line
of equations, one can think of the dx and dx as “sort of” canceling out, and
likewise with dy and Jy.

Notice, too, the third line of equations in Theorem 14.2.3. The vector { f,, fy>
contains information about the surface (terrain); the vector (z’,y’) can repre-
sent velocity. In the context measuring the rate of elevation change of the off-
road vehicle, the Multivariable Chain Rule states it can be found through a prod-
uct of terrain and velocity information.

We now practice applying the Multivariable Chain Rule.

Figure 14.2.1 Understanding the ap-
plication of the Multivariable Chain
Rule

youtu.be/watch?v=e4uf2cA7YyA

Figure 14.2.2 Introducing the chain
rule in several variables

youtu.be/watch?v=bagsQndc8nw

Figure 14.2.4 Examples involving the
chain rule


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_mchain_intro.html
https://www.youtube.com/watch?v=e4uf2cA7YyA
https://www.youtube.com/watch?v=bagsQndc8nw

CHAPTER 14. FUNCTIONS OF SEVERAL VARIABLES, CONTINUED 760

Example 14.2.5 Using the Multivariable Chain Rule.

Let z = 22y + 2, where z = sin(t) and y = €. Find % using the Chain
Rule.

Solution. Following Theorem 14.2.3, we find

Jo(2,y) = 22y+1, fy(z,y) = 2, dr _ cos(t),  _

Applying the theorem, we have

d
d{' = (2ay + 1) cos(t) + 5a2e™.

This may look odd, as it seems that ‘fl—f is a function of z, y and ¢. Since

x and y are functions of ¢, % is really just a function of ¢, and we can

replace = with sin(t) and y with €%

d
d—i = (2zy+1) cos(t) + 5225 = (2sin(t)e® +1) cos(t) +5e™ sin?(t).

The previous example can make us wonder: if we substituted for x and y at
the end to show that % is really just a function of ¢, why not substitute before
differentiating, showing clearly that z is a function of ¢?

Thatis, 2 = 2%y +z = (sin(t))?e> +sin(t). Applying the Chain and Product
Rules, we have

% = 25in(t) cos(t) €™ + 5sin*(t) € + cos(t),
which matches the result from the example.

This may now make one wonder “What'’s the point? If we could already find
the derivative, why learn another way of finding it?” In some cases, applying
this rule makes deriving simpler, but this is hardly the power of the Chain Rule.
Rather, in the case where z = f(z,y), x = ¢g(t) and y = h(t), the Chain Rule is
extremely powerful when we do not know what f, g and/or h are. It may be hard
to believe, but often in “the real world” we know rate-of-change information
(i.e., information about derivatives) without explicitly knowing the underlying
functions. The Chain Rule allows us to combine several rates of change to find
another rate of change. The Chain Rule also has theoretic use, giving us insight
into the behavior of certain constructions (as we’ll see in the next section).

We demonstrate this in the next example.

Example 14.2.6 Applying the Multivariable Chain Rule.

An object travels along a path on a surface. The exact path and surface
are not known, but at time ¢t = ¢ it is known that :

%:5, %:—2, %:3 and %:7.
Find 2 at time t,.
Solution. The Multivariable Chain Rule states that
dz Ozdx Ozdy
dt " ordt oydt
=5(3) + (=2)(7)
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=1.

By knowing certain rates-of-change information about the surface and
about the path of the particle in the xy-plane, we can determine how
quickly the object is rising/falling.

We next apply the Chain Rule to solve a max/min problem.

Example 14.2.7 Applying the Multivariable Chain Rule.

Consider the surface z = x2 4—y2 — xy, a paraboloid, on which a particle
moves with  and y coordinates given by « = cos(t) and y = sin(¢).
Find % when t = 0, and find where the particle reaches its maximum/
minimum z-values.

Solution. It is straightforward to compute

faz,y) = 20—y fy(z,y) =2y —x 2
dr. . dy _
i sin(t) i cos(t).

Combining these according to the Chain Rule gives:
dz .
i —(2x — y)sin(t) + (2y — x) cos(t).
d
Whent = 0,z = 1and y = 0. Thus d% = —(2)(0) + (-1)(1) = —1.
When t = 0, the particle is moving down, as shown in Figure 14.2.8.

To find where z-value is maximized/minimized on the particle’s path, we
set % = 0 and solve for ¢:

( Figure 14.2.8 Plotting the path of
a particle on a surface in Exam-
( ple 14.2.7

We can use the First Derivative Test to find that on [0, 27], z has reaches
its absolute minimum at ¢ = 7 /4 and 57 /4; it reaches its absolute max-
| imum att = 37/4 and 77/4, as shown in Figure 14.2.8.

We can extend the Chain Rule to include the situation where z is a function
of more than one variable, and each of these variables is also a function of more
than one variable. The basic case of this is where z = f(z,y), and = and y are
functions of two variables, say s and ¢.

Theorem 14.2.9 Multivariable Chain Rule, Part II.

1. Letz = f(z,y),z = g(s,t)andy = h(s,t), where f, gand h are
differentiable functions. Then z is a function of s and t, and
L0z _0fdx  0fdy
ds Ords OyOs


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_mchain2.html
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0z 9fdx 9fdy

*ot " oz ot oy ot

2. Llet z = f(x1,22,...,2m) be a differentiable function of m vari-
ables, where each of the x; is a differentiable function of the vari-
ables ty,ts,...,t,. Then z is a function of the t;, and

0z  Of Or1 | Of Oxa f Oxpm,
i ozl o L om0t o o6

Example 14.2.10 Using the Multivariable Chain Rule, Part II.

let z = 2%y + 2,z = s> + 3tandy = 2s — t. Find %and %,and
evaluate eachwhens =1 and ¢t = 2.

Solution. Following Theorem 14.2.9, we compute the following partial
derivatives:

of af
— =2 1 - =
oz 7Y+ Ay v
ox Ox y dy
) - 99 Y.
9s 0 o = o ds ot
Thus
0z 9 9
e (2zy + 1)(2s) + (%) (2) = 4ays + 2s + 2z, and
s
0z 9 9
i (2zy +1)(3) + (2%)(—1) = 6xy — z* + 3.
Whens=1landt=2,x =7andy =0, so
0z 0z
95 = 100 and Tl —46.

Example 14.2.11 Using the Multivariable Chain Rule, Part II.

Let w = zy + 22, where z = t2e®, y = tcos(s), and z = ssin(t). Find
9% whens = 0and ¢t = 7.

Solution. Following Theorem 14.2.9, we compute the following partial
derivatives:

of _ of _ T
ox Y oy " 0z~ °°
or . oy % _
i 2te i cos(s) 5 = scos(t).
Thus
ow
= y(2te®) + z(cos(s)) + 2z(s cos(t)).

Whens:Oandt:w,wehavea::WQ,y:ﬁandz:O.Thus

ow 2 o 2
E—W(Qﬂ')-l—ﬂ' = 3m°.
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14.2.2 Implicit Differentiation

We studied finding % when y is given as an implicit function of x in detail in Sec-
tion 2.6. We find here that the Multivariable Chain Rule gives a simpler method
of finding %

For instance, consider the implicit function 2%y — xy3 = 3. We learned to
use the following steps to find Z—y

dy dy
2 2 —3zy*-> =0
Ty +x dr y xyd
dy  2zy—y’
de  x2 — 3xy?’

Instead of using this method, consider z = z2y — zy>. The implicit function
above describes the level curve z = 3. Considering = and y as functions of =,
the Multivariable Chain Rule states that

dz  Ozdx  Ozdy

de ~ Oxdr  Oydz (14.2.1)

Since z is constant (in our example, z = 3), %2 = 0. We also know 2% = 1.
Equation (14.2.1) becomes

Oz 0z dy
0= 3716(1) t oy dy dm
dy 0z Oz
de ~ 0xz/ dy
fa
__J= (14.2.2)
fy

Note how our solution for Z—Z in Equation (14.2.2) is just the partial derivative
of z with respect to x, divided by the partial derivative of z with respect to y, all
multiplied by (—1).

We state the above as a theorem.

Theorem 14.2.12 Implicit Differentiation.

Let f be a differentiable function of x and y, where f(x,y) = c defines
y as an implicit function of x, for some constant c. Then

@ _ _fx(xay)
dz fy(z,y)

We practice using Theorem 14.2.12 by applying it to a problem from Sec-
tion 2.6.

Example 14.2.13 Implicit Differentiation.

Given the implicitly defined function sin(x2y2) + 3> = z + y, find ¥/'.
Note: this is the same problem as given in Example 2.6.8 of Section 2.6,
where the solution took about a full page to find.

Solution. Let f(x,y) = sin(2%y?) + y> — = — y; the implicitly defined
function above is equivalent to f(x,y) = 0. We find % by applying




CHAPTER 14. FUNCTIONS OF SEVERAL VARIABLES, CONTINUED 764

Theorem 14.2.12. We find
fa(z,y) = 2ay” cos(z?y?) — 1
fy(z,y) = 2%y cos(z?y®) + 3y° — 1,

SO
dy 2z2y? cos(x?y?) — 1
dr  2x2ycos(x2y?) +3y2 — 1’

| which matches our solution from Example 2.6.8.

We can also do implicit differentiation for functions of three variables. In
the same way that a level curve f(z,y) = cis used to implicitly define y as a
function of x, a level surface f(x,y, z) = ¢ can be viewed as implicitly defining
z as a function of x and y.

Suppose the equation f(x,y,z) = ¢, where ¢ is a constant, defines the
function z = g(x, y). Then we can use the chain rule to compute the derivatives
of f(x,y,z) with respect to x and y, where we set z = z,y = y, and z =
g(z,y). Since f(z,y, z) is constant, we have

0
0= %f(xvyaz)

ox y 0z
e fy('rayaz)% + fz(mayvz)aix

_ fx(m,y,Z)(l) + fy(x,y,z)(()) + fz(m,y,z)%.

= fu(z,9,2)

Solving for g—i gives us
% fm(xv Y, Z)
Ox fa(z,y,2)’
and similarly,
0z _fy(x,y,z)

- fz(xvy )

oy z
In Subsection 11.3.2 we saw that we can use partial derivatives to determine
the equation of the tangent plane to a graph z = f(z,y). Using implicit differ-
entiation, we can do the same for a level surface f(z,y, z) = c.

Example 14.2.15 Implicit Differentiation with three variables.
Given that the equation

x2yz® —sin(z — 32) + 4xy? — 3yz =0 (14.2.3)

defines z implicitly as a function of x and y, compute % and g—f/ using
implicit differentiation. Then, determine the equation of the tangent
plane to the surface at the point (3,0, 1).

Solution. There are two ways to proceed. One is to use implicit differ-
entiation as before, but using partial derivatives. Whenever we differen-
tiate a function of z, we multiply by the appropriate partial derivative of
z. The other option is to use the formula derived above. We will use the
first method for the z derivative, and the second for y.

We first take the partial derivative of both sides of Equation (14.2.3) with
respect to z:

13}
%(ﬁyzﬁ —sin(z — 32) + 4ay® — 3yz) =0

youtu.be/watch?v=09Zyg-QY8Qo

Figure 14.2.14 Examples with implicit
differentiation

There is a subtlety in this calcu-
lation that can be quite confus-
ing. It appears to be chain rule,
but shouldn't the derivative of
f(x,y, z) with respect to = be
simply f(z,y, z)? The catch here
is that we are considering the vari-
ables x, y, z (viewed as coordinates
in R3) as functions of = and v,
viewed as coordinates in R2.

In other words, the x and y
in g(x, y) are not the same as the
ones in f(z,y,z)! If this is still
confusing, try settingz = s,y =
t,and z = g(s,t), and then ap-
plying the chain rule as usual, for
derivatives of f(x,y, z) with re-
spect to s and ¢. At the end, we
canrelabel s and ¢t as = and y.


https://www.youtube.com/watch?v=o9Zyg-QY8Qo
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0z 0z 0z
3., ,2 2y9% _ _ 0% 2 _ o 9% _
2xyz® + z7y(3z )833 cos(z — 3z2) (1 38:1:> + 4y 3y8$ 0.

Note that we treated y as a constant, since the derivative is with respect
to z. Next, we collect terms:

d
8—; (32%y2® + 3cos(z — 32) — 3y) = —2zy2” + cos(z — 3z2) — 4y°.

Lastly, we solve for %:

0z _ —2xyz3 + cos(z — 3z) — 4y?
Or  3x2yz2 + 3cos(x — 32) — 3y’

For the y derivative, we will use the result given above. ‘Setting
flz,y, 2) = 22yz3 —sin(z—32) +4zy? —3yz, we have g—; = —%
Therefore, [

0z 2223 + 8xy — 3z

dy  3x2yz?+ 3cos(x —3z) — 3y’

The second method certainly seems simpler! The reader is invited to try
each part with the other method, and compare answers.

Finally, we consider the problem of the tangent plane. First, we check
that the point (3,0, 1) is indeed on the surface: f(3,0,1) = 0, as re-
quired. Next we note that z = 1 is given to us from this point. So if
f(z,y,2) = cimplicitly defines the graph z = g(z,y), then we must
have ¢(3,0) = 1. Next, we have

0z 0+1—-0 1
$370 = — = — = —
9:(3,0) = 57 o) 0+3-0 3

0z 9+0-3
g 3’0 = — = —=—— = —
v(3:0) oy (3.0) 0+3-0

The equation of the tangent plane is therefore

5= 9(3,0) + 0u(3,0)(x — 3) + 6,(3,0)(y ~ 0) = 1+ 3(z —3) ~ 29,

In Section 11.3 we learned how partial derivatives give certain instantaneous
rate of change information about a function f(x,y). In that section, we mea-
sured the rate of change of f by holding one variable constant and letting the
other vary (such as, holding y constant and letting x vary gives f,.). We can visu-
alize this change by considering the surface defined by f at a point and moving
parallel to the z-axis.

What if we want to move in a direction that is not parallel to a coordinate
axis? Can we still measure instantaneous rates of change? Yes; we find out how
in Section 14.3. In doing so, we'll see how the Multivariable Chain Rule informs
our understanding of these directional derivatives.
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14.2.3 Exercises

Terms and Concepts

. B dz
1. Letalevel curve of z = f(x,y) be described by 2 = g(t), y = h(t). Explain why 2= = 0.

d
2.  Fillin the blank: The single variable Chain Rule states e (f(g(:c))) =f'(9(x) .
X

3. Fill in the blank: The Multivariable Chain Rule states
4 _0f | 0
dt*

dt Oz
4. Ifz= f(z,y), where z = g(t) and y = h(t), we can substitute and write z as an explicit function of .
T/F: Using the Multivariable Chain Rule to find % is sometimes easier than first substituting and then taking
the derivative.
T/F: The Multivariable Chain Rule is only useful when all the related functions are known explicitly.

6. The Multivariable Chain Rule allows us to compute implicit derivatives easily by just computing two
derivatives.

Problems

Exercise Group. Given the functions z = f(z,y), x = g(t) and y = h(t):
(a) Use the Multivariable Chain Rule to compute %.

(b) Evaluate % at the indicated ¢-value.

7. z:3x+4y,x:t2,y:2t;t:1 8. z:xz—yQ,x:t,andy:t2—1;t:1
9. z=5x+2y,x=2cos(t)+ 1,y =sin(t) —3; 10. =z = g, @ =cos(t),andy =sin(t); t = m/2
t=m/4
11. z=x+2y% 2z =sin(t),y =3sin(t);t =n/4 12. z=cos(x)sin(y), x = nt,and y = 2nt + 7/2;
t=3

Exercise Group. In the following exercises, functions z = f(x,y), x = g(t) and y = h(¢) are given. Find the values
of ¢t where % = 0. Note: these are the same surfaces/curves as found in Exercises 7-12.

13. z=3x+4y,z=t3y=2t 14. Givenz=22—y%, z=t,andy=t>—1,at
what values of t does % = 0?

15. z=5x+2y,x =2cos(t) + 1,y =sin(t) — 3 16. Given z = 3%, x = cos(t), and y = sin(t), at
what values of ¢ in [0, 2) does % = 0?

17. z =2 +2y% z =sin(t), y = 3sin(t) 18. Given z = cos(z) sin(y), = wt, and
y = 27t + /2, at what values of ¢ in [0, 2) does
dz
4 — (7
di

Exercise Group. Given the functions z = f(z,y), x = g(s,t) and y = h(s,t):

(a) Use the Multivariable Chain Rule to compute % and %.

(b) Evaluate % and % at the indicated s and ¢ values.

19. z:x2y,x:s—t,y:23+4t;s:l,t:0 20. z:cos(ms—kgy),x:st2,andy:s2t;
s=1,t=0
21, z=2a"+y* x = scos(t),and y = ssin(t); 22, z=e¢ @) p=tandy=st2,s=11t=1
s=2,t=m/4
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Exercise Group. The given equation defines y implicitly as a function of x. Find j—g using Implicit Differentiation and

Theorem 14.2.12.

23. z’tan(y) = 50 24, (322 +2°)" =2
2 2 2\ _
95 T +g:17 26. In(z?+a2y+y?) =1
r+y
Exercise Group. Find %, or % and %, using the supplied information.

0z 0z dx d7y B

27. = =92 "=1—"—=4,-2=-5 oz B dt
ox oy dt dt ! v
9z __ 0z __ ox __ oxr __ 9
2. @:_4’%:9, 3. £=2§=1,%=--2%=-3%
ox oy dy _ _q
dr _ 0w Oy ,0u o
ds ot s ot

28. 2=1,%=-3 % _¢and ¥ =2

=2and
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14.3 Directional Derivatives

Partial derivatives give us an understanding of how a surface changes when we
move in the x and y directions. We made the comparison to standing in a rolling
meadow and heading due east: the amount of rise/fall in doing so is compara-
ble to f,. Likewise, the rise/fall in moving due north is comparable to f,. The
steeper the slope, the greater in magnitude f,.

But what if we didn’t move due north or east? What if we needed to move
northeast and wanted to measure the amount of rise/fall? Partial derivatives
alone cannot measure this. This section investigates directional derivatives, which
do measure this rate of change.

14.3.1 Functions of Two Variables youtu.be/watch?v=ZQPnmL5CMés
We begin with a definition. Figure 14.3.1 Introducing directional
derivatives

Definition 14.3.2 Directional Derivatives.

Let z = f(z,y) be continuous on a set S and let & = (uy, uz) be a unit
vector. For all points (z,y), the directional derivative of f at (z,y) in
the direction of @ is

_ i J@ A hun,y + hug) — f(z,y)

= lim .

h—0 h

Dgf(if,y)

The partial derivatives f, and f, are defined with similar limits, but only x or
y varies with h, not both. Here both x and y vary with a weighted h, determined
by a particular unit vector . This may look a bit intimidating but in reality it is
not too difficult to deal with; it often just requires extra algebra. However, the
following theorem reduces this algebraic load.

Theorem 14.3.3 Directional Derivatives.

Let z = f(x,y) be differentiable on a set S containing (o, yo), and let
@ = (u1,uz2) be a unit vector. The directional derivative of f at (xo, yo)
in the direction of @ is

Dz f(z0,%0) = fo(xo,y0)u1 + fy(zo,yo)us.

Example 14.3.4 Computing directional derivatives. .

Let 2 = 14 — 2? — y? and let P = (1, 2). Find the directional derivative
of f, at P, in the following directions:

1. toward the point Q = (3,4),
2. in the direction of (2, —1), and

3. toward the origin.

Solution. The surface is plotted in Figure 14.3.5, where the point P =
(1,2) isindicated in the x, y-plane as well as the point (1, 2, 9) which lies
on the surface of f. We find that f,(z,y) = —2z and f,(1,2) = —2;
fy(z,y) = —2yand f,(1,2) = —4. Figure 14.3.5 Understanding the di-

rectional derivative in Example 14.3.4

1. Let @y be the unit vector that points from the point (1, 2) to the
point Q = (3,4), as shown in the figure. The vector ]@ =(2,2);



https://www.youtube.com/watch?v=ZQPnmL5CM6s
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_direct1.html
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the unit vector in this direction is @; = (1/v/2,1/v/2). Thus the
directional derivative of f at (1, 2) in the direction of ; is

Da, f(1,2) = —2(1/v/2) + (—4)(1/v2) = —=6/V2 ~ —4.24.

Thus the instantaneous rate of change in moving from the point
(1,2,9) on the surface in the direction of @; (which points toward
the point Q) is about —4.24. Moving in this direction moves one
steeply downward.

2. We seek the directional derivative in the direction of (2, —1). The
unit vector in this direction is @, = (2/v/5,—1/V/5). Thus the
directional derivative of f at (1, 2) in the direction of s is

Dy, f(1,2) = —2(2/V5) + (=4)(~1/V5) = 0.

Starting on the surface of f at (1,2) and moving in the direction
of (2,—1) (or s) results in no instantaneous change in z-value.
This is analogous to standing on the side of a hill and choosing a
direction to walk that does not change the elevation. One neither
walks up nor down, rather just “along the side” of the hill. Finding
these directions of “no elevation change” is important.

3. At P = (1,2), the direction towards the origin is given by
the vector (—1,—2); the unit vector in this direction is i3 =
(—1/v/5,—2/+/5). The directional derivative of f at P in the di-
rection of the origin is

Da, f(1,2) = —2(=1/V/5) + (—4)(=2/V/5) = 10/V/5 ~ 4.47.

Moving towards the origin means “walking uphill” quite steeply,
with an initial slope of about 4.47.

As we study directional derivatives, it will help to make an important connec-
tion between the unit vector @ = (u1, u2) that describes the direction and the
partial derivatives f, and f,. We start with a definition and follow this with a
Key Idea.

Definition 14.3.7 Gradient.

Let = = f(z,y) be differentiable on a set S that contains the point
(an yo)

1. The gradient of f is V f(z,y) = (fz(z,y), fy(z,9)).
2. The gradient of f at (xo,y0) is Vf(zo,0) =
<fw(x0ay0)7fy(x07y0)>'

To simplify notation, we often express the gradient as Vf = (f, f,). The
gradient allows us to compute directional derivatives in terms of a dot product.

Key Idea 14.3.8 The Gradient and Directional Derivatives.

The directional derivative of z = f(z,y) in the direction of « is

Daf=Vf-i

my
=
DO RRE i

youtu.be/watch?v=aoR9ANpc334

Figure 14.3.6 Computing directional
derivatives

”»

The symbol “V” is named “nabla,
derived from the Greek name of
a Jewish harp. Oddly enough, in
mathematics the expression V f
is pronounced “del f."


https://www.youtube.com/watch?v=aoR9ANpc334
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The properties of the dot product previously studied allow us to investigate
the properties of the directional derivative. Given that the directional derivative
gives the instantaneous rate of change of z when moving in the direction of ,
three questions naturally arise:

1. In what direction(s) is the change in z the greatest (i.e., the “steepest up-
hill”)?

2. In what direction(s) is the change in z the least (i.e., the “steepest down-
hill”)?

3. In what direction(s) is there no change in 2?
Using the key property of the dot product, we have

Vf i = |[VfI| [[d] cos(8) = [V l| cos(6), (14.3.1)

where @ is the angle between the gradient and @. (Since @ is a unit vector, || ]| =
1.) This equation allows us to answer the three questions stated previously.

1. Equation (14.3.1) is maximized when cos(f) = 1, i.e., when the gradient
and % have the same direction. We conclude the gradient points in the
direction of greatest z change.

2. Equation (14.3.1) is minimized when cos(f) = —1, i.e., when the gradient
and @ have opposite directions. We conclude the gradient points in the
opposite direction of the least z change.

3. Equation (14.3.1) is 0 when cos(f) = 0, i.e., when the gradient and @
are orthogonal to each other. We conclude the gradient is orthogonal to
directions of no z change.

This result is rather amazing. Once again imagine standingin arolling meadow
and face the direction that leads you steepest uphill. Then the direction that
leads steepest downhill is directly behind you, and side-stepping either left or
right (i.e., moving perpendicularly to the direction you face) does not change
your elevation at all.

Recall that a level curve is defined as a curve in the zy-plane along which the
z-values of a function do not change. Let asurface z = f(x, y) be given, and let’s
represent one such level curve as a vector-valued function, 7(t) = (z(t), y(t)).
As the output of f does not change along this curve, f(x(t),y(t)) = cforallt,
for some constant c.

Since f is constant for all ¢, ‘;—{ = 0. By the Multivariable Chain Rule, we also
know

& = L) )+ Sy 0
= (fz(x,y),fy(%y)) ' <x/(t)7yl(t)>
= Vf ()
=0.

This last equality states V f - 7/(t) = 0: the gradient is orthogonal to the
derivative of 7, meaning the gradient is orthogonal to the graph of #. Our con-
clusion: at any point on a surface, the gradient at that point is orthogonal to the
level curve that passes through that point.

We restate these ideas in a theorem, then use them in an example.
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Theorem 14.3.9 The Gradient and Directional Derivatives.

Let z = f(x,y) be differentiable on a set S with gradient V f, let P =
(20, yo) be a point in S and let i be a unit vector.

1. The maximum value of Dz f(zo,v0) is ||V f(zo, yo)||; the direc-
tion of maximal z increase is V f (xq, yo)-

2. The minimum value of Dz f(xq,yo) is — ||V f(z0, o)
tion of minimal z increase is —V f(xq, yo)-

; the direc-

3. At P, V f(xo,yo) is orthogonal to the level curve passing through
(9007 y0)~

Example 14.3.10 Finding directions of maximal and minimal increase.

Let f(x,y) = sin(z) cos(y) and let P = (7 /3,7/3). Find the directions
of maximal/minimal increase, and find a direction where the instanta-
neous rate of z change is 0.

Solution. We begin by finding the gradient. f, = cos(x) cos(y) and
fy = —sin(z) sin(y), thus

V f = {(cos(z) cos(y), — sin(x) sin(y)) and, at P, V f (g, %) = <i, —i> .
Thus the direction of maximal increase is (1/4, —3/4). In this direction,
the instantaneous rate of z change is ||(1/4, —3/4)|| = v/10/4 ~ 0.79.
Figure 14.3.11 shows the surface plotted from two different perspectives.
In each, the gradient is drawn at P with a dashed line (because of the
nature of this surface, the gradient points “into” the surface). Let 4 =
(u1,us) be the unit vector in the direction of V f at P. Each graph of the
figure also contains the vector (u1, ug, ||V f ||). This vector hasa “run” of
1 (because in the zy-plane it moves 1 unit) and a “rise” of |V f||, hence
we can think of it as a vector with slope of ||V f|| in the direction of V £,
helping us visualize how “steep” the surface is in its steepest direction.

z

(a) (b)

Figure 14.3.11 Graphing the surface and important directions in Exam-
ple 14.3.10

The direction of minimal increase is (—1/4,3/4); in this direction the
instantaneous rate of z change is —v/10/4 ~ —0.79.



https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_direct2a_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_direct2b_3D.html
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Any direction orthogonal to V f is a direction of no z change. We have
two choices: the direction of (3, 1) and the direction of (=3, —1). The
unit vector in the direction of (3, 1) is shown in each graph of the figure
as well. The level curve at z = \/5/4 is drawn: recall that along this
curve the z-values do not change. Since (3,1) is a direction of no z-
change, this vector is tangent to the level curve at P.

Example 14.3.12 Understanding when V f = 0.

Let f(x,y) = —2% + 22 — y? + 2y + 1. Find the directional derivative
of f in any direction at P = (1, 1).

Solution.  We find Vf = (—2z+2,—2y+2). At P, we have
Vf(1,1) = (0,0). According to Theorem 14.3.9, this is the direction
of maximal increase. However, (0, 0) is directionless; it has no displace-
ment. And regardless of the unit vector @ chosen, Dy f = 0.

Figure 14.3.13 helps us understand what this means. We can see that P
lies at the top of a paraboloid. In all directions, the instantaneous rate
of change is 0.

So what is the direction of maximal increase? It is fine to give an answer
of 0 = (0,0), as this indicates that all directional derivatives are .

The fact that the gradient of a surface always points in the direction of steep-
est increase/decrease is very useful, as illustrated in the following example.

Example 14.3.14 The flow of water downlhill.

Consider the surface given by the graph of f(z,y) = 20 — 2% — 232,

Water is poured on the surface at (1, 1/4). What path does it take as it Figure 14"3'1? At the top ‘?f a parabo-
flows downhill? loid, all directional derivatives are O

Solution. Let 7(t) = (xz(t),y(t)) be the vector-valued function de-
scribing the path of the water in the xy-plane; we seek z(t) and y(t).
We know that water will always flow downhill in the steepest direction;
therefore, at any point on its path, it will be moving in the direction
of —V f. (We ignore the physical effects of momentum on the water.)
Thus 7 (t) will be parallel to V f, and there is some constant ¢ such that
cVf=1"(t) = (&'(t),y'(t)).

We find V f = (—2z, —4y) and write 2/(t) as % and y/(t) as %. Then

cVf = (a'(t),y'(t)

dr dy
—2cx,—4cy) = ( —,— ).
(~2cz,~4e9) = (5. )

This implies

d d
—2cx = d—j and —4cy = d%l’ i.e.,

1 1
dx q dy

= ———2a = —— —

2z dt ¢ 4y dt”

As ¢ equals both expressions, we have

1 dx 1 dy

2c dt 4y dt’



https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_direct9.html
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To find an explicit relationship between x and y, we can integrate both
sides with respect to ¢. Recall from our study of differentials that %dt =
dx. Thus:

1 dx 1 dy
——dt= | ——=dt
/21: dt /4y dt
1 1
—dr= | —d
/ 2z " / 4y Y
1 1
2Injz| =Inly| + C4
In|z®| = In|y| + Cy
Now raise both sides as a power of e:
$2 — eln\y|+Cl

22 = Myl (Note that e is just a constant.)

r? = yCo
1
FxQ =y (Note that 1/C is just a constant.)
2
Cz? =y.

As the water started at the point (1, 1/4), we can solve for C:

M

_/
(a) (b)

Figure 14.3.15 A sketch of the surface described in Example 14.3.14
along with the path in the xy-plane with the level curves

Thus the water follows the curve y = 22/4 in the zy-plane. The sur-
face and the path of the water is graphed in Figure 14.3.15(a). In Fig-
ure 14.3.15(b), the level curves of the surface are plotted in the zy-plane,
along with the curve y = 22 /4. Notice how the path intersects the level
curves at right angles. As the path follows the gradient downhill, this
reinforces the fact that the gradient is orthogonal to level curves.

youtu.be/watch?v=Re0amVb6QdQ

Figure 14.3.16 Discussing the signifi-
cance of directional derivatives


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_direct3a_3D.html
https://www.youtube.com/watch?v=Re0amVb6QdQ
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14.3.2 Functions of Three Variables

The concepts of directional derivatives and the gradient are easily extended to
three (and more) variables. We combine the concepts behind Definitions 14.3.2
and 14.3.7 and Theorem 14.3.3 into one set of definitions.

Definition 14.3.17 Directional Derivatives and Gradient with Three
Variables.

Letw = F(z,y, z) be differentiable on a set D and let @ be a unit vector
in R3.

1. The gradient of F'is VF = (F,, F,, F.).

2. The directional derivative of F' in the direction of u is

DzF =VF-@.

The same properties of the gradient given in Theorem 14.3.9, when f is a
function of two variables, hold for I, a function of three variables.

Theorem 14.3.18 The Gradient and Directional Derivatives with Three
Variables.

Let w = F(z,y, z) be differentiable on a set D, let V F' be the gradient
of F', and let 4 be a unit vector.

1. The maximum value of Dz F' is |V F||, obtained when the angle
between VF and # is O, i.e., the direction of maximal increase is
VF.

2. The minimum value of Dz F'is — ||V F||, obtained when the angle
between VF and 4 is m, i.e., the direction of minimal increase is
—VF.

3. Dz F = 0when VF and i are orthogonal.

We interpret the third statement of the theorem as “the gradient is orthog-
onal to level surfaces,” the three-variable analogue to level curves.

Example 14.3.19 Finding directional derivatives with functions of three
variables.

If a point source S is radiating energy, the intensity I at a given point P
in space is inversely proportional to the square of the distance between
S and P. Thatis, when S = (0,0,0), I(z,y,2) = for some
constant k.

letk =1, letd = (2/3,2/3,1/3) be a unit vector, and let P = (2, 5, 3).
Measure distances in inches. Find the directional derivative of I at P in
the direction of , and find the direction of greatest intensity increase at
P.

Solution. We need the gradient VI, meaning we need I, I, and I.
Each partial derivative requires a simple application of the Quotient Rule,

giving

Kk
22 4y?+22

I —2x —2y —2z
SN @22 4202 (02 g2+ 22)2 (a2 4 y? 4 22)2
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4 —10 -6
VI(2,5,3) = <1444, L 1444> ~ (—0.003, —0.007, —0.004)
Dzl =VI(2,53) i
17
= —5igg ~ 00078,

The directional derivative tells us that moving in the direction of i from
P results in a decrease in intensity of about —0.008 units per inch. (The
intensity is decreasing as i moves one farther from the origin than P.)
The gradient gives the direction of greatest intensity increase. Notice
that

-4 —-10 -6
VI(2,5,3) =
(2,5,3) <1444’ 1444’1444>
2
=——(-2,-5,-3).

That is, the gradient at (2,5,3) is pointing in the direction of
(—2,—5,—3), that is, towards the origin. That should make intuitive
sense: the greatest increase in intensity is found by moving towards to
source of the energy.

The directional derivative allows us to find the instantaneous rate of z change
in any direction at a point. We can use these instantaneous rates of change to
define lines and planes that are tangent to a surface at a point, which is the topic
of the next section.
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14.3.3 Exercises

Terms and Concepts

What is the difference between a directional derivative and a partial derivative?
For f(x,y), forwhat @ is Dy f = f,?
For f(z,y), forwhat @is Dz f = f,?

The gradient is to level curves.

The gradient points in the direction of increase.

AR o A

It is generally more informative to view the directional derivative not as the result of a limit, but rather as the
result of a product.

Problems

Exercise Group. In the following exercises, a function f(x,y) is given. Find V f.

7. flx,y) = —2%y + 2y + 2y 8. Find Vf, where f(z,y) = sin(z) cos(y).
1 10. Find V f, where ,y) = —4x + 3y.
9. flz,y) = . . / f(z,y) €L Y
2 +y?+1
1. f(z,y) =22 + 2% —ay — Tz 12. Find Vf, where f(z,y) = 22y> — 2.

Exercise Group. In the following exercises, a function f(x, y) and a point P are given. Find the directional derivative
of f in the indicated directions. Note: these are the same functions as in Exercises 14.3.7-14.3.12.

13.  f(z,y) = -2y +ay® +xy, P = (2,1) 14. Consider f(z,y) = sin(z) cos(y), at
P=(%.5)

(a) Inthe direction of 7 = (3, 4)
(a) In the direction of ¥ = (1,1).
(b) In the direction toward the point

Q=(1,-1). (b) In the direction toward the point
Q = (0,0).
1 16. Consider f(z,y) = —4x + 3y, at P = (5, 2).
15. = P=(1,1). ) ’ )
fz,y) PR (1,1)

(a) In the direction of ¥ = (3,1).
(a) In the direction of ¥ = (1, —1).
(b) In the direction toward the point

(b) In the direction toward the point Q=(2,7).
Q= (—2, —2).
17.  f(z,y) = 2> + 2% —ay — Tz, P = (4,1) 18. Consider f(z,y) = 2%y® — 2x,at P = (1,1).
(a) In the direction of ¥ = (—2,5) (a) Find the directional derivative in the

direction of 7 = (3, 3) .
(b) In the direction toward the point
Q = (4,0). (b) Find the directional derivative in the

direction toward the point Q = (1, 2).

Exercise Group. In the following exercises, a function f(z,y) and a point P are given. Investigate the directions of
maximal increase and decrease, as indicated.
Note: these are the same functions and points as in Exercises 13-18.
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19. fz,y) = -2y +xy® + 2y, P = (2,1)

(a) Find the direction of maximal increase of
fatP.

(b) What is the maximal value of D f at P?

(c) Find the direction of maximal decrease in

fatP.
(d) Give a direction i suchthat Dz f = 0 at
P.
21. f(x )7;]37(11)
. ’y7x2+y2+1’ =(1,1).

(a) Find the direction of maximal increase of
fatP.

(b) What is the maximal value of Dy f at P?

(c) Find the direction of maximal decrease in
fatP.

(d) Give a direction @ such that Dz f = 0 at
P.

23. f(z,y) =2* +2y* —xy — Tz, P = (4,1)

(a) Find the direction of maximal increase of
fatP.

(b) What is the maximal value of Dy f at P?

(c) Find the direction of maximal decrease in
fatP.

(d) Give a direction 4 such that Dz f = 0 at
P.

20. f(x,y) =sin(z)cos(y), P = (5,%):

(a) Find the direction of maximal increase of
fatP.

(b) What is the maximal value of D f at P?

(c) Find the direction of maximal decrease in
fatP.

(d) Give a direction i such that Dz f = 0 at
P.
22. f(z,y) =—4x+ 3y, P = (5,4)

(a) Find the direction of maximal increase of
fatP.

(b) What is the maximal value of Dy f at P?

(c) Find the direction of maximal decrease in
fatP.

(d) Give a direction % suchthat D; f = 0 at
P.

24. Given f(x,y) = 2%y3 — 2z, P = (1,1):

(a) Find the direction of maximal increase of
fatP.

(b) What is the maximal value of Dy f at P?

(c) Find the direction of maximal decrease in
fatP.

(d) Give a direction 4 such that Dz f = 0 at
P.

Exercise Group. In the following exercises, a function F'(z,y, z), a vector ¢ and a point P are given.
Compute the gradient of F', and the derivative of I in the direction of v’ at P.

25. F(x,y,2) = 32%2% + 4oy — 322, 0= (1,1,1),
P=(3,2,1)

(a) Compute the gradient of F'.

(b) Find the derivative of I at P in the
direction of .
27. F(x,y,2) = 2%y* — 9?2, v = (-1,7,3),
P =(1,0,—-1)

(a) Compute the gradient of F'.

(b) Find the derivative of I at P in the
direction of ©.

26. F(z,y,z)=sin(z)cos(y)e®, 7= (2,2,1),
P =(0,0,0).
(a) Find VF(z,y, 2).
(b) Find D F at P.
28. GiVen F(CC,y,Z) = W,f)‘: <1,1,72>,

P=(1,1,1)
(a) Find VF(z,y, 2).
(b) Find Dz F at P.
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14.4 Tangent Lines, Normal Lines, and Tangent Planes

14.4.1 Tangent Lines

Derivatives and tangent lines go hand-in-hand. Giveny = f(z), the line tangent
to the graph of f at z = g is the line through (zg, f(z0)) with slope f'(z);
that is, the slope of the tangent line is the instantaneous rate of change of f at
Zo-

When dealing with functions of two variables, the graph is no longer a curve
but a surface. At a given point on the surface, it seems there are many lines that
fit our intuition of being “tangent” to the surface.

In Subsection 11.3.2 we introduced the concept of the tangent plane, which
could be thought of as consisting of all possible lines tangent to the surface at a
given point. In this section, we explore this idea in more detail.

In Figure 14.4.1 we see lines that are tangent to curves in space. Since each
curve lies on a surface, it makes sense to say that the lines are also tangent to
the surface. The next definition formally defines what it means to be “tangent
to a surface.”

Definition 14.4.2 Directional Tangent Line.

Let z = f(z,y) be differentiable on a set S containing (zo,yo) and let
@ = (uy, ug) be a unit vector.

1. The line ¢, through (o, yo, f (0, o)) parallelto (1,0, fx(xo,yo)) is
the tangent line to f in the direction of x at (xq, yo).

2. Theline ¢, through (o, o, f (%0, y0)) parallel to (0, 1, f,(zo, yo)) is
the tangent line to f in the direction of y at (¢, yo).

3. The line ¢z through (2o, v0, f(z0,y0)) parallel to
(u1,us, Dz f(x0,y0)) is the tangent line to f in the direction
of & at (CL'(), yo)

It is instructive to consider each of three directions given in the definition in
terms of “slope.” The direction of ¢, is (1,0, f.(x0, yo)); thatis, the “run” is one
unit in the z-direction and the “rise” is f..(xo, yo) units in the z-direction. Note
how the slope is just the partial derivative with respect to . A similar statement
can be made for ¢,,. The direction of £ is (u1, u2, Dy f(x0, yo0)); the “run”is one
unit in the @ direction (where  is a unit vector) and the “rise” is the directional
derivative of z in that direction.

Definition 14.4.2 leads to the following parametric equations of directional
tangent lines:

r=x9+1t

L(t)=9 y=1w
z =20+ fe(20,90)t
T =x

L(t)=q y=yo+t

z =20+ fy(%0,y0)t
T = xq+ uit
Ca(t) = v =wyo+uat
z =20+ Dg f(20,90)t

Y

Figure 14.4.1 Showing various lines
tangent to a surface
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Example 14.4.3 Finding directional tangent lines.

Find the lines tangent to the surface z = sin(z) cos(y) at (w/2,7/2) in
the x and y directions and also in the direction of 7 = (—1, 1).

Solution. The partial derivatives with respect to = and y are:

fa(2,y) = cos(x) cos(y) = fa(m/2,7m/2) =0
fy(@,y) = —sin(@) sin(y) = £, (x/2,7/2) = —1.
At (m/2,7/2), the z-value is 0.

Thus the parametric equations of the line tangent to f at (7/2,7/2) in
the directions of x and y are:

xr=m/24+1 x=m/2
L(t) =< y=m/2 and 4, (t) =4 y=7/2+1
z2=0 z=—t

The two lines are shown with the surface in Figure 14.4.4(a).

(a) (b)
Figure 14.4.4 A surface and directional tangent lines in Example 14.4.3

To find the equation of the tangent line in the direction of ¥, we first
find the unit vector in the direction of #: 4 = <—1/\/§, 1/\/§> The
directional derivative at (7/2, 7, 2) in the direction of @ is

Da f(r/2,m,2) = (0,-1) - (~1/V2,1/V2) = —1/V2.

Thus the directional tangent line is

r=7/2—t/\2
la(t) =% y=m/2+1t/V2 .
z=—t/V2

The curve through (7/2,7/2,0) in the direction of ¥ is shown in Fig-
ure 14.4.4(b) along with £z(t).
Example 14.4.5 Finding directional tangent lines.

Let f(x,y) = 4xy—a* —y*. Find the equations of all directional tangent
linesto f at (1,1).
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Solution. First note that f(1,1) = 2. We need to compute directional
derivatives, so we need V f. We begin by computing partial derivatives.

fo =4y —42® = f,(1,1) = 0; f, = 4z — 4y* = £,(1,1) = 0.

Thus Vf(1,1) = (0,0). Let @ = (u1,uz) be any unit vector. The direc-
tional derivative of f at (1,1) will be Dy f(1,1) = (0,0) - (u1, uz) = 0.
It does not matter what direction we choose; the directional derivative
is always 0. Therefore

x=14+ut
la(t)=q y=1+ust
z=2

Figure 14.4.6 shows a graph of f and the point (1,1,2). Note that
this point comes at the top of a “hill,” and therefore every tangent line
through this point will have a “slope” of 0.

That is, consider any curve on the surface that goes through this point.
Each curve will have a relative maximum at this point, hence its tangent
line will have a slope of 0. The following section investigates the points
on surfaces where all tangent lines have a slope of 0.

14.4.2 Normal Lines

When dealing with a function y = f(z) of one variable, we stated that a line
through (¢, f(c)) was tangent to f if the line had a slope of f’(¢) and was normal
(or, perpendicular, orthogonal) to f if it had a slope of —1/f’(c). We extend the
concept of normal, or orthogonal, to functions of two variables.

Let z = f(z,y) be a differentiable function of two variables. By Defini-
tion 14.4.2, at (g, yo ), £« (t) is a line parallel to the vector d, = (1,0, f. (20, o))
and ¢, (t) is a line parallel to d; = (0,1, fy(zo0,%0)). Since lines in these direc-
tions through (0, yo, f (20, yo)) are tangent to the surface, a line through this
point and orthogonal to these directions would be orthogonal, or normal, to the
surface. We can use this direction to create a normal line.

The direction of the normal line is orthogonal to J;c and J;,, hence the direc-
tion is parallel to d:L = Jx X J;, It turns out this cross product has a very simple
form: . .

dy X dy = (1,0, fz) x (0,1, fy) = (= fa, — [y, 1) .

It is often more convenient to refer to the opposite of this direction, namely

(fzs [y, —1). This leads to a definition.

Definition 14.4.7 Normal Line.

Let z = f(z,y) be differentiable on a set S containing (zo, yo) where
a = fo(2o,y0) and b = fy(20,y0)

are defined.

1. A nonzero vector parallel to 7@ = (a, b, —1) is orthogonal to f at
P= (an Yo, f(x(b 3/0))~

2. The line ¢,, through P with direction parallel to 77 is the normal
lineto f at P.

VY

=

ol
L

DAUENRARNY A
SO

AN

Figure 14.4.6 Graphing f in Exam-
ple 14.4.5
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Thus the parametric equations of the normal line to a surface z = f(z,y) at
(x07 Yo, f(an yo)) is:
xr =x9+ at
en(t): Yy =1yo + bt
z= f(x0,y0) —t

Example 14.4.8 Finding a normal line.

Find the equation of the normal line to z = —22 — y2? + 2 at (0, 1).
Solution. We find z,(z,y) = —2z and z,(z,y) = —2y; at (0,1), we
have z, = 0 and z, = —2. We take the direction of the normal line,
following Definition 14.4.7, to be i = (0, —2, —1). The line with this
direction going through the point (0,1, 1) is

r=0
) =4 y=—2t4+1 ort,(t)=1(0,-2,—1)t+(0,1,1).
z=—-t+1
The surface z = —z2 — y? + 2, along with the found normal line, is

graphed in Figure 14.4.9.

The direction of the normal line has many uses, one of which is the defini-
tion of the tangent plane which we define shortly. Another use is in measuring
distances from the surface to a point. Given a point () in space, it is a general
geometric concept to define the distance from @) to the surface as being the
length of the shortest line segment PQ over all points P on the surface. This, in
turn, implies that PQ will be orthogonal to the surface at P. Therefore we can
measure the distance from Q to the surface z = f(x, y) by finding a point P on

the surface such that ]@ is parallel to the normal line to f at P.

Example 14.4.10 Finding the distance from a point to a surface.

Let f(z,y) =2 — 2% — y? and let Q = (2,2, 2). Find the distance from
@ to the surface defined by f.

Solution. This surface is used in Example 14.4._5, so we know that at
(z,y), the direction of the normal line will be d,, = (—2xz, -2y, —1).
A point P on the surface will have coordinates (x,,2 — 22 — y?), so

]@ = (2—1,2—y,2* +y?). To find where ]@ is parallel to d,,, we
need to find x, y and ¢ such that c@ = (fn

PG = d,
c<2 —z,2—y,z? + y2> = (—2z,—2y,—1).
This implies
c(2—1x)=—-2x
c2-y)=-2
c(z® + %) = -1
In each equation, we can solve for ¢:

—2z —2y -1

2z 2-y a22+y?

C =

Figure 14.4.9 Graphing a surface with
a normal line from Example 14.4.8


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_tpl3.html

CHAPTER 14. FUNCTIONS OF SEVERAL VARIABLES, CONTINUED 782

The first two fractions imply = = y, and so the last fraction can be rewrit-
tenasc = —1/(222). Then
—2x -1
2—x 222
—2z(22%) = —1(2 — 2)
403 =2 —x

42 + -2 =0.

This last equation is a cubic, which is not difficult to solve with a numeric
solver. We find that z = 0.689, hence P = (0.689,0.689,1.051). We
find the distance from @ to the graph of fis

H}@H — /(2 0.689)2 + (2 — 0.689) + (2 — 1.051)2 = 2.083.

We can take the concept of measuring the distance from a point to a surface
to find a point @ a particular distance from a surface at a given point P on the
surface.

Example 14.4.11 Finding a point a set distance from a surface.

Let f(z,y) = x—y*+3. Let P = (2,1, f(2,1)) = (2,1,4). Find points
@ in space that are 4 units from the graph of f at P. That s, find @ such
that H]@H =4and 1@ is orthogonal to f at P.

Solution. We begin by finding partial derivatives:

fe(z,y) =1 = fe(2,1)=1
folmy)==2y = f,(2,1)=-2

The vector 77 = (1, —2, —1) is orthogonal to f at P. For reasons that will
become more clear in a moment, we find the unit vector in the direction
of 7:

7
72|

Thus a the normal line to f at P can be written as

ﬁ:

= <1/\/6, —2/7/6, —1/\/6> ~ (0.408, —0.816, —0.408) .

() = (2,1,4) + £ (0.408, —0.816, —0.408) .

An advantage of this parametrization of the line is that letting t = ¢y
gives a point on the line that is |¢o| units from P. (This is because the
direction of the line is given in terms of a unit vector.) There are thus
two points in space 4 units from P:

Q1 =1n(4) Q2 =, (—4)
~ (3.63,-2.27,2.37) ~ (0.37,4.27,5.63)

The surface is graphed along with points P, 01, Q)2 and a portion of the

normal line to f at P. Figure 14.4.12 Graphing the surface
in Example 14.4.11 along with points
4 units from the surface
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14.4.3 Tangent Planes

We can use the direction of the normal line to define a plane. Witha = f,.(xo, yo),
b= f,(x0,y0) and P = (zq,yo, f(zo, o)), the vector i = (a, b, —1) is orthog-
onalto f at P. (See Definition 11.3.10.) The plane through P with normal vector
71 is therefore tangent to f at P.

Definition 14.4.13 Tangent Plane. When we introduced the tangent
plane in Section 11.3, we com-

Let z = f(z,y) be differentiable on a set S containing (xo, o), puted the normal vector to be

where a = fy(20,%0), b = fy(x0,%), 7 = {(a,b,—1) and P = i = (= fz(x0,Y0), — fy(z0,Y0), 1).

(20, Y0, f (0, 90))- Here, for convenience, we take

The plane through P with normal vector 77 is the tangent plane to f at the negative of this vector, and

P. The standard form of this plane is use @ = {fz (20, Y0), fy(x0, o), —1).

a(x —x0) +b(y — yo) — (Z - f(mo,yo)) =0.

Example 14.4.14 Finding tangent planes.

Find the equation of the tangent plane to z = —22 — % + 2 at (0, 1).

Solution. Note that this is the same surface and point used in Exam-
ple 14.4.8. There we found 77 = (0, —2,—1) and P = (0, 1,1). There-
fore the equation of the tangent plane is

—2y—-1)—(—1)=0.

The surface z = —x? — y? + 2 and tangent plane are graphed in Fig-
ure 14.4.15.

Example 14.4.16 Using the tangent plane to approximate function val-
ues.

Figure 14.4.15 Graphing a surface

The point (3, —1, 4) lies on the graph of an unknown differentiable func- with tangent plane from Exam-

tion f where f,(3,—1) = 2 and f,(3, —1‘) =-1/2. .Find the equation ple 14.4.14
of the tangent plane to f at P, and use this to approximate the value of
£(2.9,-0.8).

Solution. Knowing the partial derivatives at (3, —1) allows us to form
the normal vector to the tangent plane, i = (2,—1/2, —1). Thus the
equation of the tangent line to f at P is:

2x—-3)—-1/2(y+1)—(2—4)=0=>2=2(x—3)—1/2(y+ 1) +4.
(14.4.1)
Just as tangent lines provide excellent approximations of curves near
their point of intersection, tangent planes provide excellent approxima-
tions of surfaces near their point of intersection. So f(2.9,—0.8) =~
2(2.9,-0.8) = 3.7.
This is not a new method of approximation. Compare the right hand
expression for z in Equation (14.4.1) to the total differential:

dz = fpdx + fydyandz = _2 (v —3)+-1/2(y+1)+4.
N N - —

fa dzx fy dy

dz

Thus the “new z-value” is the sum of the change in z (i.e., dz) and the
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old z-value (4). As mentioned when studying the total differential, it is
not uncommon to know partial derivative information about a unknown
function, and tangent planes are used to give accurate approximations
of the function.

14.4.4 The Gradient and Normal Lines, Tangent Planes

The methods developed in this section so far give a straightforward method of
finding equations of normal lines and tangent planes for surfaces with explicit
equations of the form z = f(z,y). However, they do not handle implicit equa-
tions well, such as 22 4+ y2 + 22 = 1. There is a technique that allows us to find
vectors orthogonal to these surfaces based on the gradient.

Definition 14.4.17 Gradient.

Let w = F(x,y,z) be differentiable on a set D that contains the point
(w0, Yo, 20)-

1. The gradient of F is VF(z,y,z) =
<fa:(13; Y, Z)a f’tj(xa Y, Z), fz(l'7 Y, Z)>

2. The gradient of F' at (xq, Yo, 20) is
VF(z0,%0, 20) = {fz(20, %0, 20), fy(Z0, Y0, 20), f=(x0, Yo, 20)) -

Recall that when z = f(x,y), the gradient Vf = (f, f,) is orthogonal
to level curves of f. An analogous statement can be made about the gradient
VF, where w = F(z,y,z). Given a point (z¢, yo, 20), let ¢ = F(zo, Yo, 20)-
Then F(xz,y,z) = cis a level surface that contains the point (o, yo, 29). The
following theorem states that V F'(z, yo, 20) is orthogonal to this level surface.

Theorem 14.4.18 The Gradient and Level Surfaces.

Let w = F(x,y, z) be differentiable on a set D containing (o, Yo, 20)
with gradient V F', where F(xq, yo, 20) = ¢

The vector V F'(z9, yo, 20) is orthogonal to the level surface F'(x,y, z) =
cat (zo, Yo, 20)-

The gradient at a point gives a vector orthogonal to the surface at that point.
This direction can be used to find tangent planes and normal lines.

Example 14.4.19 Using the gradient to find a tangent plane.

Find the equation of the plane tangent to the ellipsoid f—; + % + % =1
at P =(1,2,1).

Solution. We consider the equation of the ellipsoid as a level surface of

a function F' of three variables, where F(z,y, z) = % + % + é. The
gradient is:

VF(z,y,2) = (Fy, Fy, F,)

S \6’3’2/°

At P, the gradientis VF(1,2,1) = (1/6,2/3,1/2). Thus the equation
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of the plane tangent to the ellipsoid at P is

%(m—1)+§(y*2)+%(2*1):0-

The ellipsoid and tangent plane are graphed in Figure 14.4.20.

To understand why Theorem 14.4.18 is true, recall the method of implicit
differentiation given in Subsection 14.2.2. A level surface f(x,y, z) = 0 can be
viewed as defining z = g(x, y) implicitly. We found that the partial derivatives
of z with respect to x and y are then given by

0z _ _ falwy,2) 0z _ _ fy(wy2)
o~ ®y) = fo(x,y,2) Oy =9(@y) = fZ(x,y,z)'

If we plug these values into the tangent plane equation
z = g(a,b) + gz(a,b)(x — a) + gy(a, b)(y — b)
we get, with ¢ = g(a, b),

~ fa(a,b0) o) — fyla,b,0)
fz(a,b,c)( ) fz(a,b,c) (y=0).

If we move everything to the left-hand side of the equation and multiply through
by f.(a,b,c), we get

fx(a’v b7 C)(JE - a) + fy(avb’ C)(y - b) + fz(a7b7 C)(Z - C) =0,

which is the equation of a plane with normal vector V f(a, b, ¢).

Figure 14.4.20 An ellipsoid and its tan-
gent plane at a point

zZ=cC

Example 14.4.21 Finding the tangent plane of a level surface.

Determine the equation of the tangent plane to the level surface
22yz3 — sin(z — 32) + 4zy? — 3yz = 0 at the point (3,0,1). (Note
that this is the same problem as Example 14.2.15.)

Solution. With f(x,v,2) = 22yz3 —sin(z — 32) +4xy? — 3yz we have

fo(x,y, 2) = 20y2® — cos(x — 32) + 4y° f=(3,0,1) = -1
fy(z,y,2) = 2%2° 4+ 8xy — 32 f,(3,0,1) =6
fo(x,y, 2) = 32%y2* + 3cos(x — 32) — 3y £.(3,0,1) = 3.

The equation of the tangent plane is therefore
—1(z—-3)+6y+3(z—1)=0.

Note that solving for z gives z = 1 + & (x — 3) — 2y, which is the same
result as Example 14.2.15.

Tangent lines and planes to surfaces have many uses, including the study of
instantaneous rates of changes and making approximations. Normal lines also
have many uses. In this section we focused on using them to measure distances
from a surface. Another interesting application is in computer graphics, where
the effects of light on a surface are determined using normal vectors.

The next section investigates another use of partial derivatives: determining
relative extrema. When dealing with functions of the form y = f(z), we found
relative extrema by finding = where f’(z) = 0. We can start finding relative
extrema of z = f(x,y) by setting f, and f, to 0, but it turns out that there is
more to consider.


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_tpl8.html
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14.4.5 Exercises

Terms and Concepts

=

Explain how the vector v = (1, 0, 3) can be thought of as having a “slope” of 3.
Explain how the vector ¥ = (0.6, 0.8, —2) can be thought of as having a “slope” of —2.

True or False? Let z = f(z,y) be differentiable at P. If 77 is a normal vector to the tangent plane of f at P, then
7i is orthogonal to ¢, and ¢, at P. (O True [ False)

4.  Explaininyour own words why we do not refer to the tangent line to a surface at a point, but rather to directional
tangent lines to a surface at a point.

Problems

Exercise Group. Afunction f(x,y), avector ¢ and a point P are given. Give the parametric equations of the following
directional tangent lines to z = f(z,y) at P:

(@) £.(t)
(b) £,(t)
(c) £z (t), where i is the unit vector in the direction of ©.

5. f(x,y) =22%y — 42y, 7= (1,3), P = (2,3). 6. f(z,y) =3cos(x)sin(y), v =(1,2),

P = (n/3,m/6)
7.  f(z,y) =3z -5y, v=(1,1), P = (4,2). 8. flwy) =22-22—y’+4y,7=(1,1),
P=(1,2)

Exercise Group. A function f(x,y) and a point P are given. Find the equation of the normal line to z = f(z,y) at
P. Note: these are the same functions as in Exercises 5-8.

9.  f(z,y) = 22%y — day?, P = (2,3). 10. f(x,y) = 3cos(z)sin(y) and P = (7/3,7/6)
11.  f(z,y) =3z — b5y, P = (4,2). 12. f(z,y)=2? -2z —y*+4yand P = (1,2)

Exercise Group. A function f(x,y) and a point P are given. Find the two points that are 2 units from the surface
z = f(x,y) at P. Note: these are the same functions as in Exercises 5-8.

13.  f(z,y) = 22%y — day?, P = (2,3). 14.  f(z,y) = 3cos(z)sin(y), P = (7/3,7/6).

15. f(xz,y) =3z — 5y, P = (4,2). 16.  f(z,y) = 2% —2x —y? +4y, P = (1,2).

Exercise Group. A function f(z,y) and a point P are given. Find an equation of the tangent plane to z = f(z,y) at
P. Note: these are the same functions as in Exercises 5-8.

17.  f(x,y) = 22%y — day?, P = (2,3). 18. f(x,y) = 3cos(x)sin(y), P = (x/3,7/6).
19. f(z,y) =3z — 5y, P = (4,2). 20. f(z,y)=2*—-2zx—y?+4y, P=(1,2)

Exercise Group. An implicitly defined function of z, ¥ and z is given, along with a point P that lies on the surface.
Use the gradient V F' to:

(a) find the equation of the normal line to the surface at P, and

(b) find the equation of the plane tangent to the surface at P.

2 2 2 2 22 2 .
21, %erer%:l,atp:(L\/ﬁ,\/é) 2. -5 - =0atP=(4-35

23. wxy? —x22=0,atP=(2,1,-1) 24. sin(zy) +cos(yz) = 1,at P = (2,7/12,4)
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14.5 Extreme Values

14.5.1 Critical Points of Functions of Two Variables

Given afunction f(x, y), we are often interested in points where z = f(z,y)
takes on the largest or smallest values. For instance, if f represents a cost func- youtu.be/watch?v=smAvod2dFsw
tion, we would likely want to know what (z, y) values minimize the cost. If f
represents the ratio of a volume to surface area, we would likely want to know
where f is greatest. This leads to the following definition.

Figure 14.5.1 Introducing extreme
values for functions of several vari-
ables

Definition 14.5.2 Relative and Absolute Extrema.

Let z = f(x,y) be defined on a set S containing the point P = (g, yo)-

1. If f(zo,y0) > f(x,y) for all (x,y) in S, then f has an absolute
maximum at P If f(zg,y0) < f(z,y) for all (z,y) in S, then f
has an absolute minimum at P.

2. If there is an open disk D containing P such that f(zo,y0) >
f(z,y) for all points (z, y) that are in both D and .S, then f has a
relative maximum at P. If there is an open disk D containing P
such that f(zo,y0) < f(z,y) for all points (z, y) that are in both
D and S, then f has a relative minimum at P.

3. If f has an absolute maximum or minimum at P, then f has an ab-
solute extremum at P. If f has a relative maximum or minimum
at P, then f has a relative extremum at P.

If f has a relative or absolute maximum at (z, yo), it means every curve on
the graph of f through (zo, yo, f (20, o)) will also have a relative or absolute
maximum at P. Recalling what we learned in Section 3.1, the slopes of the tan-
gent lines to these curves at P must be 0 or undefined. Since directional deriv-
atives are computed using f, and f,, we are led to the following definition and
theorem.

Definition 14.5.3 Critical Point.

Let z = f(z,y) be continuous on a set S. A critical point P = (z, yo)
of fisapointin S such that, at P,

e fz(zo,y0) = 0and fy(xo,y0) = 0, or

o fu(xo,yo) and/or fy,(xo, yo) is undefined.

Theorem 14.5.4 Critical Points and Relative Extrema.

Let z = f(z,y) be defined on an open set S containing P = (z, yo). If
f has a relative extrema at P, then P is a critical point of f.

Therefore, to find relative extrema, we find the critical points of f and de-
termine which correspond to relative maxima, relative minima, or neither. The
following examples demonstrate this process.

youtu.be/watch?v=smAvod2dFsw

Figure 14.5.5 Finding critical points


https://www.youtube.com/watch?v=smAvod2dFsw
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Example 14.5.6 Finding critical points and relative extrema.

Let f(z,y) = 2% + y? — 2y — o — 2. Find the relative extrema of f.
Solution. We start by computing the partial derivatives of f:

fe(r,y) =20 —y—1 and fy(w,y) =2y — .

Eachis never undefined. A critical point occurs when f,, and f, are simul-
taneously 0, leading us to solve the following system of linear equations:

2c—y—1=0 and —z+4+2y=0.

This solution to this system is z = 2/3, y = 1/3. (Check that at
(2/3,1/3), both f, and f, are0.)

The graphin Figure 14.5.7 shows f along with this critical point. Itis clear
from the graph that this is a relative minimum; further consideration of
the function shows that this is actually the absolute minimum.

Example 14.5.8 Finding critical points and relative extrema.

Let f(z,y) = —v/ 2% + y2 + 2. Find the relative extrema of f.
Solution. We start by computing the partial derivatives of f:

—x —y

fe(z,y) = \/TTy? and Jy(z,y) = \/TTy?

Itis clear that f, = Owhenz = 0 &y # 0, and that f, = Owheny =0
&z # 0. At (0,0), both f, and f, are not 0, but rather undefined. The
point (0, 0) is still a critical point, though, because the partial derivatives
are undefined. This is the only critical point of f.

The graph of f is plotted in Figure 14.5.9 along with the point (0, 0, 2).
The graph shows that this point is the absolute maximum of f.

In each of the previous two examples, we found a critical point of f and then
determined whether or not it was a relative (or absolute) maximum or minimum
by graphing. It would be nice to be able to determine whether a critical point
corresponded to a max or a min without a graph. Before we develop such a test,
we do one more example that sheds more light on the issues our test needs to
consider.

Example 14.5.10 Finding critical points and relative extrema.

Let f(x,y) = 23 — 3z — y? + 4y. Find the relative extrema of f.
Solution. Once again we start by finding the partial derivatives of f:

folw,y) =32 =3  and  fy(z,y)=—2y+4.

Each is always defined. Setting each equal to 0 and solving for x and y,
we find

folz,y) =0= 2z ==+1
fy(z,y) =0=y =2

We have two critical points: (—1,2) and (1,2). To determine if they

IS

Figure 14.5.7 The surface in Exam-
ple 14.5.6 with its absolute minimum
indicated

Figure 14.5.9 The surface in Exam-
ple 14.5.8 with its absolute maximum
indicated


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_multi_extreme1.html
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correspond to a relative maximum or minimum, we consider the graph
of fin Figure 14.5.11.

The critical point (—1,2) clearly corresponds to a relative maximum.
However, the critical point at (1,2) is neither a maximum nor a mini-
mum, displaying a different, interesting characteristic.

If one walks parallel to the y-axis towards this critical point, then this
point becomes a relative maximum along this path. But if one walks
towards this point parallel to the x-axis, this point becomes a relative
minimum along this path. A point that seems to act as both a max and
a min is a saddle point. A formal definition follows.

Definition 14.5.12 Saddle Point.

Let P = (x0,%o) be in the domain of f where f, = 0 and f, = 0 at
P. We say P is a saddle point of f if, for every open disk D containing
P, there are points (z1,y1) and (x2,y2) in D such that f(zo,y0) >

f(z1,91) and f(z0,90) < f(72,y2).

At a saddle point, the instantaneous rate of change in all directions is 0 and
there are points nearby with z-values both less than and greater than the z-value
of the saddle point.

Before Example 14.5.10 we mentioned the need for a test to differentiate be-
tween relative maxima and minima. We now recognize that our test also needs
to account for saddle points. To do so, we consider the second partial derivatives
of f.

Recall that with single variable functions, such as y = f(z), if f"(¢) > 0,
then f is concave up at ¢, and if f/(c) = 0, then f has a relative minimum at
x = c. (We called this the Second Derivative Test.) Note that at a saddle point, it
seems the graph is “both” concave up and concave down, depending on which
direction you are considering.

It would be nice if the following were true:

fre and fy, >0 = relative minimum
Jzzand fy, <0 = relative maximum
fzz and fy, have opposite sighs = saddle point.

However, this is not the case. Functions f exist where f., and f,, are both
positive but a saddle point still exists. In such a case, while the concavity in
the z-direction is up (i.e., f. > 0) and the concavity in the y-direction is also
up (i.e., fyy > 0), the concavity switches somewhere in between the z- and
y-directions.

To account for this, consider D = f.. fyy — fuy fyz- Since fr, and f,, are
equal when continuous (refer back to Theorem 11.3.15), we can rewrite this as
D = foxfyy — ﬁy. D can be used to test whether the concavity at a point
changes depending on direction. If D > 0, the concavity does not switch (i.e.,
at that point, the graph is concave up or down in all directions). If D < 0, the
concavity does switch. If D = 0, our test fails to determine whether concavity
switches or not. We state the use of D in the following theorem.

Theorem 14.5.13 Second Derivative Test.

Let R be an open set on which a function z = f(x,y) and all its first
and second partial derivatives are defined, let P = (x¢, yo) be a critical

Figure 14.5.11 The surface in Exam-
ple 14.5.10 with both critical points
marked
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point of f in R, and let

D = fre(20,Y0) fyy (20, Y0) — ffy(:vo,yo)-

1. If D > 0and f..(xo,y0) > 0, then f has a relative minimum at
P.

2. IfD > 0and f..(xo,y0) < 0, then f has a relative maximum at
P.

3. If D < 0, then f has a saddle point at P.

4. If D = 0, the test is inconclusive.

We first practice using this test with the function in the previous example,

where we visually determined we had a relative maximum and a saddle point. .
youtu.be/watch?v=xapleuljzww

Example 14.5.15 Using the Second Derivative Test. Figure 14.5.14 Presenting the second

i . derivative test
Let f(z,y) = 23 — 32 — y? + 4y as in Example 14.5.10. Determine erivative tes

whether the function has a relative minimum, maximum, or saddle point
at each critical point.

Solution. We determined previously that the critical points of f are
(—1,2) and (1, 2). To use the Second Derivative Test, we must find the
second partial derivatives of f:

fwaGx; fyy:_2§ fa:y:O-

Thus D(z,y) = —12z.

At (-1,2): D(-1,2) =12 > 0, and f;,(—1,2) = —6. By the Second
Derivative Test, f has a relative maximum at (—1, 2).

At (1,2): D(1,2) = —12 < 0. The Second Derivative Test states that f
has a saddle point at (1, 2).

The Second Derivative Test confirmed what we determined visually.

Example 14.5.16 Using the Second Derivative Test.

Find the relative extrema of f(z,y) = 2%y + y? + .
Solution. We start by finding the first and second partial derivatives of

f:
fo=2zy+y fy=2*+2y+ux
foy =22 +1 fye =22+ 1.

We find the critical points by finding where f, and f, are simultaneously
0 (they are both never undefined). Setting f,. = 0, we have:

fo=0=>2zy+y=0=y2zr+1)=0.

This implies that for f, = 0, eithery =0or2x +1 = 0.
Assume y = 0 then consider f, = 0:

fy:O
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224+ 2y+x=0, and since y = 0, we have
2 4+r=0
z(x+1)=0.
Thus if y = 0, we have either x = 0 or z = —1, giving two critical points:

(=1,0) and (0, 0).
Going back to f,, now assume 2z + 1 = 0, i.e., that x = —1/2, then
consider f, = 0:

fy=0
2+ 2y+x =0, and since x = —1/2, we have
1/4+2y—1/2=0
y=1/8.

Thus if z = —1/2, y = 1/8 giving the critical point (—1/2,1/8).

With D = 4y — (2x + 1), we apply the Second Derivative Test to each
critical point.

At (—1,0), D < 0,50 (—1,0) is a saddle point.

At (0,0), D < 0,s0 (0, 0) is also a saddle point.

At (-1/2,1/8), D > 0and fz, > 0,50 (—1/2,1/8) is a relative mini-
mum.

Figure 14.5.17 shows a graph of f and the three critical points. Note
how this function does not vary much near the critical points — that is,
visually it is difficult to determine whether a point is a saddle point or
relative minimum (or even a critical point at all!). This is one reason why
the Second Derivative Test is so important to have.

14.5.2 Constrained Optimization

When optimizing functions of one variable such as y = f(z), we made use of
Theorem 3.1.4, the Extreme Value Theorem, that said that over a closed interval
I = [a, b], a continuous function has both a maximum and minimum value. To
find these maximum and minimum values, we evaluated f at all critical points
in the interval, as well as at the endpoints (the “boundary”) of the interval.

A similar theorem and procedure applies to functions of two variables. A
continuous function over a closed set also attains a maximum and minimum
value (see the following theorem). We can find these values by evaluating the
function at the critical values in the set and over the boundary of the set. After
formally stating this extreme value theorem, we give examples.

Theorem 14.5.19 Extreme Value Theorem.

Let z = f(x,y) be a continuous function on a closed, bounded set S.
Then f has a maximum and minimum value on S.

Example 14.5.20 Finding extrema on a closed set.

Let f(z,y) = 22 —y*+5and let S be the triangle with vertices (—1, —2),
(0,1) and (2, —2). Find the maximum and minimum values of f on S.

Solution. It can help to see a graph of f along with the set S. In

Figure 14.5.17 Graphing f from Exam-
ple 14.5.16 and its relative extrema

youtu.be/watch?v=XysapWrA7eA

Figure 14.5.18 Two more examples
with classification of critical points
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Figure 14.5.21(a) the triangle defining .S is shown in the xy-plane in a
dashed line. Above it is the graph of f; we are only concerned with the
portion of the surface z = f(x,y) enclosed by the “triangle”.

o7 =

(a) (b)

Figure 14.5.21 Plotting the graph of f along with the restricted domain
S'in Example 14.5.20

We begin by finding the critical points of f. With f, = 2z and f, = —2y,
we find only one critical point, at (0, 0).

We now find the maximum and minimum values that f attains along
the boundary of S, that is, along the edges of the triangle. In Fig-
ure 14.5.21(b) we see the triangle sketched in the plane with the equa-
tions of the lines forming its edges labeled.

Start with the bottom edge, along the line y = —2. If y is —2, then
on the surface, we are considering points f(x, —2); that is, our function
reduces to f(x, —2) = 2% — (—2)? + 5 =22 + 1 = f1(x). We want to
maximize/minimize f;(z) = 2% + 1 on the interval [—1, 2]. To do so, we
evaluate fi(x) at its critical points and at the endpoints.

The critical points of f; are found by setting its derivative equal to O:

fi(x)=0 =z =0.
Evaluating f; at this critical point, and at the endpoints of [—1, 2] gives:

fi(=1) =2 = f(=1,-2)=2
f1(0) =1 = £(0,-2)=1
fi(2) =5 = f(2,-2) =5.

Notice how evaluating f; at a point is the same as evaluating f at its
corresponding point.

We need to do this process twice more, for the other two edges of the
triangle.

Along the left edge, along the line y = 3x + 1, we substitute 3z + 1 in

foryin f(x,y):
flz,y) = f(x,30+1) = 2 = (32+1)*+5 = 82> —6x+4 = fo(x).

We want the maximum and minimum values of f; on theinterval [—1, 0],
so we evaluate f5 at its critical points and the endpoints of the interval.
We find the critical points:

fo(r) =162 —6=0 = x=—3/8.
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Evaluate f5 at its critical point and the endpoints of [—1, 0]:

fa(=1) =2 = f(=1,-2)=2
f2(—3/8) = 41/8 = 5.125 = f(—3/8,-0.125) = 5.125
f2(0) =4 = £(0,1) = 4.

Finally, we evaluate f along the right edge of the triangle, where y =
-3/2x + 1.

The critical points of f5(x) are:
fix)=0 =  z=6/5=12.

We evaluate f3 at this critical point and at the endpoints of the interval
[0, 2]:

4 = f(0,1)=4
f3(12) =58 =  f(1.2,-0.8)=5.8
5 = f(2,-2)=b5.

One last point to test: the critical point of f, (0,0). We find f(0,0) = 5.
We have evaluated f at a total of 7 different places, all shown in Fig-
ure 14.5.21(b). We checked each vertex of the triangle twice, as each
showed up as the endpoint of an interval twice. Of all the z-values found,
the maximum is 5.8, found at (1.2, —0.8); the minimum is 1, found at
(0, —2).

This portion of the text is entitled “Constrained Optimization” because we
want to optimize a function (i.e., find its maximum and/or minimum values) sub-
ject to a constraint — some limit to what values the function can attain. In
the previous example, we constrained ourselves by considering a function only
within the boundary of a triangle. This was largely arbitrary; the function and
the boundary were chosen just as an example, with no real “meaning” behind
the function or the chosen constraint.

However, solving constrained optimization problems is a very important topic
in applied mathematics. The techniques developed here are the basis for solving
larger problems, where more than two variables are involved.

We illustrate the technique once more with a classic problem.

Example 14.5.24 Constrained Optimization.

The U.S. Postal Service states that the girth+length of Standard Post Pack-
age must not exceed 130", Given a rectangular box, the “length” is the
longest side, and the “girth” is twice the width+height.

Given a rectangular box where the width and height are equal, what are
the dimensions of the box that give the maximum volume subject to the
constraint of the size of a Standard Post Package?

Solution. Letw, h and ¢ denote the width, height and length of a rectan-
gular box; we assume here that w = h. The girthis then 2(w+h) = 4w.
The volume of the box is V' (w, £) = whf = w?{. We wish to maximize

Fay) = flz,—3/2041) = 22— (—3/20-+1)245 = —Zm2+3x+4 — fu(a).

Figure 14.5.22 The graph of f along
with important points along the
boundary of S and the interior in
Example 14.5.20

youtu.be/watch?v=dilso_CFgCQ

Figure 14.5.23 Finding extreme val-
ues
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this volume subject to the constraint 4w + ¢ < 130, or ¢ < 130 — 4w.
(Common sense also indicates that £ > 0, w > 0.)

We begin by finding the critical values of V. We find that V,, = 2w/ and
V, = w?; these are simultaneously 0 at points of the form (0,¢). These
give a volume of 0, so we can ignore these critical points.

We now consider the volume along the constraint £ = 130 — 4w. Along
this line, we have:

V(w, ) = V(w,130 —4w) = w? (130 — 4w) = 130w? —4w® = V; (w).

The constraint is applicable on the w-interval [0, 32.5] as indicated in the
figure. Thus we want to maximize V; on [0, 32.5].

Finding the critical values of V7, we take the derivative and set it equal
to O:

260
Vi (w) = 260w—120° = 0 = w(260~12w) = 0= w = 0, 7o- ~ 21.67.

We found two critical values: when w = 0 and when w = 21.67. We
again ignore the w = 0 solution; the maximum volume, subject to the
constraint, comes at w = h = 21.67, £ = 130 — 4(21.6) = 43.33. This
gives a volume of V(21.67,43.33) ~ 20, 343in3.

The volume function V' (w, £) is shown in Figure 14.5.25 along with the
constraint / = 130 — 4w. As done previously, the constraint is drawn
dashed in the xy-plane and also along the graph of the function. The
point where the volume is maximized is indicated.

It is hard to overemphasize the importance of optimization. In “the real
world,” we routinely seek to make something better. By expressing the some-
thing as a mathematical function, “making something better” means “optimize
some function.”

The techniques shown here are only the beginning of an incredibly important
field. Many functions that we seek to optimize are incredibly complex, making
the step of “find the gradient and set it equal to 0” highly nontrivial. Mastery
of the principles here are key to being able to tackle these more complicated
problems.

Figure 14.5.25 Graphing the volume
of a box with girth 4w and length ¢,
subject to a size constraint


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_conopt2.html
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14.5.3 Exercises

Terms and Concepts

1.  True or False? Theorem 14.5.4 states that if f has a critical point at P, then f has a relative extrema at P.
(O True [ False)

2. Trueor False? A point P is a critical point of f if f, and f, are both O at P. (dTrue [ False)
True or False? A point P is a critical point of f if f, or f, are undefined at P. (O True [ False)

4, Explain what it means to “solve a constrained optimization” problem.

Problems

Exercise Group. Find the critical points of the given function. Use the Second Derivative Test to determine if each
critical point corresponds to a relative maximum, minimum, or saddle point.

5. f(m,y)z%x2+2y2—8y+4a: 6. f(x,y)=2>+4x+y?>—9y+ 3zy
7. flz,y) = 2% + 3y — 6y + 4oy f@,y) = ey

9. flzy)=2"+y"-3y+1 10. f(z,y)=32° -2+ 30° — 4y

1. f(x,y) = 2%y? 12, f(x,y) =a* — 222 +y> - 27y — 15
13 f(ry) = V6= (@32 4. foy) = /TP

Exercise Group. Find the absolute maximum and minimum of the function subject to the given constraint.
15. Let f(z,y) = 2% + y? + y + 1, constrained to 16. Let f(x,y) = 5z — Ty, constrained to the
the triangle with vertices (0,1), (—1,—1) and region bounded by y = z? and y = 1.
(L,=1). .

17.  f(z,y) = 2 + 2z + y* + 2y, constrained to 18. f(z,y) = 3y — 222, constrained to the region
the region bounded by the circle 2% + y2 = 4. bounded by the parabola y = 2% + z — 1 and
theliney = z.
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14.6 The Derivative as a Linear Transformation

We defined what it means for a real-valued function of two variables to be dif-
ferentiable in Definition Definition 14.1.3 in Section 14.1.

The definition there easily extends to real-valued functions of three or more
variables, but it leaves unanswered a couple of natural questions:

1. What about vector-valued functions of several variables? (That is, func-
tions f with a domain D C R"™ and range in R" for some m > 1.)

2. What is the derivative of a function of several variables? After all, we know
how to define f’(x) and #'(¢) for real or vector-valued functions of one
variable.

One might be tempted at first to simply mimic the definition of the derivative
from Chapter 2, but we quickly run into trouble, for a reason that is immediately
obvious.

Let @ be a fixed point in R”, and let h represent a point (hi, ha, ..., hy,).
Since we're treating h and @ as vectors, we can add them, and write down the
limit

, hot

(Note that division by a vector is nonsense, so we must divide by Hi_i

f_i.) But of course, we know that this limit does not exist, because it depends
on the direction in which & approaches 0! Indeed, if h = hior hf, we get a
partial derivative, and for any unit vector , setting h= h gives us a directional
derivative, and we know from Section 14.3 that a directional derivative depends
on 4. It seems this approach is doomed to failure. What can we try instead?

14.6.1 The Definition of the Derivative

The key to generalizing the definition of the derivative given in Definition 2.1.7
in Chapter 2 is remembering the following essential property of the derivative:
the derivative f’(a) is used to compute the best linear approximation to f at a.
Indeed, the linearization of f at a is the linear function

Ly(z) = f(a) + f'(a)(z — a). (14.6.1)

That this is the best linear approximation of f at a can be understood as fol-
lows: first, note that the graph y = L, (x) is simply the equation of the tangent
linetoy = f(x) at a. Second, note that the difference between f(z) and L, (x)
vanishes faster than the difference x — a as x approaches a:

im f(ff)x—_Laa(w) - Iim fx) - (f(a;tJ;’(a)(x —a))
= tm, (M= 0z

= ['(a) ~ ['(a) = 0.

While the definition of the derivative doesn’t generalize well to several vari-
ables, the notion of linear approximation does. Recall from your first course in
linear algebra that, given any m x n matrix A, we can define a function T, called

To simplify notation, we shift fo-
cus slightly and represent points
in R™ by their position vectors,
and think of functions of several
variables as functions of a vec-
tor variable. For example, we'll

write f(Z) instead of f (21, 2, ..., 2n).

youtu.be/watch?v=Ss4wvGRb6L8

Figure 14.6.1 Defining differentiabil-
ity in general

In general, we say that two real-
valued functions of one variable
f and g agree to first order at a
if

i @)~ g(@)

T—ra r—a

=0.

The linearization of f at a is the
unique linear function that agrees
with f to first order at a. Going
further, we can say that f and g
agree to order k at a if

o @ —g@l
z—a  (x— a)]~C

For example one could define the

degree n Taylor polynomial of a

function f at a to be the unique

polynomial of degree n that agrees

with f to order k at a.


https://www.youtube.com/watch?v=Ss4wvGRb6L8
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alinear transformation, that takes an n x 1 column vector as input, and produces
anm x 1 column vector as output:

T Y1
ail e A1n y
2
T(@)=Af= |+ - ==
Am1 ot Gmn
T Ym

In the above definition, the product AZ is the usual matrix product of the
m X n matrix A with the n x 1 matrix Z. In this text, we generally do not write
our vectors as columns, so for a vector & = (z1, . . ., x,) we will use the notation

A-T=(anz1+ -+ Apny .o, AGm1T1 + 0+ Gnpln)

to represent the same product in our notation. (And yes, the dot in this product
is intended to remind you of the dot product between vectors: recall that the
(i, j)-entry of a matrix product AB is the dot product of the i row of A with
the jth column of B.) We can now make the following definition.

Definition 14.6.2 Linear function.

A function ¢ from R"™ to R™ will be called a linear function if ¢ is of the

form .
UZ)=M-Z4+0b

for some m x n matrix M and vector b R™.

If we apply the convention of representing points in terms of their position
vectors to the codomain as well as the domain, we can express such a function as
f={f1,..., fn), where each function f; is a real-valued function of n variables.
We want differentiability of f to mean that f has a linear approximation ¢ that
agrees with f to first order at a. Since f(&) and ¢(Z) are now vectors, saying
that £ is a good approximation of f requires that the magnitude || f(Z) — £(Z)||
is small relative to the size of ||Z — @]

Definition 14.6.3 General definition of differentiability.

Let D be an open subset of R™ and let f be a function with domain D
and values in R™. We say that f is differentiable at a point @ € D if
there exists a linear function ¢ : R™ — R™ that agrees with f to first
order at @; that is, if

o 1@ - @)

i—a || % —d

=0.

This definition is going to take a lot of unpacking. First of all, what is this func-
tion £? How do we compute it? Does this definition include Definition 14.1.3
from Section 14.1 as a special case? What about differentiability for vector-
valued functions of one variable, or real-valued functions of one variable?

We will answer the first two questions in due course. The answer to the rest
is, “Yes.” The above definition generalizes all the definitions of differentiability
we've encountered so far. As afirst step, let us note that for £(¥) = M - £+ b, we
must have ((@) = f(&), or the limit above will not exist. Thus M - @+ b = f(a),
s0b = f(@) — M - @. This tells us that £ must have the following form:

UB)=M-Z+5b

To avoid confusion between the
meaning of linear function in Cal-
culus, and linear transformation
in Linear Algebra, we will use ¢
to denote the former, and 7" to
denote the latter. Notice that if
b = 0 in Definition 14.6.2, then
alinear function is a linear trans-
formation.
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=M -Z+(f(@)—M-a)
fl@) + M- (£ —a). (14.6.2)

This should ring some bells: the form of £ is very similar to that of the lin-
earization given for a function of one variable in Equation (14.6.1) above, with
the matrix M playing the role of f/(a). Perhaps this matrix is the derivative we
seek?

14.6.2 Real-valued functions of several variables

Let f : D C R™ — R be a given function of n variables (you can assume

n = 1,2 or 3 if you prefer). Let us denote a point (21, x2,...,2,) € R™ using
the vector ¥ = (x1,x9,...,x,), so that f(¥) = f(x1,22,...,2,). Letd =
(a1, as,...,a,) denote a fixed point (ay, as,...,a,) € D.

In Section 14.1, we saw that differentiability means that the difference Az =
fl@ 4+ dz,y + dy) — f(z,y) can be approximated by the differential dz =
fz(x,y)dx + f,(x,y) dy. Differentiability was defined to mean that the error
functions £, and E,, defined by

E,dx+ E,dy = Az — dz,

go to zero as {dzx, dy) goes to zero. Let’s rephrase this so that it works for any
number of variables. Recall that the gradient of f at @ € D is the vector V f(a)
defined by

of .., of

Vi@ = (L@ g @ @),

Definition 14.6.4 The linearization of a function of several variables.

Let f be continuously differentiable on some open set D C R™, and let
d € D. The linearization of f at @ is the function Lz(Z) defined by

La(%) = f(a@) + Vf(@) - (Z - a).

When n = 1, we get the linearization L, (z) = f(a) + f'(a)(x — a), which
is the usual linearization from Calculus 1. (You might also notice that L, (x) is
the first-degree Taylor polynomial of f about z = a. The same is true of the
linearization of f for more than one variable, although we will not be considering
Taylor polynomials in several variables.)

For n = 2, we get the linear approximation associated to the total differen-
tial:

Liayy(2,y) = f(a,0) + {fz(a,b), fy(a, b)) - (z — a,y = b)
= f(a,0) + fo(a,b)(z — a) + fy(a,b)(y - b).

Compare this with Equation (14.6.2) above. It seems that the gradient V f (@)
is our matrix M in this case: for a real-valued function, m = 1, so we expect
a 1 x n row matrix, and the gradient certainly can be interpreted to fit that
description.

For real-valued functions, Definition 14.6.3 becomes the following:

If the point @ € D at which we
are considering the linearization
is fixed, or clear from context in
agiven problem, we candrop the
subscript in the notation, and sim-
ply write L(Z) instead of Lz(Z).

Viewing the gradient Vf as a
1 x n matrix M, the product M -
Z defined above isindeed exactly
the same as the usual dot prod-
uct Vf(a) - Z.
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Definition 14.6.5 Differentiability of real-valued functions.

We say that f is differentiable at @ € D if V f(a) exists, and f(Z) and
Lz(Z) agree to first order at a; that is, if

@) =L@ _

i—a |2 —d Ta |2 — |

What this definition says is that the linearization Lz (%) is a good linear ap-
proximationto f atd. Infact, it's the only (and hence, best) linear approximation:
if a linear approximation exists, it has to be Lz(&).

If you want to see why this has to be true, recall that since the above limit
exists, we have to be able to evaluate it along any path we like. Suppose we

chose the path

’F(t) = <h7a27"'7an>'
ThenZ — @ = (h,0,...,0) = hi, and our definition becomes:
.| flar + hyag,...,an) — f(ar,a2,...,a,)  Of
I - = =
hILnO L 81’1 (ala ag, 3 an) 07

which is just another way of stating the definition of the partial derivative with
respect to x1. Of course, approaching along any of the other coordinate direc-
tions will similarly produce the other partial derivatives.

Recall that in one variable, the derivative is often written instead in terms of

h = x — a, so that
fla+h) - f(a)

/ .
a) = lim
fla) h—0 h
In more than one variable, we can define h; = x; — a;,fort = 1,...,n, or the

corresponding vector h = # — @. The definition of differentiability then can be
written as

im @+ = f@ =V f@)-hl _

4 (14.6.3)
h—0 12l

Note that we want the difference between f(@ + h) and Lz(h) to go to zero
faster than ||k2|| goes to zero, and that it only makes sense to divide by the length
of f_i, since division by a vector (or the corresponding point) is not defined.
Let’s returnto n = 2 and Definition 14.1.3 from Section 14.1. If we write /1 =
(dx, dy), then f(@+h)— f(@) = Az, and V f(@)-h = dz, and Equation (14.6.3)

becomes
|Az —dz| . |Eydr+ E,dz|

lim =0,

o i ios [{de, dy)]
which is another way of saying that the error terms E, I/, must vanish as dx
and dy approach zero. Success! Definition 14.6.3 is indeed a generalization of
Definition 14.1.3.

Note that we've also generalized Definition 2.1.7 for functions of one vari-
able as well: Equation (14.6.3) becomes

fla+h) = f(a)

li
m h

h—0

- @] =0,

which is just another way of re-writing the usual definition of the derivative. In
fact, we've also generalized Definition 13.2.10 from Chapter 13 for differentia-
bility of vector-valued functions: all we have to do is write our vector-valued
function as a column matrix.

Recall that

\/(.’131 - a1)2 + -+ (xn - an)2

is the distance from & to d@. In
general, we would say that two
functions f(Z) and g(Z) “agree
up to order k” at d if

f@ 9@ _ o

ine |7 — |

As an exercise, check that, forn =
1, two functions f and g agree
up to order k at a if and only if
their degree k Taylor polynomi-
als are equal. (A similar statement
istrue in more than one variable.)
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For )
z1(1) xli(t)
iy = | Y and o = S
_xm(t) xm/(t)
we have )
’1@0 E(F(a +h) —7(a)) —7(a)|| =0,

which again reproduces the definition of 7/ (a).

One of the results we learn in Calculus | is that differentiability implies con-
tinuity. The situation is no different in general, and with our new definition of
differentiability, an easy proof is possible.

Theorem 14.6.6 Differentiability implies continuity.

If f: D CR"™ — Risdifferentiable at a € D, then f is continuous at a.

Proof. Suppose that f is differentiable at @. Then we know that

@)~ La@) _ | J@) = [(@) - V(@) (7 —a)

f—a ||&—d| f—a |2 — d]|

=0.

By the definition of continuity, we need to show that lim f(Z) = f(a@). We have

r—a
that

Thus, taking limits of the above as ¥ — @, we find lim f(Z) = f(@), since
r—a

the first term is a constant (f(@)), the second is the product of two terms that
both go to zero (the first term is zero by the definition of differentiability, and
clearly limz_,z||Z — @|| = 0), and the last term vanishes since it’s linear (and
thus continuous) in Z, and so, by direct substitution,

g@avf@’) (Z—d)=Vf@)- - (@a—a)=0.

14.6.3 Vector-valued functions of several variables

Let us now consider Definition 14.6.3 for general functions f : D C R™ — R™.
If f is differentiable at @, then we must have

i, 1@) — 4]

E—— =0
T—a ||I — CLH
for some linear function ¢(Z). Moreover, we'll see below that (a) the matrix M
is uniquely defined, and (b) M is deserving of the title of “the” derivative of f.
We saw in Equation (14.6.2) above that T" must have the form of a linear
approximation:
0Z) = Lz(Z) = f(@)+ M - (Z— a).
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Let’s compare again to the one variable case: L,(z) = f(a) + f'(a)(x — a).
With this in mind, the matrix M, whatever it is, certainly seems to play the role
of the derivative for general functions from R"” to R™. It remains to determine
the matrix M, and see that there can only be one possibility. To that end, let us
write

C11 C12 Cin

C21 C22 Con
M = . )

Cm1 Cm2 o Cmn

and consider what happens when we let ¥ — @ along different paths.
If we consider the path 1 = a1 + ¢, 22 = as,...,z, = a, (thatis, varying
x1 while holding the other variables constant) then

Z—a={(a1+tas,...,a,) — (al,ag,f,an> = (¢,0,...,0),

so M - (& — @) gives us ¢ times the first column of M, since for each row of M,
the first entry is multiplied by ¢, and the remaining entries are multiplied by zero.
Thus,

M - (f— 6) = <8117621, ey Cm,1>

along this path.
Now we consider the limitas ¢t — 0.

flar +tyas, ... ay,) — fla1,as2,...,a,)

li — 21y - =0.
Jim : (c11,¢215 -y Cm1)| =0
Since (c11, a1, - - - , Cm1 ) IS @ constant vector, from differentiability of f, together

with Definition 14.6.3, we get

lim flar +tyas, ... an) — flar,az,...,a,)

sm / :<0117021,-~~70m1>-

But this limit on the left is just the partial derivative of f with respect to x;!
If we write f(Z) = (f1(Z), f2(Z), ..., fm(Z){, then we have

flai +tas,....an) — flar,a2,. . san) — /Of1 . Of2 Ofm -
~(Fa @ G @),

lim
t—0 t
and this gives us the first column of M! Repeating this for each variable, we see
that the matrix M is exactly the matrix of all the partial derivatives of f. This
matrix is important enough to have a name:

Definition 14.6.7 The Jacobian matrix of a differentiable function.

Let D C R™ be an open subset, and let f : D — R™ be a differentiable
function. At any point @ € D, the Jacobian matrix of f at d, denoted
Df(d), is the m x n matrix defined by

ofh ... Oh
oz Ox .y
Df(a@)=| : :
Ofm ... Ofm
oz Tn

The linear transformation 77z : R™ — R™ defined by T} z(¥) =
Df(a) - Z'is defined to be the derivative of f at .

To keep everything straight, in
this exposition we are going to
write our vectors as column ma-
trices rather than using angle bracket
notation.
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Notice that if f is differentiable, the Jacobian matrix is the only matrix that
can fit the definition: the fact that the limit must be zero along a path parallel to
one of the coordinate axes forces the matrix M to contain the partial derivatives
of f.

In particular, note that for a function f : R™ — R, we recover the gradient
vector. Technically, the derivative in this sense is a row vector (some might say
dual vector), not a column vector. Note that multiplying a row vector by a column
vector is the same as taking the dot product of two column vectors.

This definition also accounts for parametric curves, viewed as vector-valued
functions of one variable. If r : R — R" defines a parametric curve, then the

"0

z5(t)
derivative r'(t) = . as introduced in Chapter 13 is the same as the one
7, (t)

n
obtained using this definition.

14.6.4 The General Chain Rule

One of the big advantages of representing the derivative of a function of sev-
eral variables in terms of its Jacobian matrix is that the Chain Rule becomes
completely transparent. Arguably, the version of the Chain Rule we're about
to present is even more intuitive than the single-variable version!

Recall that the Chain Rule is all about derivatives of composite functions. In
one variable, given h = f o g, if b = g(a), we have

W(a) = f'(g(a))g'(a) = f'(b)g'(a).
The derivative of the composition is the product of the derivatives of the func-
tions being composed, as long as we take care to evaluate them at the appropri-
ate points.

In Section 14.2 we saw that in several variables, the Chain Rule comes in
various flavours, depending on the number of variables involved in each function
being composed. If we think of derivatives in terms of the Jacobian matrix, then
each of these flavours says exactly the same thing as the original Chain Rule
above!

Theorem 14.6.8 The general Chain Rule (matrix form).

let f: U CR™ — RPandg : V C R*™ — R™ be differentiable
functions, such that the range of g is contained in the domain U of f.
Then the composite function h = f o g is differentiable on V, and for
each @ € V, we have

-,

Dn(d@) = D(f o g)(@) = Df(b)Dyg(a),

where b = ¢(@), and the product on the right is the usual matrix product
of the two Jacobian matrices.

This is a remarkable result. Let’s unpack it in a couple of examples.

Example 14.6.9 Applying the general chain rule.

Let f: U C R? — R be a differentiable function of three variables, and
let 7(t) = (x(t), y(t), 2(t)) be a vector-valued function of one variable.
Use Theorem 14.6.8 to determine a formula for the derivative of h(t) =
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f(7(@))-

Solution. We already know what this derivative should look like from
Section 14.2. The point is to confirm that this is a special case of The-
orem 14.6.8. The Jacobian matrix of f is a 1 x 3 matrix and Jacobian
matrix of 7”’is a 3 x 1 matrix. They are given, respectively, by

Df(@) = [fo(@) fy(Z) f(&)] and D) = |y'(t)

Theorem 14.6.8 then gives us

— — —

W (t) = DF(F(E))DF(t) = fo(r(t)a' (t)+Fy (r()y' () +f=(r(1) 2 (1),

as before. Of course, in this context we usually write D f(Z) as V f(Z)
and D#(t) as 7 (t), and instead of a matrix product, we write a dot prod-
uct. But this is simply a shift in notation — the quantities involved are
no different than before.

Example 14.6.10 Applying the general chain rule.
Let f : U C R?2 — R be a function of 2 variables, andlet g : V C R? —
R? be given by

g(”v ’U) = (x(u, U)a y(u> U))
Given h = f o g, use Theorem 14.6.8 to determine h,, and h,,.
Solution. First we compute the Jacobian matrices for f and g. We have

Dfe.s) = [Flo) fan)] and Dgluo) = 2ot} el
The Chain Rule then gives
Dh(u,v) = [hy(u,v)  hy(u,v)] = Df(h(u,v))Dh(u,v)

Equating coefficients of the first and last matrices, we have, in Leibniz
notation,

oh_ofox _of oy
Oou Odxrdu Oy odu
oh_ofox  0f oy
v Oz dv Oyov

Again, this reproduces another instance of the Chain Rule from Sec-
tion 14.2.

With additional experimentation, you will find that every instance of the
Chain Rule you have previously encountered can be interpreted as a special case
of Theorem 14.6.8. Moreover, a slight shift in interpretation makes this version
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of the Chain Rule even more obvious! (There’s another detour coming, but stick
with us.)

Let us digress briefly and discuss the progression of mathematics from Calcu-
lus to higher math. If you continue on to upper-level undergraduate mathemat-
ics, you will encounter courses in Analysis and Topology. Analysis deals with the
theoretical underpinnings of Calculus: this is where you see all the careful proofs
of theorems that have been omitted from this text. Topology is a further abstrac-
tion of Analysis. In Topology, one studies continuity (and its consequences) at
its most fundamental, abstract level.

The corresponding successors to Calculus in several variables are known as
differential geometry and differential topology. You probably won't encounter
these unless you continue on to graduate studies in mathematics. One of the
core philosophies in these two (closely related) subjects is the following:

Functions map points. Derivatives map tangent vectors.

This can be understood in our context. At any point @ in R™, we can attach a
copy of the vector space R™, thought of as all the possible tangent vectors to
curves passing through that point.

Let7: (a,b) — R™besuchacurve,andlet f : R” — R™ be a differentiable
function. The composite function § = f o 7is then a curve in R™. The point
d = 7(top) on our first curve in R™ becomes a point

b= f(@) = f(F(ty)) = 5(to)

on our new curve in R™. What about tangent vectors?

At the point @, we have the tangent vector ¥ = 7 (ty). What is the tangent
vector to 5(t) at the point b? Onthe one hand, by definition, we have the tangent
vector

W= & (to).

On the other hand, the Chain Rule gives us
§'(to) = (f o7)'(to) = Df(7(t0))i" (to)-
But 7 (to) = ¥, so we have
W= Df(a)- 7.

Multiplying the original tangent vector by the derivative of f gives us the new
tangent vector. Cool!

What's more, we can view this as a linear transformation. Let V denote the
vector space of all tangent vectors at the point @ in R™ (this is just a copy of R")
and let W denote the space of all tangent vectors in R™ at the point b. Then we
have the linear transformation 7' : V' — W given by

T(%) = Df(@) - .

In more advanced Calculus, or Differential Geometry, we view this linear
transformation as the derivative of f at @. Now, recall from Linear Algebra that
matrix multiplication corresponds to the composition of the corresponding lin-
ear transformations: if S(¥) = Av and T'(W) = Bw, and the matrices A and B
are of the appropriate sizes, then

S o T(@) = S(T(@)) = A(BW) = (AB)w.

Suppose we have differentiable functions f : R” — R™ and g : R™ — RP.
Let Ty : R™ — R™ be the linear function given by the derivative of f, and
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let T, : R™ — RP be the linear function given by the derivative of g. The
chain rule is then essentially telling us that the derivative of a composition is the
composition of the derivatives: we have

TyoTy(v) = Ty(Ty(v)) = Df(H)(Dg(2)v) = (D f(g(Z))Dg(F))V = Tog ().
In other words, given the composition

/g_\) /I\/l
R” R™ RP

fog
we have the corresponding composition

Dg(%) Df(9)
4 T
R™ R™ RP

D(fog)(Z)

(But beware of the dual usage of R"™ here. In the first composition, we're
thinking of it as a set of points in the domain of a function. In the second com-
position, we're thinking of it as the set of tangent vectors at a point.)

This turns out to be an extremely powerful way of looking at derivatives and
the Chain Rule. You may want to keep this in mind in later sections, such as when
we consider change of variables in multiple integrals at the end of Chapter 15,
and when we define integrals over curves and surfaces in Chapter 16. We won't
use this language when we get there, but many of the results in those sections
(for example, the formula for surface area of a parametric surface) can be under-
stood according to the two principles we have just seen: functions map points,
while derivatives map tangent vectors, and the derivative of a composition is the
composition of the derivatives.

14.7 Constrained Optimization and Lagrange Multipli-
ers

Let us continue our discussion of constrained optimization begun in Section 14.5.
Theorem 14.5.19 tells us that the Extreme Value Theorem extends to functions
of two variables; in fact, this is true for a function of any number of variables: if
a real-valued function f is continuous on a closed, bounded subset of R™, then
it is guaranteed to have an absolute maximum and minimum.

However, as the number of variables increases, the job of finding these ab-
solute extrema becomes more and more complicated. We saw one approach in
Section 14.5: given a continuous function on a closed, bounded region D, we
first consider critical values on the interior of D. We then restrict our function
f to points on the boundary of D, and attempt to reduce the problem to opti-
mization in one variable.

In many cases, this approach is best accomplished by parametrizing the bound-
ary. We learned how to define parametric curves in the plane in Section 10.2.

Example 14.7.1 Constrained optimization by parametrization.

Find the absolute maximum and minimum values of f(z,y) = 22 —8x—
3y on the disc 22 + y? < 4.
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Solution. First, we check for critical points: We have

which vanishes when (x,y) = (4,0). This critical point is outside our
region, so we do not consider it.

Next, we look for extreme values on the boundary. The boundary of
our region is the circle z2 4+ y? = 4, which we can parametrize using
x = 2cost, y = 2sint, fort € [0,2x]. For (z,y) on the boundary, we
have

f(z,y) = 2* — 8z — 3y> = 4cos’t — 16 cost — 12sin’t = h(t),

a function of one variable, with domain [0, 27].

We learned how to find the extreme values of such a function backin our
first course in calculus: see Section 3.1. We have h(0) = h(271) = —12,
and

h'(t) = —8costsint + 16sint — 24 sint cost = 16sint(1 — 2 cost).

Thus, h/(t) = 0ifsint = 0 (t = 0,m,2m) or cos = 3 (t = 7/3,51/3).
We have already checked that 2(0) = h(27) = —12, so we check the
remaining points:

h(m) = 4(—1)% — 16(—1) = 20
h(n/3) = h(57/3) = 4 (i) —~ 16 (;) —12 (i) = —16.

We see that the absolute maximum is when ¢ = 7: h(7) = f(—2,0) =
20, and the absolute minimum is —16, which occurs when ¢t = /3 and
t = 5m/3, corresponding to the points (1,+/3) and (1, —v/3), respec-
tively.

The above method works well, when it's straightforward to set up. The ad-
vantage is that it reduces the problem of optimization along the boundary to
an optimization problem in one variable, which is something we mastered long
ago.

One downside is that it is not always easy to come up with a parametrization
for a curve. In the above example, the boundary 2 +1? = 4isa level curve: it’s
of the form g(x, y) = c¢. When we're trying to optimize subject to a constraint of
this form, there is another approach, called the method of Lagrange multipliers.

Suppose we are trying to maximize a function f(z,y) subject to a constrain
g(x,y) = c. We could follow the approach given above: find a function 7 :
[a,b] — R? that parametrizes the curve g(z,y) = c. As we saw above, the
maximum (or minimum) should occur at some point ¢ that is a critical number
of h(t) = f((t)); that s, such that

W(to) = V f(7(to)) - " (to) = 0.

This tells us that the gradient V f should be orthogonal to the constraint
curve g(x,y) = c at the point (xg,y0) = (x(t0), y(to)). But we know another
gradient that is orthogonal to this curve: Vg! Recall from Theorem 14.3.9 that
Vg(z,y) is always orthogonal to the level curve g(x, y) = c at points along the
curve.

youtu.be/watch?v=W5ykqB7261c

Figure 14.7.2 Introducing Lagrange
multipliers


https://www.youtube.com/watch?v=W5ykqB7261c
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Let’s sum up: the vectors V f(zo, yo) and Vg(zo, yo) are both orthogonal
to the vector 7(to). We assume that V f(zo,10) # 0, since critical points of
f have already been checked. We also assume that c is a regular value of g,
meaning that there are no critical points of g along the curve g(z,y) = ¢, so
Vg(zo,y0) # 0 as well.

But the only way that two non-zero vectors in the plane can both be orthog-
onal to a third vector is if they're parallel! This means that there must be some
scalar A such that

V f(zo,y0) = AVg(zo, yo)-

We have demonstrated the following:

Theorem 14.7.3 Location of constrained extrema.

Let f and g be continuously differentiable functions of two variables, and
suppose c is a regular value for g. If the function f, when constrained to
the level curve g(x,y) = c has a local maximum or minimum value at a
point (zq, yo), then

V f(x0,90) = AVg(o, yo)

for some scalar \.

Note that there are two possibilities: either A\ = 0, in which case (¢, yo)
is a critical point of f, or A # 0, in which case the level curve of f that passes
through (xg, yo) must be tangent to the curve g(x, y) = c at that point. Putting
Theorem 14.7.3 to use is a matter of solving a system of equations.

( Key Idea 14.7.4 Method of Lagrange Multipliers. ]
To find the maximum and minimum values of a function f of two vari-
ables subject to a constraint g(z, y) = ¢, we must find the simultaneous
solutions to the following equations, where X is an unknown constant
(called a Lagrange multiplier):

fe(2,y) = Agz(2,9)

Example 14.7.5 Using Lagrange multipliers.

Find the absolute maximum and minimum values of f(z,y) = 2% —8z—
3y? on the disc 22 + 3% < 4.

Solution. This is the same problem as Example 14.7.1, but this time,
we will attempt to solve it using the method of Lagrange multipliers.
Again, since Vf(z,y) = (22 — 8, —6y), the only critical point for f is
outside the given disc. It remains to find the maximum and minimum
of f subject to the constraint 22 + y? = 4, so our constraint function is
g(z,y) = 2% + y2. We have

Together with the constraint, we have three equations:

20 —8=2\ = (1-XNz=4

If (g, yo) is a critical point of a
function g; thatis, if Vg(zo, yo) =
0, and g(z0,y0) = ¢, we call the
number ca critical value of g. Any
number that is not a critical value
is called a regular value. Often,
if ¢ is a critical value, the level
set defined by g(x, y) = cis not
a smooth curve, or even a curve
at all.

For example, g(x,y) = 22 +
y* has the critical point (0, 0), and
critical value 0. The set of (z,y)
with 22 4+ y2 = 0is not a curve;
it's asingle point. Because of this,
it’s usually a safe assumption that
when a level curve g(z,y) = ¢
is given, the value c is a regular
value.
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—6y=2\y = y=0orA=-3
22 +y? =4

Now we encounter the primary difficulty with Lagrange multipliers.
While the idea is simple, the equations it leads to frequently are not. The
equations are rarely linear, so there is no systematic method for solving
them: solving a Lagrange multiplier problem requires a certain amount
of patience and creativity!

One of the possibilities we see above is y = 0. If y = 0, the constraint
equation requires x = %2, and in either case we can choose a value for
A (—1 and 3, respectively) that solves the equation (1 — \)z = 4.
Wefind f(2,0) = —12,and f(—2,0) = 20. If y # 0, then we must have
A = —3. Putting this into the equation (1 — \)x = 4 gives us 4z = 4,
orx = 1. If x = 1, the constraint equation gives us 1 + y2 = 4, so
y = +/3.

We find f(1,4/3) = f(1,—+/3) = —16. There are no other points that
satisfy all three equations, so we compare values to complete the prob-
lem: the maximum is f(—2,0) = 20, and the minimum is f(1, +v/3) =
—16, as before.

The method of Lagrange multipliers seems rather arcane at first glance, but
it's actually not hard to understand geometrically why it works.

Consider Figure 14.7.7. The constraint curve 22 442 = 4 is the dashed circle.
We also see the three level curves (solid) that were obtained as solutions to the
Lagrange multiplier equations:

e f(z,y) = —12: passing through (2, 0)
o f(xz,y) = 20: passing through (—2,0)

e f(z,y) = —16: this curve is actually a pair of lines, V3y = +(z — 4),
passing through (1, 41/3), respectively.

We see that all three curves are tangent to the constraint curve, as we ex-
pect from the requirement that the gradients V f and Vg be parallel where the
curves intersect.

Additional level curves f(x,y) = c are plotted as well, with dashed-dotted
lines. For values of ¢ with ¢ > 20 (greater than the maximum) or ¢ < —16 (less
than the minimum), the level curve f(z,y) = cdoes not intersect the constraint
curve at all.

For values of c with —16 < ¢ < 20, the curve f(z,y) = cintersects the con-
straint curve, but the intersection is what'’s called transversal: at these points of
intersection, the two curves are not tangent, and the gradients are not parallel.

In Figure 14.7.7, you can imagine that increasing or decreasing the value of ¢
has the effect of shifting the level curve one way or the other, until it just touches
the circle. Any bigger than the maximum, or smaller than the minimum, and
the curves no longer intersect. Of course, saying that the curves “just touch”
amounts to saying that they are tangent at their point of intersection, just as
Theorem 14.7.3 predicts.

Example 14.7.8 Exploring Lagrange Multipliers Geometrically.

Use Lagrange multipliers to locate the extrema of f(z,y) = 222 + 2,
subject to the constraint x 4+ y = 3.

Figure 14.7.7 The constraint curve
and several level curves in Exam-
ple 14.7.5

youtu.be/watch?v=WgzwyBEDTzA

Figure 14.7.6 Using the method of La-
grange multipliers


https://www.youtube.com/watch?v=WgzwyBEDTzA
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Solution. Let’s see what happens if we dive right in and apply our ma-
chinery. With g(z,y) = = + y, we need to have

Vi(z,y) = (4z,2y) = A (1,1) = A\Vg(z,y),

so x +y = 4, from our constraint, and 4x = \ = 2y, givingusy = 3—=z
andy = 2x,s02x =3 — z, givingx = 1,and y = 2.

We get only one solution: the value f(1,2) = 6. But is this a maximum
or a minimum? And shouldn’t we get both?

Rather than blindly attacking the equations, perhaps it would do to take
a step back and think about the problem. First, consider the constraint
equation: x + y = 3. This is a line; it certainly is not the boundary of
a closed, bounded reason in the plane. Thus, we haven't satisfied the
conditions of the Extreme Value Theorem, and have no reason to expect
both an absolute maximum and an absolute minimum.

Now, since the line 4y = 3 extends without bound, it’s clear that there
can be no maximum value ¢ beyond which the ellipse 222 +%? = cdoes
not intersect the line. There is, however, a minimum value: when ¢ = 6,
the ellipse 222 + y? = 6 has gradient V f(x,y) = (4,4), giving us the
tangent line

4z —1)+4(y—2)=0,0orx+y =3,

the equation of our constraint. For value of ¢ less than 3, the ellipse
222 + y? = ¢ does not intersect the line z + y = 3.

The method of Lagrange multipliers is not restricted to functions of two vari-
ables or to single constraints. We can similarly determine the extrema of a func-
tion f of three variables on a closed bounded subset of R3.

Example 14.7.10 Determining constrained extrema for a function of
three variables.

Determine the maximum and minimum values of the function
f(x,y,2) = % + y* + 24, subject to the constraint 22 + y2 + 22 = 1.
Solution. With g(z,vy,2) = 22 + y? + 22, the equation V f(x,y,2) =
AVy(z,y, z) gives us

<49¢37 492, 423> = A\ (2x,2y,2z).

Equating first components, we have 222 = A\x. One possibility is z = 0;
the other is A = 2z2. Similar results hold for the other two variables,
leaving us with several possibilities to consider.

o We take the solution z = 0, y = 0, and z = 0 from the vector
equation above. But this result cannot satisfy our constraint, so
we rule it out.

e We have x = 0 and y = 0, but z # 0. The constraint equation
forces z = +1. Similarly, we can have z = 0,y = £+1, and z = 0,
orx = +1,y =0, and z = 0. This gives us six points, and they all
give the same value for f:

F(£1,0,0) = £(0,£1,0) = £(0,0,+1) = 1.

Figure 14.7.9 The constraint and
some level curves in Example 14.7.8
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e One of the three variables is zero. If z = 0, with y and z nonzero,
then we have 2y? = A = 222, and since 22 + 32 + 22 = 1, we
must have y? = 2z = L. Thisgivesus f(z,y,2) =0+ 1+ 1 = 1.

There are twelve possibilities here: one variable zero, and the

other two can be ﬁ:%. Each one gives a value of % for f.

e Finally, we could have all three variables nonzero. In this case the
Lagrange multiplier equations give us

222 = 2y2 =222 =),

and putting these into the constraint equation gives us z2 = y? =
2?2 = % There are eight different points satisfying this require-

ment, but all of them give us a value of

+1_1
9 3

1 1
f(xvywz):g—'_*

NeJ

Comparing values, we see that the maximum value for f, when con-
strained to unit sphere, is 1, and there are 6 points on the sphere with
this value. The minimum value is %, and this occurs at 8 different points.

As the above examples show, Lagrange multiplier problems are often easy
to set up, but hard to solve by hand. So why is the method useful? One reason
is that it can be used to establish useful theoretical results. But more practically,
the method of Lagrange multipliers is useful because it is easy to program into
a computer: we simply provide the function and the constraint(s), and the com-
puter solves the resulting equations. There is no need for the same degree of
problem-solving employed when we first tackled optimization problems in one
variable, back in Chapter 4. To emphasize this, we consider one more example:
a reprise of one of the optimization problems from Section 4.3.

Example 14.7.11 Solving an optimization problem with Lagrange mul-
tipliers.

Find the dimensions of a cylindrical can of volume 206 in® that minimize
the can’s surface area.

Solution. This was one of the exercises at the end of Section 4.3. The
surface area of a cylinder of radius r and height A is given by

s(r,h) = 2r% + 27rh.

This is the function we wish to minimize, subject to the volume con-
straint mr2h = 206.

In Section 4.3, our next step would have been to solve the constraint
equation for one of the two variables (likely i ) in terms of the other,
so we could rewrite s(r, h) as a function of one variable and apply the
techniques of Section 3.1.

Instead, we introduce the constraint function v(r, h) = 7r2h. The La-
grange multiplier equation Vs = AV gives us

(4r + 27h, 27r) = A (2mrh, mr?) .

Equating the second components gives us 27 = Axr2. Since the con-
straint ensures that r £ 0, we have Ar = 2.

For functions of three or more
variables, itis also possible to con-
sider two or more constraints. If
we wished to optimize a function
f(z,y, z) subject to constraints
g(z,y,2) = aand h(z,y,z) =
b, we would have to solve the vec-
tor equation

Vi(r,y,2) = Ag(z,y,2)
+ ph(z,y, 2),

along with the two constraint equa-
tions. Problems involving large
(or even arbitrary!) numbers of
variables and constraints are en-
countered everywhere from Eco-
nomics to Quantum Mechanics.
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Now, we equate the first components:
4r 4+ 2wh = X - 27r,

but A\r = 2, so we have simply 4r 4+ 2wh = 4mh, or th = 2r. Putting
this into the constraint equation gives us

mr2h = 2r% = 206,

sor = v/103 ~ 4.688, and h = 2v/103 /7 ~ 2.984. This is, of course,
the same result you would have found if you did this exercise back in
Section 4.3.

14.8 Hessians and the General Second Derivative Test

In Section 14.5, we saw that, just as for functions of a single variable (recall Sec-
tion 3.1), local extreme values occur at critical points. Definition 14.5.3 defined
a critical point (a, b) of a function f(z, y) to be one where the gradient vanishes:

Vf(a, b) = <f:lf(a7 b)v f’y(a7 b)> = <07 O> .

Given a critical point for a function f of two variables, Theorem 14.5.13, the
Second Derivative Test, tells us how to determine whether that critical point
corresponds to a local minimum, local maximum, or saddle point. You might
have been left wondering why the second derivative test looks so different in
two variables. You might also have been left wondering what this test looks like
if we have three or more variables!

The appearance of the quantity

D= facx(aab)fyy(avb) - ffy(a,b)

seems a bit weird at first, but the idea is actually fairly simple, if you're willing to
accept Taylor’s Theorem without proof for functions of more than one variable.
We already know that if f(x, %) is C! (continuously differentiable), then we get
the linear approximation

f(x,y)mf(a,b)+Vf(a,b)~<x—a,y—b>

near a point (a, b) in the domain of f. (Multiplying out the dot product above
gives us the differential df defined in Definition 14.1.1.)

Taylor’s theorem tells us that if f is C2 (has continuous second-order deriv-
atives), then we get the quadratic approximation

f(xvy) %f(a,b)+Vf(a,b) ! <x*a>y*b>
+ %A(l‘ —a)?+ Bz —a)(y—b) + %C(y— b)?,

where A = 8Q—f(a b), B = 0°f (a,b),and C = —=(a, b). (Compare this to
ox2 oxdy oyt
the single-variable version: f(z) ~ f(a) + f'(a)(z — a) + 3 f"(a)(z — )%
Now, if (a, b) is a critical point, then V f(a,b) = 0, and we get the approxi-
mation

o2 f

1
flay) =k +3 (AX? +2BXY +CY?),

youtu.be/watch?v=uvQku50u_-0

Figure 14.7.12 Another optimization
problem using Lagrange multipliers


https://www.youtube.com/watch?v=uvQku50u_-0
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where k = f(a,b),X =z —a,Y = y — b. Soit's enough to understand the
critical points of the function

g(z,y) = Az® + 2Bxy + Cy?,

since f locally looks just like g. (We've basically just done a shift of the graph,
and stretched by a factor of 2 to get rid of the 1/2.)
Now, we can re-write g as follows, assuming A = 0:

g(x,y) = Az® + 2Bxy + Oy

=A (:172 + 2§o:y) + Cy?

2 BQ
:A(x—i—y) — IyQ—i—C’y2

B \? 1 o s
_A(:c+Ay> + 4 (AC - By,

Now we can see that this is basically just a paraboloid, as long as AC — B2 # 0.
(Otherwise, we end up with a parabolic cylinder.)

If AC' — B? > 0 (note that this is just the discriminant D!), then both the co-
efficient for both terms has the same sign; if A > 0 we get an elliptic paraboloid
opening upwards (local minimum), and if A < 0 we get an elliptic paraboloid
opening downwards (local maximum). If AC — B? < 0, then the two terms
have coefficients with opposite signs, and that gives us a hyperbolic paraboloid
(saddle point).

And what if A = 07 Well, in that case AC — B? = —B? < (), so there are
two cases: if B # 0, the second derivative test tells us to expect a saddle point,
and indeed this is what we get. Either C' = 0 as well, and g(z,y) = 2By,
which is just a hyperbolic paraboloid rotated by 7 /4 (its contour curves are the
hyperbolas zy = ¢), or C' # 0, in which case you can complete the square in y,
and check that the result is once again a hyperbolic paraboloid (exercise).

The other case is if B = 0, in which case D = 0, so we can’t make any
conclusions from the second derivative test (although we'll have g(z,y) = Cy?,
which is again a parabolic cylinder).

We will now explain how to state second derivative test in general, for func-
tions of n variables, where n = 1,2, 3,.... We will also give an outline of the
proof of this result. The proof requires the use of Taylor’s theorem for a func-
tion of several variables, which we will not prove, and a bit of terminology from
linear algebra. Our sketch of the proof follows the exposition given in the text
Vector Calculus, 4th edition, by Marsden and Tromba.

14.8.1 Taylor Polynomials in Several Variables

Before getting to the general result, let’s take a brief detour and discuss Taylor
polynomials. One way of thinking about differentiability of a function f : D C
R™ — Ris to think of the linearization L(Z) as the degree one Taylor polynomial
S R e o o Of af
P (Z) = f(@)+V [f(@)(Z-a) = f(@)+ 5 (@) (z1—a1)+ -+ (zn—an).
0z oz,
The requirement of differentiability is then that the remainder Ry (%) =
f(Z) — P1(Z) goes to zero faster than ||Z — @||; that is,

Ry (T)

ia |&—all

We will use the shorthand f (%)
from Section 14.6 for the func-
tion f(z1,...,x,), where & =
(1,...,Zn). We will also write
our vectors using angle bracket
notation, even when we should
really write them as column vec-
tors for the purposes of matrix
multiplication. Finally, as in Sec-
tion 14.6, for an n X n matrix A,
we will use the dot product A - ¥
to account for this.
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Using the terminology from Section 14.6, we say that f and P, “agree to first
order”. From here we can go on and ask for degree k Taylor polynomials Py (%)
that give a “kth-order approximation” of f near a.

In other words, we want a polynomial

Pp(@1, .0, @0) = ag + 121 + - + @ny + 1127 + G128122 + -+ + Apn
+ -+ al...lx’f + a1.4.12x§71w2 + -+ an.i.n:clft,

in n variables, of degree k, such that the remainder Ry (%) = f(Z) — Pi(%)

satisfies Ry,(Z) ~ C || — @', with [ > k. In terms of limits, this means

e
im 8
|7 -

You've probably already noticed a problem with talking about higher-order
polynomials in several variables: the notation gets really messy, since there are
so many more possible terms! For example, even a relatively simple case like a
degree 3 polynomial in 3 variables looks like
P(z,y,2) :a+bx+cy+dz+ex2 +fﬂcy+gmz—|—hy2 +kyz+lz2
+ma® + nz2y + 0zy2 + pryz + QI’QZ +rzz? + 5y3 + tyzz + uy22 + 023

for constants a, b, c,d, e, f,g,h,i,5,k,l,m,n,0,p,q,7,8,t,u,v!

Usually we get around this using “multi-index” notation We let & = (ay, . .., a,)
denote a n-tuple of non-negative integers, and then we define ¢ = x{*z5? - - - 28",

la] = a1 + -+ + a, (so that Z* is a monomial of order |a|), and we denote a
possible coefficient of 7 by a,. A general kth-order polynomial then looks like

k
P(Z) = Z aax”.

|a|=0

For example, in 3 variables, the terms where |«| = 3 would involve « =
(3,0,0), (2,1,0), (2,0,1), (1,2,0), (1,0,2), (0,3,0), (0,2, 1), (0,1,2), (0,0,3),
so in the above polynomial m = a(30,0), 7 = a(2,1,0), etc., with (300 =
23, #2109 = 22y and so on. (Note that a = (0, ..., 0) is the only multi-index
with |a| = 0).

With all of that notational unpleasantness out of the way, we can say what
the kt"-order Taylor polynomial for f near @ should be: Taylor’s Theorem, gen-
eralized to n variables, states that

— Dz - aye,

k
. (@)
|a|=0
where a! = aqlas! - - - a,!, and

1@ = (o g ot ) @

Ox{* dxy™ Oz,

As an exercise, check that putting & = 1 reproduces the linearization P; (%)
(note that if |&] = 1 we have to have « = (1,0,...,0), (0,1,0,...,0), etc.),
and that putting k& = 2 gives the quadratic approximation discussed below.
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14.8.2 Quadratic Functions in Several Variables

Let A = [a;;] be an n x n matrix. We say that A is symmetric if AT = A, or
equivalently, if a;; = a; for each 7, j between 1 and n. To each such A we can
associate a quadratic function ¢ : R™ — R given by

() =7-(A-2),

or in terms of components,

n
q(xlv s 7‘rn) = Z a,]Ilajj

ij=1

We say that A is non-degenerate if det A # 0; this is equivalent to saying
that A is invertible, or that AZ = 0 is possible only if # = 0. (Note however that
the corresponding property does not hold for ¢: it is possible to have ¢(Z) = 0
for ¥ # 0 even if the corresponding matrix A is non-degenerate.) For example,
the quadratic function ¢(z,y) = 2% — y? has ¢(1,1) = 0 and corresponds to

0 -1

A quadratic function ¢ is called positive-definite if ¢(Z) > 0 for all ¥ € R™,
and ¢(&) = Oonly for & = 0. (Note that the quadratic function ¢(z, y) = 2 —y?
given above is not positive definite; however, §(x,y) = 22 + y? is.) Similarly, ¢
is negative-definite if q(Z) < 0 for all & € R" with ¢(&) = 0 for Z = 0 only.

If (&) = Z- AZ is positive(negative)-definite, we refer to the corresponding
symmetric matrix A as positive(negative)-definite as well. In general it can be
difficult to determine when a given quadratic function (or its corresponding ma-

the non-degenerate matrix {1 0 }

trix) is positive or negative-definite. In the case of a2 x 2 matrix A = [Z b}
c

we get

q(x1,m0) = am% 4 2bxq 2o + cx%

=alz+-z2) +(c—— )4},
a a

by completing the square. Since we must have ¢(x1,0) > 0if 1 # 0, we get
a > 0, and since q(0, z2) > 0 for z5 # 0, it follows that ac — b? = det A > 0.
Similarly ¢ is negative-definite if a < 0 and det A > 0.

For an n x n matrix, one test is as follows: consider the sequence of j x j ma-

trices A;, for j = 1,...,n, givenby A = [a11], Ay = [au am} oA, =
az; a2

A. (i.e. we take upper-left square sub-matrices of increasing size.) Then A

is positive-definite if and only if det A; > 0 foreach j = 1,...n, and A is

negative-definite if the signs of det A; alternate between negative and positive.

(Sodet A; = aq1 < 0, det Ay > 0, det Ag <0,.. ..)

Another approach, which is more illuminating but requires more advanced
linear algebra, is to use the fact that for any symmetric matrix A, there exists a
change of basis such that A becomes a diagonal matrix A with respect to that
basis. (i.e. A can be diagonalized.) If the entries @;; of A along the main diagonal
(that is, the eigenvalues of A) are all non-zero, then A is non-degenerate. If
they are all positive, then A is positive-definite. If they are all negative, then A
is negative-definite.

We will need the following lemma below, which is a consequence of the
Extreme Value Theorem.
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Theorem 14.8.1
If ¢ : R™ — R is a positive-definite quadratic function, then there exists
a real number M > 0 such that

q(&) > M||Z||?

for any x € R™.

To see that this is true, consider ¢(Z) on the set B of all Z with ||Z|| =
The set B is closed and bounded and ¢ is continuous on B, so by the Extreme
Value Theorem, ¢ must attain a minimum value M for some @ € B. Now, for
any constant ¢ € R, the fact that ¢ is quadratic implies that ¢(c) = c?q(&). For

any non-zero ¥ € R™, we know that —- € B, and thus, we have

||_'H

@) =a (1415 ) = a5 ) = Ml

-,

Finally, if Z = 0 we get ¢(0) = 0 = M]||0]|2.

14.8.3 The Hessian Matrix of a Real-Valued Function

Definition 14.8.2 The Hessian Matrix.

Let f : R™ — R be a function with continuous second-order partial
derivatives. We define the Hessian matrix of f at a point @ in the domain
of f to be the n x n symmetric matrix

8% f (= 9%f (o 0%f (o

0z (a) Ox10x2 <a’) Y Dzi0z, ((Z)

01 Ofa ... Oz

st -} | @ O sk
92 e 92 e 9? =
azng:rl (CL) 8$,,L8f:r2 (CL) e azg <a)

Note that Hess f(@) is symmetric by Theorem 11.3.15. The factor of 1/2
is included for convenience with respect to Taylor’s theorem. Recall that for a
function of one variable, the second-order Taylor polynomial of f about x = a
is

Po(e) = [(a) + J'(@)(z — 0) + 5 £ (@)(z — a)?

For Z € R™, let us define the quadratic function h ;(Z) = & (Hess f (@) - %)
associated to the Hessian of f at @. Taylor’s theorem for functions of several
variables tells us that if all the third derivatives of f are continuous, then near
a € R™ we have

f(@) = f(@)+Vf@-(£—a)+hsq(Z—ad)+ R(d,T), (14.8.1)
where the remainder term R(a, ) satisfies

R(%.
jim &0 (14.8.2)
F—a H.I' — aH2
Finally, let us define a critical point @ for f to be non-degenerate if Hess f(a)
is non-degenerate. Now we're ready to state our result on the second derivative
test.
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Theorem 14.8.3 The General Second Derivative Test.

Let f : R™ — R be three times continuously differentiable, and sup-
pose that f has a non-degenerate critical point at a@. If Hess f(d) is
positive-definite, then d is a local minimum for f. Similarly, if Hess f (&)
is negative-definite, then d is a local maximum for f.

The way to think about this intuitively is the following: the matrix Hess f (@)
is symmetric. We know from Linear Algebra that every symmetric matrix can be
diagonalized. Less obvious (but still true) is that we can make a (linear) change
of variables (u1,...,u,) = T(z1,...,zy) so that the vectors in the direction
of the u; coordinate axes are eigenvectors for Hess f(&). Slightly harder to show
(but also true) is that this change of variables can be chosen so that it is orthogo-
nal. That is, we simply have to rotate our coordinate system: lengths and angles
are all preserved.

In this new coordinate system, the Hessian matrix is diagonal:

A O - 0
0 X -+ 0
Hess f(a) = | . . )
0 0 - A\,
If each of the eigenvalues A1, ..., A\, is positive, the Hessian is positive-definite,

and our critical point is a local minimum. If all the eigenvalues are negative, our
critical point is a local maximum. If some of the eigenvalues are positive and
some are negative, we have a saddle point.

Proving the result is somewhat more technical. Suppose d is a critical point
for f, and that Hess f(a) is positive definite. We know that Vf(d@) = 0 at a
critical point, so from Equation (14.8.1) we get

f(@) = (@) = hya(¥ — @) + R(a, 7).

Theorem 14.8.1 tells us that h ¢ z(Z — @) > M||Z — @||* for some M, and
by Equation (14.8.2), there exists a 6 > 0 such that whenever 0 < ||Z — d|| < 9,
we get |R(@,T)| < M||Z — @||*. (Take e = M in the definition of the limit.)

If we carefully put all this together, we can show that

hf@(f* 6) + R(Ei, f) > 0,

since
hya(Z— @) > M||Z —d||> > |R(d@, Z)|.

Substituting this into the above equation, we get f(Z) — f(@) > 0 for any Z with
0 < ||Z—d]| < ¢, and thus f has a local minimum at @ € R™. The case of a local
maximum can be handled similarly (or by replacing f with — f).

We in fact do slightly better than
alocal minimum: we get the strict
inequality f(%) > f(a@), and not
just f(Z) > f(a). Oftenthis fact
is expressed by saying that non-
degenerate critical points are iso-
lated — if f has a critical point
at d, then there is some neigh-
bourhood of @ in which f has no
other critical points. (We have
only established this for local max-
ima and minima, but this fact is
true for non-degenerate critical
points in general.) This observa-
tion is the starting point for an
important area of differential topol-
ogy known as Morse Theory.



Chapter 15

Multiple Integration

Chapters 11-14 introduced multivariable functions and we applied concepts of
differential calculus to these functions. We learned how we can view a function
of two variables as a surface in space, and learned how partial derivatives convey
information about how the surface is changing in any direction.

In this chapter we apply techniques of integral calculus to multivariable func-
tions. In Chapter 5 we learned how the definite integral of a single variable func-
tion gave us “area under the curve.” In this chapter we will see that integration
applied to a multivariable function gives us “volume under a surface.” And just
as we learned applications of integration beyond finding areas, we will find ap-
plications of integration in this chapter beyond finding volume.

15.1 Iterated Integrals and Area

In Section 11.3 we found that it was useful to differentiate functions of several
variables with respect to one variable, while treating all the other variables as
constants or coefficients. We can integrate functions of several variables in a
similar way. For instance, if we are told that f,(z,y) = 2xy, we can treat y as
staying constant and integrate to obtain f(z,y):

fa.9) = [ folary) de
= /Qxydx
= 2%y + C.

Make a careful note about the constant of integration, C. This “constant” is
something with a derivative of 0 with respect to z, so it could be any expression
that contains only constants and functions of y. For instance, if f(z,y) = 2%y +
sin(y) + y® + 17, then f.(x,y) = 2xy. To signify that C is actually a function
of y, we write:

Fay) = / fola,y) de = 22y + C(y).

Using this process we can even evaluate definite integrals.

817



CHAPTER 15. MULTIPLE INTEGRATION 818

15.1.1 Iterated integrals

Example 15.1.1 Integrating functions of more than one variable.

2y
Evaluate the integral/ 2zy dx.
1

Solution. We find the indefinite integral as before, then apply the Fun-
damental Theorem of Calculus to evaluate the definite integral:

2y 2y
/ 2zy dr = xy
1 1

= (2y)%y — (1)%y
=4y —y.

We can also integrate with respect to y. In general,

ha(y)

hi(y)

ha(y)
/h ooy de = fay)| " = F(ha(y)y) — F(a(w).y),

1(y)

and

g2(x) g2(z
[ newdy = ) Y F (@) — g (@)).

1(z)

g1(x)

Note that when integrating with respect to x, the bounds are functions of y
(of the form z = hq(y) and z = ha(y)) and the final result is also a function
of y. When integrating with respect to y, the bounds are functions of x (of the
formy = g1(x) and y = g2(x)) and the final result is a function of . Another
example will help us understand this.

Example 15.1.2 Integrating functions of more than one variable.

Evaluate/ (52%y~3 + 6y?) dy.
1

Solution. We consider x as staying constant and integrate with respect
toy:

z 5230-2 62\ |
/ (5:E53f‘3 + 6y2) dy = ( Y + y)
) —2 3

= (—gx?’x 24 2x3> — (—x3 + 2)
9 3

Note how the bounds of the integral are from y = 1 to y = x and that
| the final answer is a function of .

In the previous example, we integrated a function with respect to y and
ended up with a function of z. We can integrate this as well. This process is
known as iterated integration, or multiple integration.
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Example 15.1.3 Evaluating an integral.

2 x
Evaluate/ (/ (52%y~° + 6y%) dy) dx.
1 \J1

Solution. We follow a standard “order of operations” and perform the
operations inside parentheses first (which is the integral evaluated in

Example 15.1.2.)
z
) dx
1

2 T 2 3,,—2 3
/ (/ (52%y =3 + 6y2) dy) da :/ FI y_ 4 6‘”}
1 1 1 __2 3

5

Note how the bounds of z were x = 1 to = 2 and the final result was
L anumber.

The previous example showed how we could perform something called an
iterated integral; we do not yet know why we would be interested in doing so
nor what the result, such as the number 89/8, means. Before we investigate
these questions, we offer some definitions.

Definition 15.1.4 Iterated Integration.

Iterated integration is the process of repeatedly integrating the results
of previous integrations. Evaulating one integral is denoted as follows.
Let a, b, ¢ and d be numbers and let g; (x), g2(x), hi(y) and ha(y) be
functions of = and y, respectively. Then:

h2(y) d ha(y)

/ / (z,y dwdy—/ (/ f(x,y)dx) dy.
hi(y) c hi(y)
b rga(x) b g2(z)

28 // f(af,y)dydaf=/ / f(z,y)dy | dz.
a Jgi(z) a g1(x)

Again make note of the bounds of these iterated integrals.

hQ(U)

Wlth/ / (z,y) dx dy, x varies from hq (y) to ha(y), whereas y varies
hi(y)

from ¢ to d. That is, the bounds of = are curves, the curves x = hy(y) and

x = ha(y), whereas the bounds of y are constants, y = cand y = d. It is useful
to remember that when setting up and evaluating such iterated integrals, we
integrate “from curve to curve, then from point to point.”

We now begin to investigate why we are interested in iterated integrals and
what they mean.
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15.1.2 Area of a plane region

Consider the plane region R bounded by a < 2 < band ¢;(z) < y < g2(x),
shown in Figure 15.1.5. We learned in Section 7.1 that the area of R is given by

b
[ (@) - a(0))
We can view the expression (ga2(z) — g1(z)) as
g2(z) g2(z)
(92(x) — g1 (x)) = / ldy = / dy,
g1(z) g1(x)
meaning we can express the area of R as an iterated integral:

b b g2(x) b ga2(x)
areaof R = / (92(x)—g1(2)) da = / / dy | de = / /
a a g1(x) a Jgi(z)

In short: a certain iterated integral can be viewed as giving the area of a
plane region.

A region R could also be defined by ¢ < y < dand hyi(y) < z < ha(y), as
shown in Figure 15.1.6. Using a process similar to that above, we have

d  rha(y)
the area of R = / / dx dy.
c Jha(y)

We state this formally in a theorem.
Theorem 15.1.7 Area of a plane region.

1. Let R be a plane region bounded by a < x < band g;(x) <y <
g2(x), where g1 and g» are continuous functions on [a, b]. The area

AofRis
b rg2(zx)
A:// dy dzx.
a Jgi(x)

2. Let R be a plane region bounded by ¢ < y < dand hy(y) < x <
ha(y), where hy and hy are continuous functions on [c,d]. The

area Aof R is
d  rha(y)
A= / / dx dy.
c Jhi(y)

The following examples should help us understand this theorem.
Example 15.1.8 Area of a rectangle.

Find the area A of the rectangle with corners (—1,1) and (3,3), as
shown in Figure 15.1.9.

Solution. Multiple integration is obviously overkill in this situation, but
we proceed to establish its use.

The region R is bounded by x = —1, 2z = 3,y = 1 and y = 3. Choosing
to integrate with respect to y first, we have

3 3 3 3 3 3
A:/ /1dydx=/ (y’)dx:/ 2dx=2a:‘ =38.
—-1J1 -1 1 1 -1

dy dzx.

Figure 15.1.5 Calculating the area of
a plane region R with an iterated in-
tegral

Y

r=hi(y) x=ha(y)

Figure 15.1.6 Calculating the area of
a plane region R with an iterated in-
tegral

g

e

1 1 > 3
Figure 15.1.9 Calculating the areaof a

rectangle with an iterated integral in
Example 15.1.8
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We could also integrate with respect to z first, giving:

3 3 -3 3 3 3
A:/ / ldxdy:/ (z‘ )dy/ 4dy:4y’ = 8.
1 J-1 1 -1 1 1

Clearly there are simpler ways to find this area, but it is interesting to

L note that this method works. Y
5 L
Example 15.1.10 Area of a triangle. 47
Find the area A of the triangle with vertices at (1,1), (3,1) and (5, 5), 3

as shown in Figure 15.1.11.

Solution. The triangle is bounded by the lines as shown in the figure.
Choosing to integrate with respect to x first gives that x is bounded by
r=ytox = ¥£5 while y is bounded by y = 1 to y = 5. (Recall that ; ; ; ; =
since z-values increase from left to right, the leftmost curve, z = y, is 1 2 3 4 5
the lower bound and the rightmost curve, © = (y + 5)/2, is the upper
bound.) The area is

Figure 15.1.11 Calculating the area of
a triangle with iterated integrals in Ex-
yt5 ample 15.1.10

1 2+5 ‘5
Y TRV,
1,

We can also find the area by integrating with respect to y first. In this
situation, though, we have two functions that act as the lower bound
for the region R, y = 1 and y = 2x — 5. This requires us to use two
iterated integrals. Note how the z-bounds are different for each integral:

3 T 5 T
A:/ / 1dydx + / / 1dydx
1 J1 3 Joz—5
3 - 5
~[wfe [
1 1 3

:/13(x—1)da: + /35(—a:+5)dm

T

dx

2x—5

As expected, we get the same answer both ways.

Example 15.1.12 Area of a plane region.

Find the area of the region enclosed by y = 22 and y = 22, as shown in
Figure 15.1.13.
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Solution. Once again we'll find the area of the region using both orders
of integration.
Using dy dx:

/2/2x1dyda:=/2(2x—x2)da::(J:Q—lxg)‘2:4
0 Ja2 0 3 o 3

Using dx dy:

4 Y 4 2 1 4 Y
1dmdy=/ y—y2dy=<y3/2—y2>‘ =
| /O/y/Q 0 Vy /2) 3 4 o 3

15.1.3 Changing Order of Integration

In each of the previous examples, we have been given a region R and found
the bounds needed to find the area of R using both orders of integration. We
integrated using both orders of integration to demonstrate their equality.

We now approach the skill of describing a region using both orders of inte-
gration from a different perspective. Instead of starting with a region and cre-
ating iterated integrals, we will start with an iterated integral and rewrite it in
the other integration order. To do so, we'll need to understand the region over
which we are integrating.

The simplest of all cases is when both integrals are bound by constants. The
region described by these bounds is a rectangle (see Example 15.1.8), and so:

b pd d b
/ / 1dyd:c:/ / 1dz dy.
a c c a

When the inner integral’s bounds are not constants, it is generally very useful
to sketch the bounds to determine what the region we are integrating over looks
like. From the sketch we can then rewrite the integral with the other order of
integration.

Examples will help us develop this skill.

Example 15.1.14 Changing the order of integration.

6 rx/3
Rewrite the iterated integral / / 1 dy dz with the order of integra-
o Jo

tion dx dy.

Solution. We need to use the bounds of integration to determine the
region we are integrating over.

The bounds tell us that y is bounded by 0 and z/3; x is bounded by 0
and 6. We plot these four curves: y = 0,y = /3, = 0andxz = 6
to find the region described by the bounds. Figure 15.1.15 shows these
curves, indicating that R is a triangle.

To change the order of integration, we need to consider the curves that
bound the z-values. We see that the lower bound is © = 3y and the
upper bound is x = 6. The bounds on y are 0 to 2. Thus we can rewrite

2 6
the integralas/ / 1dx dy.
0 3y

Yy
4 4
3 4
V Q)&
2 74
o SR

R 4

1 N
. T
1 2

Figure 15.1.13 Calculating the area of
a plane region with iterated integrals
in Example 15.1.12

s

N

Figure 15.1.15 Sketching the region R
described by the iterated integral in
Example 15.1.14
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Example 15.1.16 Changing the order of integration.

4 p(y+4)/2

Change the order of integration of / / 1dz dy.

0 Jy2/4
Solution. We sketch the region described by the bounds to help us
change the integration order. x is bounded below and above (i.e., to the
left and right) by x = y?/4 and 2 = (y + 4)/2 respectively, and y is
bounded between 0 and 4. Graphing the previous curves, we find the
region R to be that shown in Figure 15.1.17.
To change the order of integration, we need to establish curves that
bound y. The figure makes it clear that there are two lower bounds for
yy=0on0 <z <2 andy =2 —40on2 < x < 4. Thus we need
two double integrals. The upper bound for each is y = 2/z. Thus we

have Figure 15.1.17 Drawing the region de-
4 ply+4)/2 2 r2yz 4 r2vz termined by the bounds of integra-
/ / ldxdy = / / ldydz + / / ldydz. tion in Example 15.1.16
0 Jy2/4 o Jo 2 Jox—4

This section has introduced a new concept, the iterated integral. We devel-
oped one application for iterated integration: area between curves. However,
this is not new, for we already know how to find areas bounded by curves.

In the next section we apply iterated integration to solve problems we cur-
rently do not know how to handle. The “real” goal of this section was not to
learn a new way of computing area. Rather, our goal was to learn how to define
a region in the plane using the bounds of an iterated integral. That skill is very
important in the following sections.
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15.1.4 Exercises

Terms and Concepts

1.  Whenintegrating f,(z,y) with respect to z, the constant of integration C'is really which: C(z) or C(y)? What
does this mean?

2.  Evaluating a double integral in steps is called

3.  When evaluating an iterated integral, we integrate from to , then from to

b rg2(x)
4.  One understanding of an iterated integral is that / / dy dzx gives the
a Jgi(z)

Problems

Exercise Group. In the following exercises, evaluate the integral and subsequent iterated integral.

5. 6.
5 T
(a) / (6:52 + day — 3y2) dy (a) / (2z cos(y) + sin(z)) dz
. 0
(b) /_2 /5 (62® + 4wy — 3y°) dy da (b) /ﬂr/2 /W(% cos(y) + sin(z)) dx dy
5 )y 0 0
7 8.
x ) 212
(a)/1 (2®y—y+2)dy (a)/ (z —y)dz
Yy
2 x
2, Loy
(b)/0 /1 (z%y —y +2) dyda (b) /1/ (z —y)drdy
- Yy
9 10.

(a) /Oy (cos(z) sin(y)) dx (a) /Or (1+1x2> dy

(b) /0 ’ /0 " ((cos(a) sin(y)) da dy (b) /1 2 /U m (Hlmg> dy da

Exercise Group. In the following exercises, a graph of a planar region R is given. Give the iterated integrals, with
both orders of integration dy dx and dx dy, that give the area of R. Evaluate one of the iterated integrals to find the
area.
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11.

12.

13.

14.

15.

0.5 |

16.

¥
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7
N
oz
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Exercise Group.

0.5+
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3 £
2 £
R
1 4
T
6 A4
Al B ny |‘.’>
2 4
) ) ) x
4 8 10 12
—92
_4 1
_6 1
N
v
)
>
N
v
N
i + + x il
-0.5 0.5 1.5 2 2.5

In the following exercises, iterated integrals are given that compute the area of a region R in the

xy-plane. Sketch the region R, and give the iterated integral(s) that give the area of R with the opposite order of

integration.

2 pd4—a?
17. / / dy dz
—2Jo

2 p2y/4—y?
19. / / dz dy
—2.Jo

1 T 4 VT
21. / / dx dy + / / dx dy
0 J—yy 1 Jy—2

18, /01/5
o [ ]
22. /_11/(

dy dx

dy dx

dy dx
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15.2 Double Integration and Volume

The definite integral of f over [a, b], f; f(x) dz, was introduced as “the signed
area under the curve.” We approximated the value of this area by first subdi-
viding [a, b] into n subintervals, where the ith subinterval has length Az;, and
letting ¢; be any value in the ith subinterval. We formed rectangles that approx-
imated part of the region under the curve with width Ax;, height f(c;), and
hence with area f(c;)Axz;. Summing all the rectangle’s areas gave an approxi-
mation of the definite integral, and Theorem 5.3.26 stated that

b
/a fl@)dz = ||AILT_)OZf(Ci)Axi’

connecting the area under the curve with sums of the areas of rectangles.

We use a similar approach in this section to find volume under a surface.

Let R be a closed, bounded region in the zy-plane and let z = f(x,y) be
a continuous function defined on R. We wish to find the signed volume under
the graph of f over R. (We use the term “signed volume” to denote that space
above the zy-plane, under f, will have a positive volume; space above f and
under the zy-plane will have a “negative” volume, similar to the notion of signed
area used before.)

We start by partitioning R into n rectangular subregions as shown in Fig-
ure 15.2.2(a). For simplicity’s sake, we let all widths be Ax and all heights be
Ay. Note that the sum of the areas of the rectangles is not equal to the area
of R, but rather is a close approximation. Arbitrarily number the rectangles 1
through n, and pick a point (z;, y;) in the ith subregion.

24
Yy —
0.5 1
\
/ \
/
} T
N 0-5 15
\ /
/
-0.5
—1 | —

(a) (b)
Figure 15.2.2 Developing a method for finding signed volume under a surface

The volume of the rectangular solid whose base is the ith subregion and
whose height is f(x;,v;) is V; = f(x;,y:)AxAy. Such a solid is shown in Fig-
ure 15.2.2(b). Note how this rectangular solid only approximates the true vol-
ume under the surface; part of the solid is above the surface and part is below.

For each subregion R; used to approximate R, create the rectangular solid
with base area AzAy and height f(z;, y;). The sum of all rectangular solids is

i=1

This approximates the signed volume under f over R. As we have done be-
fore, to get a better approximation we can use more rectangles to approximate
the region R.

youtu.be/watch?v=5FpKcnG-5vY

Figure 15.2.1 Introducing the double
integral


https://www.youtube.com/watch?v=5FpKcnG-5vY
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_double_introb_3D.html
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In general, each rectangle could have a different width Az; and height Ay,
giving the ith rectangle an area AA; = Ax; Ay and the ith rectangular solid
avolume of f(x;,y;)AA;. Let || AA|| denote the length of the longest diagonal
of all rectangles in the subdivision of R; ||[AA|| — 0 means each rectangle’s
width and height are both approaching 0. If f is a continuous function, as || AA||

n

shrinks (and hence n — o) the summation Z f(x;, y:)AA; approximates the
i=1
signed volume better and better. This leads to a definition.

Definition 15.2.3 Double Integral, Signed Volume.

Let z = f(x,y) be a continuous function defined over a closed, bounded
region R in the xy-plane. The signed volume V under f over R is de-
noted by the double integral

V= //Rf(a:,y)dA.

Alternate notations for the double integral are

//Rf(x’y)dA://Rf(x’y)dxdy://Rf(x,y)dydx.

Definition 15.2.3 does not state how to find the signed volume, though the
notation offers a hint. We need the next two theorems to evaluate double inte-
grals to find volume.

Theorem 15.2.5 Double Integrals and Signed Volume.

Let z = f(x,y) be a continuous function defined over a closed , bounded
region R in the xy-plane. Then the signed volume V under f over R is

This theorem states that we can find the exact signed volume using a limit of
sums. The partition of the region R is not specified, so any partitioning where
the diagonal of each rectangle shrinks to O results in the same answer.

This does not offer a very satisfying way of computing volume, though. Our
experience has shown that evaluating the limits of sums can be tedious. We
seek a more direct method.

Recall Theorem 7.2.3 in Section 7.2. This stated that if A(x) gives the cross-
sectional area of a solid at «, then f; A(z) dx gave the volume of that solid over
[a, b].

Consider Figure 15.2.6, where a surface z = f(x,y) is drawn over a region
R. Fixing a particular x value, we can consider the area under f over R where
x has that fixed value. That area can be found with a definite integral, namely

g2(x)
A(z) = / Sy
gi(x

Remember that though the integrand contains x, we are viewing z as fixed.

Also note that the bounds of integration are functions of x: the bounds depend
on the value of z.

Double integrals as limits of dou-
ble sums. Recall that the inte-
gration symbol “[” is an “elon-
gated S,” representing the word
“sum.” We interpreted fab f(x)dx
as “take the sum of the areas of
rectangles over the interval [a, b]."
The double integral uses two in-
tegration symbols to represent a
“double sum.” When adding up
the volumes of rectangular solids
over a partition of a region R, as
done in Figure 15.2.2, one could
first add up the volumes across
each row (one type of sum), then
add these totals together (another
sum), as in

n m

DD flaiy)Andy;.

j=11i=1

One can rewrite this as

Z (Z f(i, yj)Al“z) Ay;.

=1

The summation inside the paren-
thesis indicates the sum of heights
x widths, which gives an area; mul-
tiplying these areas by the thick-
ness Ay, gives a volume. The il-
lustrationin Figure 15.2.6 relates
to this understanding.

youtu.be/watch?v=I7hGaXcsq9g

Figure 15.2.4 Defining the double in-
tegral

R
2 1

Y

Figure 15.2.6 Finding volume under
a surface by sweeping out a cross-
sectional area


https://www.youtube.com/watch?v=l7hGaXcsq9g
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_double_intro3.html
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As A(z) is a cross-sectional area function, we can find the signed volume V'
under f by integrating it:

b b g2(x) b g2(z)
V=/ A(fv)dHC:/ / f(z,y)dy dw:/ / f(z,y) dy da.
a a g1(x) a Jgi(z)

This gives a concrete method for finding signed volume under a surface. We
could do a similar procedure where we started with y fixed, resulting in an iter-
ated integral with the order of integration dx dy. The following theorem states
that both methods give the same result, which is the value of the double integral.
It is such an important theorem it has a name associated with it.

( Theorem 15.2.7 Fubini’s Theorem.

Let R be a closed, bounded region in the xy-plane and let z = f(z,y)
be a continuous function on R.

1. If Ris bounded by a < x < band ¢1(z) < y < ga2(x), where g1
and g» are continuous functions on [a, b], then

92()
//fxydA // f(z,y) dy dx.
g1(x)

2. If Ris bounded by ¢ <y < dand hi(y) < x < ha(y), where hy
and hs, are continuous functions on [c, d], then

//fxydA // f(x,y) dz dy.
hi(y)

Note that once again the bounds of integration follow the “curve to curve,
point to point” pattern discussed in the previous section. In fact, one of the
main points of the previous section is developing the skill of describing a region
R with the bounds of an iterated integral. Once this skill is developed, we can
use double integrals to compute many quantities, not just signed volume under
a surface.

Example 15.2.9 Evaluating a double integral.

Let f(x,y) = xy + e¥. Find the signed volume under f on the region
R, which is the rectangle with corners (3, 1) and (4, 2) pictured in Fig-
ure 15.2.10, using Fubini's Theorem and both orders of integration.

Solution. We wish to evaluate ffR (xy + ey) dA. As R is a rectangle,
the bounds are easily describedas3 <z <4and1 <y < 2.
Using the order dy dx:

//R(xy+ey)dA:/:/12(xy+ey)dydx
- (o] ) o
/34<;’x+eze)dx

youtu.be/watch?v=smdRul_ztAw

Figure 15.2.8 Fubini’s Theorem and it-
erated integrals

Figure 15.2.10 Finding the signed
volume under a surface in Exam-
ple 15.2.9


https://www.youtube.com/watch?v=smdRuI_ztAw
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_double1.html
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= (ixz + (e* - e);l:>

21
:Z+€276%9.92.

4

3

Now we check the validity of Fubini’s Theorem by using the order dz dy:

2 4
//R(xy—key)dA:/ / (a:y+ey)da:dy
, 1 J3
2/ 4
:/ [2x2y+xey} dy
1 3
2T
- (Gree)
1
2
(o)

21,
:Z-i-e — e~ 9.92.

1

Both orders of integration return the same result, as expected.

Example 15.2.11 Evaluating a double integral.

Evaluate [[, (3zy — 22 — y? + 6) dA, where R is the triangle bounded
byz =0,y =0and z/2 + y = 1, as shown in Figure 15.2.12.
Solution. While it is not specified which order we are to use, we will
evaluate the double integral using both orders to help drive home the
point that it does not matter which order we use.

Using the order dy dx: The bounds on y go from “curve to curve,” i.e.,
0 <y < 1— x/2, and the bounds on z go from “point to point,” i.e.,
0<z<2.

T —

Figure 15.2.12 Finding the signed
volume under the surface in Exam-

—z41
// (3zy — 2® —y*> +6) dA =/ / (3zy — 2® —y*> 4+ 6) dy da ple 15.2.11
R o Jo
3

2
2 1. -241
(Qxy2 —2’y— P+ Gy)

:/ dxr
0 3 0
2
11
:/ —xSfEIfoJrE dx
o \ 12 4 3

(1, 1, 1, 17 P
_(48x PR

7 _
= — =5.6.
3
Now lets consider the order dx dy. Here x goes from “curve to curve,”
0 <z <2—2y,and y goes from “point to point,” 0 < y < 1:

1 2—2y
// (3xy—3:2—y2—|—6)dA:// (3xy—a:2—y2+6)dxdy
R 0o Jo
1 /g —2y

1 2
= /O (2x2y — §x3 —xy? + 637)

0

—_

dy

0



https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_double2.html
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1
32 28
= / <y3 —22y% + 2y + ) dy
o \3 3

(8, 2, 5, 28 \['
—(3y AR ARy,
17

= — =5.0.
3

0

| We obtained the same result using both orders of integration.

Note how in these examples that the bounds of integration depend only on
R; the bounds of integration have nothing to do with f(x,y). This is an impor-
tant concept, so we include it as a Key Idea.

Key Idea 15.2.14 Double Integration Bounds.

When evaluating ffR f(x,y) dA using an iterated integral, the bounds
of integration depend only on R. The function f does not determine the
bounds of integration.

Before doing another example, we give some properties of double integrals.
Each should make sense if we view them in the context of finding signed volume
under a surface, over a region.

Theorem 15.2.15 Properties of Double Integrals.

Let f and g be continuous functions over a closed, bounded plane region
R, and let ¢ be a constant.

1. /ch(m,y)dA:c/Af(m,y)dA.
2 [[ Gewtowm)aa= [[ r@yiaz [[ oeaa

3. If f(z,y) > 0on R, then // flz,y)dA > 0.
R

4. If f(z,y) > g(xz,y) on R, then // f(z,y)dA >
R

//Rg(x,y) dA.

5. Let R be the union of two nonoverlapping regions, R = Ry |J Ra
(see Figure 15.2.16). Then

//RJ"(:c,y)dA:/R1 f($7?/)dA+/R2f(:E,y)dA.

Example 15.2.18 Evaluating a double integral.

Let f(x,y) = sin(z) cos(y) and R be the triangle with vertices (—1,0),
(1,0) and (0,1) (see Figure 15.2.19). Evaluate the double integral
[ f(2,y) dA.

Solution. If we attempt to integrate using an iterated integral with the

youtu.be/watch?v=MMbLzFw-5Rg

Figure 15.2.13 Further examples of
double integrals over rectangles

Figure 15.2.16 R is the union of two
nonoverlapping regions, R, and Ro

youtu.be/watch?v=FcxnuFSNOfY

Figure 15.2.17 Evaluating a double in-
tegral over a more general region

Figure 15.2.19 Finding the signed
volume under a surface in Exam-
ple 15.2.18


https://www.youtube.com/watch?v=MMbLzFw-5Rg
https://www.youtube.com/watch?v=FcxnuFSNOfY
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_double3.html
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order dy dx, note how there are two upper bounds on R meaning we’ll
need to use two iterated integrals. We would need to split the triangle
into two regions along the y-axis, then use Theorem 15.2.15, Part 5.
Instead, let’s use the order dx dy. The curves bounding z arey — 1 <
x <1 —y;theboundsonyare0 <y < 1. This gives us:

//Rf(oc,y)dAz/O1 /y:ysin(x)cos(y)dxdy

1-y
:/ (—cos(m) cos(y))‘ dy
0 y—1
1
= / cos(y)( —cos(1l —y) + cos(y — 1)>dy.
0
Recall that the cosine function is an even function; that is, cos(z) =

cos(—x). Therefore, from the last integral above, we have cos(y — 1) =
cos(1 — y). Thus the integrand simplifies to 0, and we have

//Rf(x,wdA:/Olt)dy

=0.

It turns out that over R, there is just as much volume above the zy-plane youtu.be/watch?v=m_8kBmNVXEM

| as below (look again at Figure 15.2.19), giving a final signed volume of 0. Figure 15.2.20 Finding the volume of

a tetrahedron

Example 15.2.21 Evaluating a double integral.

Evaluate [ [, (4—y) dA, where Ris the region bounded by the parabolas
y? = 4x and 22 = 4y, graphed in Figure 15.2.22.

Solution. Graphing each curve can help us find their points of intersec-
tion. Solving analytically, the second equation tells us that y = 2 /4.
Substituting this value in for y in the first equation gives us 2% /16 = 4x.
Solving for x:

4

d—]
16
2t — 64z =0
x(z® —64) =0
x =0, 4.

Thus we've found analytically what was easy to approximate graphically:
the regions intersect at (0,0) and (4, 4), as shown in Figure 15.2.22.
We now choose an order of integration: dy dx or dx dy? Either order Figure 15.2.22 Finding the volume un-
works; since the integrand does not contain x, choosing dx dy might be der the surface in Example 15.2.21
simpler — at least, the first integral is very simple.

Thus we have the following “curve to curve, point to point” bounds:

y?*/4<x<2y,and0 <y < 4.

Therefore,

/A<4—y>dA=/()4/yjf(4—y>dxdy



https://www.youtube.com/watch?v=m_8kBmNVxEM
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_double4.html
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207

- /04 (a:(4 — y)) o
= [(evi-5)a-v)a

43
_ / (7 2032y 8y1/2> dy
0

4
- 4
_ y74 B f B 4y5/2 N 16y3/2
6 3 5 3 /|,
176 =
= — =11.73.
5 73

The signed volume under the surface z = f(x,y) is about 11.7 cubic
L units.

In the previous section we practiced changing the order of integration of a
given iterated integral, where the region R was not explicitly given. Changing
the bounds of an integral is more than just an test of understanding. Rather,
there are cases where integrating in one order is really hard, if not impossible,
whereas integrating with the other order is feasible.

Example 15.2.24 Changing the order of integration.

3,3
Rewrite the iterated integral / / e~ d dy with the order dy dz.
0 Jy

Comment on the feasibility to evaluate each integral.

Solution. Once again we make a sketch of the region over which we are
integrating to facilitate changing the order. The bounds on x are from
x = y tox = 3; the bounds on y are from y = 0 to y = 3. These curves
are sketched in Figure 15.2.25, enclosing the region R.

To change the bounds, note that the curves bounding y are y = O up to
y = z; the triangle is enclosed between x = 0 and = = 3. Thus the new

bounds of integrationare 0 < y < z and 0 < z < 3, giving the iterated
3 T

integral/ / e_fzdydm.

How easyois itoto evaluate each iterated integral? Consider the order of
integrating dx dy, as given in the original problem. The first indefinite
integral we need to evaluate is f e’ dz; we have stated before (see
Section 5.5) that this integral cannot be evaluated in terms of elementary
functions. We are stuck.

Changing the order of integration makes a big difference here. In the
second iterated integral, we are faced with f e~ dy; integrating with

respect to y gives us ye’””2 + C, and the first definite integral evaluates

to
z 2 2
/ e dy=xe .
0

/03 /01‘ e dydx = /03 (xe_ggz)dx.

This last integral is easy to evaluate with substitution, giving a final an-
swer of (1 — e~?) ~ 0.5. Figure 15.2.26 shows the surface over R.

Thus

youtu.be/watch?v=a4XiokkzyrU

Figure 15.2.23 Evaluating a double in-
tegral over a general region

o

N

1 2

Figure 15.2.25 Determining the re-
gion R determined by the bounds of
integration in Example 15.2.24

Figure 15.2.26 Showing the surface
z = f(z,y) defined in Exam-
ple 15.2.24 over its region R


https://www.youtube.com/watch?v=a4XiokkzyrU
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_double6b.html
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In short, evaluating one iterated integral is impossible; the other iterated
integral is relatively simple.

Definition 5.4.34 defines the average value of a single-variable function f(x)
on the interval [a, b] as

1 b
average value of f(x) on [a,b] = 5 / f(z) dx;
—a,

that is, it is the “area under f over an interval divided by the length of the inter-
val.” We make an analogous statement here: the average value of z = f(x,y)
over aregion R is the volume under f over R divided by the area of R.

Definition 15.2.28 The Average Value of f on R.

Let z = f(z,y) be acontinuous function defined over a closed, bounded
region R in the xy-plane. The average value of f on R is

:ﬂy@mﬂ
//RdA

Example 15.2.29 Finding average value of a function over a region R.

average value of fon R

Find the average value of f(z,y) = 4 — y over the region R, which is
bounded by the parabolas y? = 42 and 22 = 4y. Note: this is the same
function and region as used in Example 15.2.21.

Solution. In Example 15.2.21 we found

//Rf(r,y)dA=/04/yjf(4—y)dxdy= =

We find the area of R by computing [}, dA:

YN
// dA:// d;l:dy:E.
R 0 Jy2/4 3

Dividing the volume under the surface by the area gives the average
value:
176/15 11

== =22
16/3 5

average value of fon R =

While the surface, as shown in Figure 15.2.30, covers z-values from z =
L 0toz = 4, the “average” z-value on R is 2.2.

The previous section introduced the iterated integral in the context of find-
ing the area of plane regions. This section has extended our understanding of
iterated integrals; now we see they can be used to find the signed volume under
a surface.

This new understanding allows us to revisit what we did in the previous sec-
tion. Given a region R in the plane, we computed ffR 1dA; again, our under-
standing at the time was that we were finding the area of R. However, we can

youtu.be/watch?v=2IQA7pTALGk

Figure 15.2.27 Two more examples of
changing the order of integration

Figure 15.2.30 Finding the average
value of f in Example 15.2.29


https://www.youtube.com/watch?v=2lQA7pTALGk
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_double8.html
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now view the graph z = 1 as a surface, a flat surface with constant z-value of 1.
The double integral ffR 1 d A finds the volume, under z = 1, over R, as shown
in Figure 15.2.31. Basic geometry tells us that if the base of a general right cylin-
der has area A, its volume is A-h, where h is the height. In our case, the height is
1. We were “actually” computing the volume of a solid, though we interpreted
the number as an area.

The next section extends our abilities to find “volumes under surfaces.” Cur-
rently, some integrals are hard to compute because either the region R we are
integrating over is hard to define with rectangular curves, or the integrand it-
self is hard to deal with. Some of these problems can be solved by converting
everything into polar coordinates.

Figure 15.2.31 Showing how an iter-
ated integral used to find area also
finds a certain volume


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_double_summary.html
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15.2.1 Exercises

Terms and Concepts

1.  Anintegral can be interpreted as giving the signed area over an interval; a double integral can be interpreted as

giving the signed over a region.

2. Explain why the following statement is false: Fubini's Theorem states that

b rg2(z) b rg2(y)
/ / f(z,y)dydx :/ / f(z,y) dz dy.
a Jgi(z) a Jgi1(y)

3. Explain why if f(z,y) > 0 over a region R, then
JJg f(z,y)dA > 0.

4. If [[, f(z,y)dA = [[,g(x,y)dA, does thisimply f(z,y) = g(x,y)?

Problems

Exercise Group. For the given integral,

(a) Evaluate the given iterated integral, and

(b) rewrite the integral using the other order of integration.

2 1 /2w
5. / / (m + 3) dzx dy 6. / / (sin(x) cos(y)) dx dy
1 J-1\Y —7/2J0
4 p—m/242 3 3
7. / / (3302 —y+ 2) dy dx 8. / / (m2y — ny) dx dy
0 Jo 1 Jy
1 VIsy 9 VY
9. / / (x+y+2) dedy 10. / / (zy?) dxdy
0 J—yI—y 0 Jy/3

Exercise Group. In the following exercises:

(a) Sketch the region R given by the problem.

(b) Set up the iterated integrals, in both orders, that evaluate the given double integral for the described region R.

(c) Evaluate one of the iterated integrals to find the signed volume under the surface z = f(x,y) over the region

R.

11. // x?y dA, where Ris bounded by y = \/z 12. // x%y dA, where R is bounded by y = /=
andRy =22 andRy =23

13. // z? — y? dA, where R is the rectangle with 14. // ye® dA, where R is bounded by x = 0,
corﬁers (—1,-1),(1,-1),(1,1) and (—1,1). T :Ry2 andy = 1.

15. // (6 — 3z — 2y) dA, where Ris bounded by  16. // e¥ dA, where R is bounded by y = In(x)
m:RO,yzoand3x+2y=6. andR

y=-——z@@-1).
17. //R (z®y — z) dA, where R is the half of the 18. //R (4 — 3y) dA, where R is bounded by

circle 22 4+ y? = 9 in the first and second
quadrants.

y=0,y=z/eandy = In(z).
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Exercise Group. In the following exercises, state why it is difficult/impossible to integrate the iterated integral in the
given order of integration. Change the order of integration and evaluate the new iterated integral.

4 p2 .2 /2 pa/T/2
19. / / e*" dx dy 20. / / cos (y?) dy dx
0 Jy/2 0 ©
1,1 1 g2 2
2 t
21. / / % dzx dy 22. / / m dy dx
0o Jy v2+y 1)1 1+In(y)

Exercise Group. In the following exercises, find the average value of f over the region R. Notice how these functions
and regions are related to the iterated integrals given in Exercises 5-8.
23, f(z,y) = — + 3;R s the rectangle with 24.  f(z,y) = sin(z) cos(y); R is bounded by x = 0,
Y r=my=—n/2andy = 7/2.
opposite corners (—1,1) and (1, 2).
25.  f(z,y) = 32% — y + 2;R is bounded by the 26. f(x,y) = 2°y — 2y?; Ris bounded by y = z,
linesy =0,y =2—x/2andz = 0. y=1landx = 3.
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15.3 Double Integration with Polar Coordinates

We have used iterated integrals to evaluate double integrals, which give the
signed volume under a surface, z = f(z,y), over a region R of the xy-plane.
The integrand is simply f(x,y), and the bounds of the integrals are determined
by the region R.

Some regions R are easy to describe using rectangular coordinates — that
is, with equations of the form y = f(x), = a, etc. However, some regions are
easier to handle if we represent their boundaries with polar equations of the
formr = f(0), 0 = q, etc.

The basic form of the double integral is ffR f(z,y)dA. We interpret this
integral as follows: over the region R, sum up lots of products of heights (given
by f(x;,y:)) and areas (given by AA;). That is, dA represents “a little bit of
area.” In rectangular coordinates, we can describe a small rectangle as having
area dz dy or dy dx — the area of a rectangle is simply lengthxwidth — a small
change in x times a small change in y. Thus we replace dA in the double integral
with dx dy or dy dzx.

/2
1.2 1y

1
0.8
0.6
0.4

0.2

—0.2
(a) (b)

Figure 15.3.2 Approximating a region R with portions of sectors of circles

Now consider representing a region R with polar coordinates. Consider Fig-
ure 15.3.2(a). Let R be the region in the first quadrant bounded by the curve.
We can approximate this region using the natural shape of polar coordinates:
portions of sectors of circles. In the figure, one such region is shaded, shown
again in Figure 15.3.2(b).

As the area of a sector of a circle with radius r, subtended by an angle 6, is

A = %739, we can find the area of the shaded region. The whole sector has
area 173 A@, whereas the smaller, unshaded sector has area 177 Af. The area

of the shaded region is the difference of these areas:

o + 11

9 (’I"Q — rl)AG.

AA; = ETSAQ — lrfAf) = 1(7"% - Tf) (AH) =
2 2 2

Note that (r + 71)/2 is just the average of the two radii.

To approximate the region R, we use many such subregions; doing so shrinks
the difference ro — 1 between radii to 0 and shrinks the change in angle A8 also
to 0. We represent these infinitesimal changes in radius and angle as dr and d#6,
respectively. Finally, as dr is small, 7o = r1, and so (re + r1)/2 & r1. Thus,
when dr and df are small,

AAZ' =T drdf.

Taking a limit, where the number of subregions goes to infinity and both
ro — 11 and Af go to 0, we get

dA = rdrdf.

youtu.be/watch?v=K7hpTIOPNGo

Figure 15.3.1 Introducing the double
integral in polar coordinates


https://www.youtube.com/watch?v=K7hpTI0PNGo
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Sotoevaluate [, f(z,y) dA, replace dA withr dr df. Convert the function
f(z,y) to afunction with polar coordinates with the substitutions 2 = r cos(),
y = rsin(#). Finally, find bounds ¢ () < r < ¢2(f) and @ < 6 < f that
describe R. This is the key principle of this section, so we restate it here as a Key
Idea.

~

Key Idea 15.3.3 Evaluating Double Integrals with Polar Coordinates.

Let z = f(=,y) be a continuous function defined over a closed, bounded
region R in the xy-plane, where R is bounded by the polar equations
a <0< pandg(0) <7 < go(6). Then

92(9)
//fxy )dA = / / (r cos(6),rsin(6)) r dr d.
91(0)

Examples will help us understand this Key Idea.

Example 15.3.4 Evaluating a double integral with polar coordinates.

Find the signed volume under the plane z = 4 — x — 2y over the disk
bounded by the circle with equation 22 + 2 = 1.

Solution. The bounds of the integral are determined solely by the re-
gion R over which we are integrating. In this case, it is a disk with bound-
ary 22 4+ y2 = 1. We need to find polar bounds for this region. It may
help to review Section 10.4; bounds for this disk are 0 < » < 1 and
0<0<2m.

We replace f(z,y) with f(r cos(f), r sin(#)). That means we make the
following substitutions:

4—2x—2y=4—rcos(d) —2rsin(0).

Finally, we replace d A in the double integral with r dr d6. This gives the
final iterated integral, which we evaluate:

//R fle,y)dA = /0% /01 (4 — rcos(6) — 2rsin(6))r dr df

_ /zw /1 (47 — r2(cos(6) — 2sin(6))) dr df
0 0

_ /02” <2T2 _ éTS(cos(g) _ 2sin(0))) 1

= /27T <2 - %(cos(@) - 25in(9))) do 0

2m

do

— (20 (sin(® +2C05(9)))
12.566.

0

| The surface and region R are shown in Figure 15.3.5.

Figure 15.3.5 Evaluating a double in-
tegral with polar coordinates in Exam-
ple 15.3.4

youtu.be/watch?v=Gmt0dak05Lk

Figure 15.3.6 Two simple examples of
double integrals in polar coordinates


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_doublepol1.html
https://www.youtube.com/watch?v=Gmt0dak05Lk
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Example 15.3.7 Evaluating a double integral with polar coordinates.

Find the volume under the paraboloid z = 4 — (z — 2)? — y? over the
region bounded by the circles (z — 1)? +y? = 1 and (z — 2)% + y* = 4.
Solution. At first glance, this seems like a very hard volume to compute
as the region R (shown in Figure 15.3.8(a)) has a hole in it, cutting out a
strange portion of the surface, as shown in Figure 15.3.8(b). However, by
describing R in terms of polar equations, the volume is not very difficult
to compute.

It is straightforward to show that the circle (x — 1)? + 32 = 1 has polar
equation r = 2cos(#), and that the circle (x — 2)? + y? = 4 has polar
equation r = 4 cos(0). Each of these circles is traced out on the interval (b)
0 < 0 < 7. The bounds on r are 2 cos(f) < r < 4cos(6).

Replacing x with r cos(f) in the integrand, along with replacing y with
7sin(6), prepares us to evaluate the double integral [}, f(x,y) dA:

// fla,y)dA = / /24605(9) — (rcos(9) — 2)2 - (rsin(e))2>rdrd9

Figure 15.3.8 Showing the region R
and surface used in Example 15.3.7

cos(6)
4cos(6‘)
/ / — 1%+ 4r® cos(9)) dr df
2 cos(0)
4 cos(6)
:/ (—ir + 47“3 cos(&)) de
0 3 2 cos(0)

= /07T ([—i(256 cos*(0)) + 3(64cos4(9))} -
[—i(l(ﬁ cos*(0)) + %(8 cos4(9))}> df

To integrate cos*(0), rewrite it as cos? () cos? () and employ the power-
reducing formula twice:

cos?(#) = cos*(#) cos?(6)

[
[}

(1 + cos(26)) = (1 + cos(26))
(14 2cos(26) + cos®(20))

(1 + 2cos(26) + L (1 + cos(49))>

w%\H%\HM\H

1 1
=3 +3 cos(20) + 3 cos(40).

Picking up from where we left off above, we have

// flz,y)dA = / — cos?
_ /O o (2 + %cos(%) ;cos(49)) d

434 ( 0+ Z sin(20) + 3 sm(40))

0



https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_doublepol2b_3D.html
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11
= ?7( ~ 17.279.

While this example was not trivial, the double integral would have been
much harder to evaluate had we used rectangular coordinates.

Example 15.3.9 Evaluating a double integral with polar coordinates.

Find the volume under the surface given by the graph of f(z,y) =

————— over the sector of the circle with radius a centered at the
.172 + yQ + 1
origin in the first quadrant, as shown in Figure 15.3.10.

Figure 15.3.10 The surface and region R used in Example 15.3.9

Solution. The region R we are integrating over is a circle with radius
a, restricted to the first quadrant. Thus, in polar, the bounds on R are
0<r<a,0<60 <mx/2. Theintegrand is rewritten in polar as

1 1 1

= = .
224+ +1 " r2cos?(f) +r2sin?(0) +1  r2+1

We find the volume as follows:
A /2 ra r
dA = ———drdf
//Rf(lny) /O /O e
7'r/21 ) a
_ ~(I 1 ‘ df
[ gtml
TI'/21
/ —In(a®+1)do
O 2

= (1 In(a” + 1)0> "

= % In(a2 + 1).

()

0

Figure 15.3.10 shows that f shrinks to near O very quickly. Regardless,
| as a grows, so does the volume, without bound.

Previous work has shown that

there is finite area under =
over the entire x-axis. How-
ever, Example 15.3.9 shows that
there is infinite volume under
m over the entire zy-
plane.


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_doublepol5.html
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Example 15.3.11 Finding the volume of a sphere.

Find the volume of a sphere with radius a.

Solution. The sphere of radius a, centered at the origin, has equation
22 + % + 22 = a?; solving for z, we have z = /a2 — 22 — y2. This
gives the upper half of a sphere. We wish to find the volume under this
top half, then double it to find the total volume.

The region we need to integrate over is the disk of radius a, centered at
the origin. Polar bounds for this equationare 0 < r < a,0 < 6 < 27.
All together, the volume of a sphere with radius a is:

27 a
2// Va2 —x? —y2dA = 2/ / Va2 — (rcos(6))2 — (rsin(6))2r dr db
R o Jo
2m a
:2/ / rva? —r2drdf.
o Jo
2,2

We can evaluate this inner integral with substitution. With v = a* — <,
du = —2r dr. The new bounds of integration are u(0) = a? tou(a) = 0.

Thus we have:
0
:/ /(—ul/z)dudﬁ
0 a?

2m
2m 0
2
:/ (—u3/2> do
0 3 a
/2“ <2a3> 40 youtu.be/watch?v=47Xebo9FsKs
3
0

2
Figure 15.3.12 Finding the volume
(2a30> bounded by two surfaces

3
4

= —-Ta .

3

2m

0

Generally, the formula for the volume of a sphere with radius r is given
as 4/37rr3; we have justified this formula with our calculation.

Example 15.3.13 Finding the volume of a solid.

A sculptor wants to make a solid bronze cast of the solid shown in Fig-
ure 15.3.14, where the base of the solid has boundary, in polar coordi-
nates, r = cos(36), and the top is defined by the plane z = 1 — x4 0.1y.
Find the volume of the solid.

Solution. From the outset, we should recognize that knowing how to
set up this problem is probably more important than knowing how to
compute the integrals. The iterated integral to come is not “hard” to
evaluate, though it is long, requiring lots of algebra. Once the proper
iterated integral is determined, one can use readily available technology
to help compute the final answer.

The region R that we are integrating over is bound by 0 < r < cos(36), Figure 15.3.14 Visualizing the solid
for 0 < 6 < 7 (note that this rose curve is traced out on the interval used in Example 15.3.13

[0, 7], not [0, 27]). This gives us our bounds of integration. The integrand



https://www.youtube.com/watch?v=47Xebo9FsKs
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_doublepol4.html
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is z = 1 — x + 0.1y; converting to polar, we have that the volume V' is:

V= //R flz,y)dA = '/OTr /OCOS(?)Q) (1= cos(6)+0.17sin(8))r dr dé.

Distributing the r, the inner integral is easy to evaluate, leading to

/OW (; cos?(360) — %cos3(39) cos(f) + 0—31 cos®(36) sin(0)> de.

This integral takes time to compute by hand; it is rather long and cum-
bersome. The powers of cosine need to be reduced, and products like
cos(30) cos(6) need to be turned to sums using the Product To Sum for-
mulas in the back cover of this text.

We rewrite 1cos?(30) as 1(1 + cos(66)). We can also rewrite

2 1
% cos®(36) cos () as:

é cos*(36) cos(6) é cos?(36) cos(36) cos(6)
11 + cos(660)

3 2

(cos(46) + cos(26)).

This last expression still needs simplification, but eventually all terms can
be reduced to the form a cos(m#) or a sin(mf) for various values of a
and m.

We forgo the algebra and recommend the reader employ technology,
such as WolframAlpha®, to compute the numeric answer. Such technol-
ogy gives:

w  pcos(30)
/ / (1 —rcos(9) +0.1rsin(0))r dr do = % ~ 0.785u°.
0o Jo

Since the units were not specified, we leave the result as almost 0.8 cu-
bic units (meters, feet, etc.) Should the artist want to scale the piece
uniformly, so that each rose petal had a length other than 1, she should
keep in mind that scaling by a factor of k scales the volume by a factor
of k3.

We have used iterated integrals to find areas of plane regions and volumes
under surfaces. Just as a single integral can be used to compute much more than
“area under the curve,” iterated integrals can be used to compute much more
than we have thus far seen. The next two sections show two, among many,
applications of iterated integrals.

youtu.be/watch?v=x72_v_zZkl4

Figure 15.3.15 Another integral over
arose curve


https://www.youtube.com/watch?v=x72_v_zZkI4
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15.3.1 Exercises

Terms and Concepts

1.  When evaluating ffR x,y) dA using polar coordinates, f(x,y) is replaced with and dA isreplaced

with

2.  Why would one be interested in evaluating a double integral with polar coordinates?

Problems

Exercise Group. A function f(x,y) is given and a region R of the xy-plane is described. Set up and evaluate
[/ f(x,y) dA using polar coordinates.

3. f(z,y) = 3x —y + 4 and Ris the region 4.  f(x,y) = 4z + 4y; R is the region enclosed by
enclosed by the circle 22 + 32 = 1. the circle 22 + y? = 4.

5.  f(z,y) =8 —yand Ristheregionenclosedby 6.  f(x,y) = 4; Risthe region enclosed by the
the circles with polar equations r = cos(6) and petal of the rose curve r = sin(26) in the first
r = 3cos(h). quadrant.

7. f(z,y) = In(2? + y?); Ris the annulus 8. f(z,y) =1—2%—y?and Ris the region
enclosed by the circles 22 + y2 = 1 and enclosed by the circle 22 + y? = 1.
22 +y° = 4.

9.  f(=z,y) = 2% — 3% Ris the region enclosed by 10. f(z,y) = (z —y)/(z +y); Ris the region
the circle 22 + 2 = 36 in the first and fourth enclosed by the lines y = z, 4y = 0 and the
quadrants. circle 22 4+ y? = 1 in the first quadrant.

Exercise Group. An iterated integral in rectangular coordinates is given. Rewrite the integral using polar coordinates
and evaluate the new double integral.

5 v25—22
11. / Va2 +y?dydx
—/25—22

12. / / 2y—x)dxdy
16 y?
2 87y2
13. / / (z+y) dedy
Vi=z? Vi—z? Vi—z?
/ / (z+5) dydx—f—/ / (z+5) dyd:c—i—// (z+5) dydax
Vi=z?

Hint: draw the region of each integral carefully and see how they all connect.

14.

F

Exercise Group. In the following exercises, special double integrals are presented that are especially well suited for
evaluation in polar coordinates.
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. —(e2+y?) 16. The surface of a right circular cone with height
15. Consider //R € dA. h and base radius a can be described by the
) 22 2

(a) Why is this integral difficult to evaluate in equation f(x,y) = h — hy/ — + y—Q where

rectangular coordinates, regardless of the the tip of the cone lies at (0 8 h) a(i\d the

. b b

region R? circular base lies in the zy-plane, centered at

(b) Let R be the region bounded by the circle the origin.

Confirm that the volume of a right circular

of radius a centered at the origin. . . . ;
cone with height h and base radius a is

Evaluate the double integral using polar 1
coordinates. V= gwazh by evaluating // f(z,y)dAin
R

(c) Take the limit of your answer from (b), as polar coordinates.
a — oo. What does this imply about the
volume under the surface z = e~ (*+v%)
over the entire xy-plane?
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15.4 Center of Mass

We have used iterated integrals to find areas of plane regions and signed vol-
umes under surfaces. A brief recap of these uses will be useful in this section as
we apply iterated integrals to compute the mass and center of mass of planar
regions.

To find the area of a planar region, we evaluated the double integral [}, dA.
That is, summing up the areas of lots of little subregions of R gave us the total
area. Informally, we think of ffR dA as meaning “sum up lots of little areas over
R’

To find the signed volume under a surface, we evaluated the double inte-
gral [[, f(z,y)dA. Recall that the “dA” is not just a “bookend” at the end
of an integral; rather, it is multiplied by f(x,y). We regard f(z,y) as giving a
height, and d A still giving an area: f(xz,y) dA gives a volume. Thus, informally,
I f(z,y) dA means “sum up lots of little volumes over R.”

We now extend these ideas to other contexts.

15.4.1 Mass and Weight

Consider a thin sheet of material with constant thickness and finite area. Mathe-
maticians (and physicists and engineers) call such a sheet a lamina. So consider
a lamina, as shown in Figure 15.4.1(a), with the shape of some planar region R,
as shown in Figure 15.4.1(b).

y = fa(x)

(a) (b)
Figure 15.4.1 Illustrating the concept of a lamina

We can write a simple double integral that represents the mass of the lamina:
ffR dm, where “dm” means “a little mass.” That is, the double integral states
the total mass of the lamina can be found by “summing up lots of little masses
over R.”

To evaluate this double integral, partition R into n subregions as we have
done in the past. The ith subregion has area A A;. A fundamental property of
mass is that “mass=densityxarea.” If the lamina has a constant density ¢, then
the mass of this ith subregion is Am; = dAA;. Thatis, we can compute a small
amount of mass by multiplying a small amount of area by the density.

If density is variable, with density function § = d(x, y), then we can approxi-
mate the mass of the ith subregion of R by multiplying A 4; by 6(z;, y; ), where
(x4,y;) is a point in that subregion. That is, for a small enough subregion of R,
the density across that region is almost constant.

The total mass M of the lamina is approximately the sum of approximate
masses of subregions:

i=1 i=1

Mass and weight are different
measures. Since they are scalar
multiples of each other, it is of-
ten easy to treat them asthe same
measure. In this section we ef-
fectively treat them as the same,
as our technique for finding mass
is the same as for finding weight.
The density functions used will
simply have different units.
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Taking the limit as the size of the subregions shrinks to O gives us the actual

mass; that is, integrating d(z, y) over R gives the mass of the lamina.
Definition 15.4.2 Mass of a Lamina with Variable Density.

Let 6(x,y) be a continuous density function of a lamina corresponding
to a closed, bounded plane region R. The mass M of the lamina is

massM://R dm://Ré(x,y)dA.

Example 15.4.3 Finding the mass of a lamina with constant density.

Find the mass of a square lamina, with side length 1, with a density of
§ =3g/em?.

Solution. We represent the lamina with a square region in the plane
as shown in Figure 15.4.4. As the density is constant, it does not matter
where we place the square.

Following Definition 15.4.2, the mass M of the lamina is

1ol 1l
M://3dA:/ / 3d:cdy:3/ / drdy =38g.
R 0o Jo o Jo

This is all very straightforward; note that all we really did was find the

area of the lamina and multiply it by the constant density of 3 Cm%.

Example 15.4.5 Finding the mass of a lamina with variable density.

Find the mass of a square lamina, represented by the unit square with
lower lefthand corner at the origin (see Figure 15.4.4), with variable den-
sity 6(z,y) = (z +y + 2) g/cm?.

Solution. The variable density §, in this example, is very uniform, giving
a density of 3 in the center of the square and changing linearly. A graph
of 6(x,y) can be seen in Figure 15.4.6; notice how “same amount” of
density is above z = 3 as below. We'll comment on the significance of
this momentarily.

The mass M is found by integrating §(z, y) over R. The order of integra-
tion is not important; we choose dx dy arbitrarily. Thus:

M://R(x-l—y—l—Q)dA:/Ol/ol(m—i—y-i—Z)dxdy
:/01 (;xz—l—x(y—i—Q)) ;dy
[ (Geo)

(5, L]
- \2YT oY

=3g.

0

It turns out that since the density of the lamina is so uniformly distrib-
uted “above and below” z = 3 that the mass of the lamina is the same as
if it had a constant density of 3. The density functions in Example 15.4.3

0.8

0.6

0.4

0.2

T

0.2 0.4 0.6 0.8 1

Figure 15.4.4 Aregion R representing
alamina in Example 15.4.3

Y

T

Figure 15.4.6 Graphing the density
functions in Example 15.4.3 and Ex-
ample 15.4.5
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and Example 15.4.5 are graphed in Figure 15.4.6, which illustrates this
concept.

Example 15.4.7 Finding the weight of a lamina with variable density.

Find the weight of the lamina represented by the disk with radius 2 ft,
centered at the origin, with density function 6(z,y) = (22 + y? +
1) Ib/ft2. Compare this to the weight of the lamina with the same shape
and density §(z,y) = (24/22 + y2 + 1) Ib/ft>.

Solution. A direct application of Definition 15.4.2 states that the weight
of the lamina is [}, d(x,y) dA. Since our lamina is in the shape of a
circle, it makes sense to approach the double integral using polar coor-
dinates.

The density function §(z, y) = z? + y* + 1 becomes

6(T7 9) = (T COS(Q))2 + (7" sin(&))Q 41 =741,

The circle is bounded by 0 < r» < 2and 0 < 6 < 2x. Thus the weight

W is:
27 2
W:/ /(r2+1)rdrd9

0 0
27

_ La, 15

_/0 <4r +2r)
27

:/ (6) do
0

=127 = 37.701b.

2
do
0

Now compare this with the density function é(x,y) = 24/22 + y% + 1.
Converting this to polar coordinates gives

5(r,0) = 2¢/(rcos(0))2 + (rsin(9))2 + 1 = 2r + 1.

Thus the weight W is:

2 2
/ (2r+1)rdrdo
0

2 4 12)2
i e N
G +37)),

22
— | df
7)

I
o
(]
3
/N

= —7~46.081b.

=~
Rl N

One would expect different density functions to return different weights,
as we have here. The density functions were chosen, though, to be simi-
lar: each gives a density of 1 at the origin and a density of 5 at the outside
edge of the circle, as seen in Figure 15.4.8.
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(b)

Figure 15.4.8 Graphing the density functions in Example 15.4.7. In (a)
is the density function §(z,y) = 22 + y? + 1; in (b) is 6(z,y) =

222 +y?2+1

Notice how z2 + y? + 1 < 2/22 4+ y2 + 1 over the circle; this results
| inless weight.

Plotting the density functions can be useful as our understanding of mass
can be related to our understanding of “volume under a surface.” We inter-
preted ffR f(z,y) dA as giving the volume under f over R; we can understand
[/ 6(x,y) dAin the same way. The “volume” under § over R is actually mass;
by compressing the “volume” under ¢ onto the xy-plane, we get “more mass”
in some areas than others — i.e., areas of greater density.

Knowing the mass of a lamina is one of several important measures. Another
is the center of mass, which we discuss next.

15.4.2 Center of Mass

Consider a disk of radius 1 with uniform density. It is common knowledge that
the disk will balance on a point if the point is placed at the center of the disk.
What if the disk does not have a uniform density? Through trial-and-error, we
should still be able to find a spot on the disk at which the disk will balance on a
point. This balance point is referred to as the center of mass, or center of gravity.
Itis though all the mass is “centered” there. In fact, if the disk has a mass of 3 kg,
the disk will behave physically as though it were a point-mass of 3 kg located at
its center of mass. For instance, the disk will naturally spin with an axis through
its center of mass (which is why it is important to “balance” the tires of your car:
if they are “out of balance”, their center of mass will be outside of the axle and
it will shake terribly).

We find the center of mass based on the principle of a weighted average.
Consider a college class in which your homework average is 90%, your test av-
erage is 73%, and your final exam grade is an 85%. Experience tells us that our


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_mass3a_3D.html
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final grade is not the average of these three grades: that is, it is not:

0.940.73+0.85
3

~ (0.837 = 83.7

That is, you are probably not pulling a B in the course. Rather, your grades
are weighted. Let’s say the homework is worth 10% of the grade, tests are 60%
and the exam is 30%. Then your final grade is:

(0.1)(0.9) + (0.6)(0.73) + (0.3)(0.85) = 0.783 = 78.3

Each grade is multiplied by a weight.
In general, givenvalues x1, xo, . . ., x,, and weights wy, wo, . . . , w,, the weighted
average of the n values is

n n
E W; T; E W;.
i=1 i=1

In the grading example above, the sum of the weights 0.1, 0.6 and 0.3 is 1,
so we don’t see the division by the sum of weights in that instance.
How this relates to center of mass is given in the following theorem.

Theorem 15.4.9 Center of Mass of Discrete Linear System.

Let point masses my, ma, ..., m, be distributed along the x-axis at lo-
cations x1,xs, . .., x,, respectively. The center of mass T of the system

is located at
n n
i=1 i=1

Example 15.4.10 Finding the center of mass of a discrete linear system.

1. Point masses of 2g are locatedatx = —1,z = 2and x = 3 are
connected by a thin rod of negligible weight. Find the center of
mass of the system.

2. Point masses of 10g, 2g and 1g are located at z = —1, z = 2
and x = 3, respectively, are connected by a thin rod of negligible
weight. Find the center of mass of the system.

Solution.
1. Following Theorem 15.4.9, we compute the center of mass as:

__2A=D+29+208) 4,
T 21212 3"

el

So the system would balance on a point placed at z = 4/3, as
illustrated in Figure 15.4.11(a).
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T T T x
4.
1 0 1A 3 1 Ay 1 2 3

(a) (b)

Figure 15.4.11 lllustrating point masses along a thin rod and the
center of mass

2. Again following Theorem 15.4.9, we find:

10(—1) +2(2) + 1 -
o WED 2R +IG) =3 og
10+241 13

Placing a large weight at the left hand side of the system moves
the center of mass left, as shown in Figure 15.4.11(b).

In a discrete system (i.e., mass is located at individual points, not along a
continuum) we find the center of mass by dividing the mass into a moment of
the system. In general, a moment is a weighted measure of distance from a par-
ticular point or line. In the case described by Theorem 15.4.9, we are finding a
weighted measure of distances from the y-axis, so we refer to this as the mo-
ment about the y-axis, represented by M,,. Letting M be the total mass of the
system, we haveZ = M, /M.

We can extend the concept of the center of mass of discrete points along a
line to the center of mass of discrete points in the plane rather easily. To do so,
we define some terms then give a theorem.

Definition 15.4.12 Moments about the = and y Axes.
Let point masses mq, ma, ..., m, be located at points

(@1, 41)s (T2, ¥2)5 - -+ (Tns Yn),
respectively, in the zy-plane.

n
1. The moment about the y-axis, M, is M, = Z m;T;.
i=1

n
2. The moment about the x-axis, M, is M, = Z mM;Ys.
i=1

One can think that these definitions are “backwards” as M, sums up “z”
distances. But remember, “z” distances are measurements of distance from the
y-axis, hence defining the moment about the y-axis.

We now define the center of mass of discrete points in the plane.
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Theorem 15.4.13 Center of Mass of Discrete Planar System.

Let point masses my, ma, ..., m, be located at points

($17y1)7 ($27y2), sy (xnayn)’

n
respectively, in the xy-plane, and let M = Z m;.
i=1
The center of mass of the system is at (T, y), where

M,

M

M,

M

T = andy =

Example 15.4.14 Finding the center of mass of a discrete planar system.

Let point masses of 1kg, 2 kg and 5 kg be located at points (2,0), (1, 1)
and (3, 1), respectively, and are connected by thin rods of negligible
weight. Find the center of mass of the system.

Solution. We follow Theorem 15.4.13 and Definition 15.4.12 to find M,
M, and M,:
M=1+2+5=38ksg.

n n
Mw = E m;iy; My = E m;x;
i=1 i=1

=1(0) +2(1) + 5(1) = ?2)+2(1) +5(3)

Thus the:ce7n'ter of mass is (Z,7) = %:@ = Lg z —
yYy) = M M = ) =
(2.375,0.875), illustrated in Figure 15.4.15.

We finally arrive at our true goal of this section: finding the center of mass of
a lamina with variable density. While the above measurement of center of mass
is interesting, it does not directly answer more realistic situations where we need
to find the center of mass of a contiguous region. However, understanding the
discrete case allows us to approximate the center of mass of a planar lamina;
using calculus, we can refine the approximation to an exact value.

We begin by representing a planar lamina with a region R in the zy-plane
with density function §(x, y). Partition R into n subdivisions, each with area
AA;. As done before, we can approximate the mass of the ith subregion with
§(xzi,y;) AA;, where (z;,y;) is a point inside the ith subregion. We can approx-
imate the moment of this subregion about the y-axis with z;6(x;, y;)AA; —
that is, by multiplying the approximate mass of the region by its approximate
distance from the y-axis. Similarly, we can approximate the moment about the
x-axis with y;0(z;, y;) A A;. By summing over all subregions, we have:

n
mass: M ~ Z 0(x;,y;)AA; (as seen before)
=1

n
moment about the z-axis: M, ~ Z Yo (i, yi ) AA;
i=1

n
moment about the y-axis: M, ~ Z x;0(xi,y;) AA;
i=1

Y

Figure 15.4.15 lllustrating the center
of mass of a discrete planar system in
Example 15.4.14
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By taking limits, where size of each subregion shrinks to 0 in both the x and

y directions, we arrive at the double integrals given in the following theorem.
Theorem 15.4.16 Center of Mass of a Planar Lamina, Moments.

Let a planar lamina be represented by a closed, bounded region R in the
xy-plane with density function 6(x, y).

1. mass: M = // 0(z,y)dA
R

2. moment about the z-axis: M, = // yo(x,y)dA
R

3. moment about the y-axis: M, = // xd(z,y) dA
R

4. The center of mass of the lamina is
(M, M,
(x,y) = (M’ M> .

We start our practice of finding centers of mass by revisiting some of the
lamina used previously in this section when finding mass. We will just set up
the integrals needed to compute M, M, and M, and leave the details of the
integration to the reader.

Example 15.4.17 Finding the center of mass of a lamina.

Find the center mass of a square lamina, with side length 1, with a den-
sity of § = 3 g/cm?. (Note: this is the lamina from Example 15.4.3.)

Solution. We represent the lamina with a square region in the plane as
shown in Figure 15.4.18 as done previously.
Following Theorem 15.4.16, we find M, M, and M,,:

11
M://3dA://3d:vdy:3g
R o Jo
1 1
]V[gC:// SydA:/ / 3ydedy=3/2=15
R 0o Jo
11
Myz// Bdi:/ / 3xdrdy =3/2=1.5.
R o Jo

M, M,
Thus the center of mass is (Z,7) = (MEJ’M> = (1.5/3,1.5/3) =

(0.5,0.5). This is what we should have expected: the center of mass of
a square with constant density is the center of the square.

Example 15.4.19 Finding the center of mass of a lamina.

Find the center of mass of a square lamina, represented by the unit
square with lower lefthand corner at the origin (see Figure 15.4.18), with
variable density d(z,y) = (x + y + 2) g/cm>. (Note: this is the lamina
from Example 15.4.5.)

0.8

0.6

0.4

0.2

T

0.2 0.4 0.6 0.8

1

Figure 15.4.18 A region R represent-

ing a lamina in Example 15.4.3
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Solution. We follow Theorem 15.4.16, to find M, M, and M,:

1 1
M://(x+y+2)dA:/ / (x+y—+2)dedy=3g
R 0 0
1 1 19
Mw:// y(:v+y+2)dA:/ / Y@ +y+2)dedy = —
R 0 0 12
My:// m(w+y+2)dA:/ / oo +y+2)dedy = =2,
R 0 0 12

Thus the center of mass is

M, M, 19 19
) = (2 Me) _ (2 ) L 0.528.0.528).
(@.7) (M’M) (36’36) (0.528, )

While the mass of this lamina is the same as the lamina in the previous
example, the greater density found with greater = and y values pulls
the center of mass from the center slightly towards the upper righthand
corner.

Example 15.4.20 Finding the center of mass of a lamina.

Find the center of mass of the lamina represented by the circle with ra-
dius 2 ft, centered at the origin, with density function §(z,y) = (22 +
y? + 1) Ib/ft2. (Note: this is one of the lamina used in Example 15.4.7.)

Solution. As done in Example 15.4.7, it is best to describe R using
polar coordinates. Thus when we compute M, we will integrate not
z6(z,y) = z(2? + y* + 1), but rather (r cos(6))d(r cos(0), r sin(6)) =
(rcos(6)) (r* +1). We compute M, M, and M,:

2 2
M:/ / (r? + 1)rdrdf =127 ~ 37.71b
0 0
27 2
M, = / / (rsin(0))(r? + 1)rdrdf =0
0 0

M, = /27T /2(1°cos;(9))(r2 + 1)rdrdf =0.
o Jo

Since R and the density of R are both symmetric about the x and y axes,
it should come as no big surprise that the moments about each axis is 0.
Thus the center of mass is (Z,7) = (0,0).

Example 15.4.21 Finding the center of mass of a lamina.

Find the center of mass of the lamina represented by the region R shown
in Figure 15.4.22, half an annulus with outer radius 6 ft and inner radius

5 ft, with constant density 2 5.

Solution. Once again it will be useful to represent R in polar coordi-
nates. Using the description of R and/or the illustration, we see that R
isbounded by 5 < r < 6and 0 < 6 < w. As the lamina is symmetric
about the y-axis, we should expect M, = 0. We compute M, M, and

Figure 15.4.22 lllustrating the region
R in Example 15.4.21
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M,y:

™ 6
M :/ / (2)rdrdd =117lb
0o Js

M, = /OTr /Sﬁ(rsin(G))@)r dr df = 364

~ 121.33

M, = /OTr /E)G(rcos(e))(2)rdrd0 =0.

Thus the center of mass is (z,7) = (0, 332) ~ (0,3.51). The center of

| mass is indicated in Figure 15.4.22; note how it lies outside of R!

This section has shown us another use for iterated integrals beyond finding
area or signed volume under the curve. While there are many uses for iterated
integrals, we give one more application in the following section: computing sur-
face area.
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15.4.3 Exercises

Terms and Concepts

1.  Whyis it easy to use “mass” and “weight” interchangeably, even though they are different measures?

2. Given a point (z, y), the value of = is a measure of distance fromthe -axis.

3. Wecanthinkof [[, dm as meaning “sumuplotsof !

4.  What is a “discrete planar system?”

5.  Whydoes M, use [[,yd(x,y) dAinstead of [ [, xd(x,y) dA; that is, why do we use “y” and not “z"?

6. Describe a situation where the center of mass of a lamina does not lie within the region of the lamina itself.
Problems

Exercise Group. In the following exercises, point masses are given along a line or in the plane. Find the center of
mass T or (Z,7), as appropriate. (All masses are in grams and distances are in cm.)

7. my=4atr=1,myg=3atx=3;m3g=>5at 8 mp=2atx=-3;my=2atzx=-1;
xz =10 mg=3atx=0;my =3atx =7

9. my=2at(—2,-2);me =2at(2,-2); 10. my =1lat(—1,—1);me =2at(—1,1);
ms = 20 at (0,4) ms =2at(1,1);my =1at(1,—-1)

Exercise Group. In the following exercises, find the mass/weight of the lamina described by the region R in the plane
and its density function §(z, y).

11.  Ris the rectangle with corners (1, —3), (1, 2), 12. Ris the rectangle with corners (1, —3), (1, 2),
(7,2) and (7, —3); 6(x,y) = 5g/cm? (7,2) and (7, —3); 6(x,y) = (= +y?) g/cm?

13.  Ris the triangle with corners (—1,0), (1,0), 14. Ris the triangle with corners (0, 0), (1,0), and
and (0,1); §(z,y) = 21b/in? (0,1); 6(x,y) = (2% 4y + 1) Ib/in?

15. Ris the disk centered at the origin with radius 16. Ris the circle sector bounded by 2% 4 y? = 25
2;6(x,y) = (z +y + 4) kg/m” in the first quadrant;

z,y) = (/22 + y2 + 1) kg/m’

17. Risthe annulus in the first and second 18. Risthe annulus in the ﬁrst and second
quadrants bounded by 2 + y? = 9 and quadrants bounded by 224+ y?>=9and
22 + 42 = 36; 6(x,y) = 41b/ft> 22 + 42 = 36; 6(x, y) = /22 + 2 Ib/ft?

Exercise Group. In the following exercises, find the center of mass of the lamina described by the region R in the
plane and its density function §(z, y).
Note: these are the same lamina as in Exercise 15.4.11 — Exercise 15.4.18.

19. Ris the rectangle with corners (1, —3), (1, 2), 20. Risthe rectangle with corners (1, —3), (1, 2),
(7,2) and (7, —3); 6(z,y) = 5g/cm? (7,2) and (7,-3); 6(z,y) = (z+ vy )g/cm

21. Ris the triangle with corners (-1, 0), (1,0), 22. Risthe triangle with corners (0,0), (1 0), and
and (0,1); 6(z,y) = 2Ib/in® (0,1); 8(2,y) = (22 + > + 1) Ib/in?

23. Risthe disk centered at the origin with radius 24, Ris the circle sector bounded by 22 + 32 = 25
2;6(x,y) = (x +y + 4) kg/m? in the first quadrant;

= (/22 +y% + 1) kg/m*

25. Risthe annulus in the first and second 26. Risthe annulusin the ﬁrst and second
quadrants bounded by 22 + y? = 9 and quadrants bounded by 22 4 »? = 9 and
22 +y? = 36; 6(z,y) = 4b/ft> 22 +y? = 36; 6(z,y) = /22 + 2 Ib/ft?

Exercise Group. The moment of inertia I is a measure of the tendency of a lamina to resist rotating about an axis or
continue to rotate about an axis. I, is the moment of inertia about the z-axis, I, is the moment of inertia about the
y-axis, and I is the moment of inertia about the origin. These are computed as follows:
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. Im://dem
R
° Iy://xQdm
R
° ]O:// (;1:2+y2)dm
JJR

In the following exercises, a lamina corresponding to a planar region R is given with a mass of 16 units. For each,
compute I, I, and Io.
27. Risthe 4 x 4 square with corners at (—2, —2) 28. Risthe 8 x 2 rectangle with corners at
and (2, 2) with density §(z, y) = 1. (—4,-1) and (4, 1) with density §(xz, y) = 1.
29. Risthe 4 x 2 rectangle with corners at 30. Risthe disk with radius 2 centered at the origin
(—2,-1) and (2, 1) with density 6(z,y) = 2. with density 6(z,y) = 4/.



CHAPTER 15. MULTIPLE INTEGRATION 857

15.5 Surface Area

In Section 7.4 we used definite integrals to compute the arc length of plane
curves of the form y = f(x). We later extended these ideas to compute the
arc length of plane curves defined by parametric or polar equations.

The natural extension of the concept of “arc length over an interval” to sur-
faces is “surface area over a region.”

Consider the surface z = f(z,y) over a region R in the xy-plane, shown
in Figure 15.5.1(a). Because of the domed shape of the surface, the surface
area will be greater than that of the area of the region R. We can find this
area using the same basic technique we have used over and over: we'll make
an approximation, then using limits, we'll refine the approximation to the exact
value.

(a) (b)
Figure 15.5.1 Developing a method of computing surface area

As done to find the volume under a surface or the mass of a lamina, we
subdivide R inton subregions. Here we subdivide R into rectangles, as shownin
the figure. One such subregion is outlined in the figure, where the rectangle has
dimensions Ax; and Ay;, along with its corresponding region on the surface.

In part Figure 15.5.1(b) of the figure, we zoom in on this portion of the sur-
face. When Ax; and Ay; are small, the function is approximated well by the
tangent plane at any point (z;, y;) in this subregion, which is graphed in part
Figure 15.5.1(b). In fact, the tangent plane approximates the function so well
that in this figure, it is virtually indistinguishable from the surface itself! There-
fore we can approximate the surface area .S; of this region of the surface with
the area T} of the corresponding portion of the tangent plane.

This portion of the tangent plane is a parallelogram, defined by sides # and
¥, as shown. One of the applications of the cross product from Section 12.4 is
that the area of this parallelogram is || x ¥/||. Once we can determine @ and ,
we can determine the area.

The vector 4 is tangent to the surface in the direction of x, therefore, from
Section 14.4, @ is parallel to (1,0, f..(x;, y;)). The z-displacement of @ is Az;, so
weknowthat @ = Ax; (1,0, fz(xs, y:)). Similarlogic shows that 7 = Ay; (0, 1, f, (x4, ¥i)).
Thus:

surface area S; ~ area of T;
= [l > v
= ||Ax1, <17 07 fz(xlay’b)> X Ay’b <07 17 fy($27yz)>||

= \/1 + fo(s, v:i)? + fy(@i, i) 2 Az Ay;.
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Note that Az;Ay; = AA;, the area of the ith subregion.
Summing up all n of the approximations to the surface area gives

surface area over R =~ Z \/1 + fo(i,yi)? + fy(xi, v:)2AA;.

i=1

Once again take a limit as all of the Ax; and Ay; shrink to 0; this leads to a
double integral.

Definition 15.5.2 Surface Area.

Let z = f(x, y) where f, and f,, are continuous over a closed, bounded
region R. The surface area S over R is

S = //R s
- //R \/1 + fo(z,y)? + fy(@,y)? dA.

We test this definition by using it to compute surface areas of known sur-
faces. We start with a triangle.

Example 15.5.3 Finding the surface area of a plane over a triangle.

Let f(z,y) = 4 — x — 2y, and let R be the region in the plane bounded
byx =0,y =0andy = 2 — /2, as shown in Figure 15.5.4. Find the
surface area of f over R.

Solution. We follow Definition 15.5.2. We start by noting that
fo(z,y) = —1and fy(z,y) = —2. To define R, we use bounds
0<y<2-—=x/2and0 < z < 4. Therefore

S://RdS

4 p2-x/2
= / / V14 (—1)2 + (=2)2dydz
0o Jo

sza(g_;) i
= 4V/6.

Because the surface is a triangle, we can figure out the area using geom-
etry. Considering the base of the triangle to be the side in the xy-plane,
we find the length of the base to be v/20. We can find the height using
our knowledge of vectors: let i be the side in the xz-plane and let ¥ be
the side in the zy-plane. The height is then ||@ — proj ; @] = 4./6/5.
Geometry states that the area is thus

%.N%.\/z*:m.

We affirm the validity of our formula.

It is “common knowledge” that the surface area of a sphere of radius r is
47r2. We confirm this in the following example, which involves using our for-
mula with polar coordinates.

As done before, we think of “ffR ds”
as meaning “sum up lots of little
surface areas over R.”

The concept of surface area
is defined here, for while we al-
ready have a notion of the area
of a region in the plane, we did
not yet have a solid grasp of what
“the area of a surface in space”
means.

Figure 15.5.4 Finding the area of a tri-
angle in space in Example 15.5.3
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Example 15.5.5 The surface area of a sphere.

Find the surface area of the sphere with radius a centered at the origin,
whose top hemisphere has equation f(z,y) = \/a? — 22 — y2.

Solution. We start by computing partial derivatives and find

— —t — Y
fu(,y) = a2_$2_yzandfy(w,y)— P —

As our function f only defines the top upper hemisphere of the sphere,
we double our surface area result to get the total area:

5:2// VI Lol y)? + fy (e, y)? dA
o ff e s

The region R that we are integrating over is bounded by the circle, cen-
tered at the origin, with radius a: 22 + y? = a?. Because of this region,
we are likely to have greater success with our integration by converting
to polar coordinates. Using the substitutions 2 = r cos(6), y = rsin(6),
dA = rdrdf and bounds 0 < 8 <27 and 0 < r < a, we have:

2w .
_2/ / \/ r2c052(9)+r2$ln2(92) - dr b
r2 cos?(6) — r2sin“(0)
2
= 2/ / ri/1 —I—
2
_ / / Y (15.5.1)

Apply substitution u = a? — 2 and integrate the inner integral, giving

2T
:2/ a® db
0

= 4ma?.

— 2drd9

Our work confirms our previous formula.

Example 15.5.6 Finding the surface area of a cone.

The general formula for a right cone with height h and base radius a is

h
fla,y) =h— -2+
shown in Figure 15.5.7. Find the surface area of this cone.
Solution. We begin by computing partial derivatives.
xh yh
———and f,(z,y) = ————.
ar/x? + 12 v@y) ar/x? + y?

Since we are integrating over the disk bounded by 2 +y? = a2, we again
use polar coordinates. Using the standard substitutions, our integrand

fz(zvy) - =

859

Theinner integral in Equation (15.5.1)

isanimproper integral, as the in-

tegrand of [ 7,/ % drisnot
defined at r = a. To properly
evaluate this integral, one must
use the techniques of Section 6.5.

The reason this need arises

is that the function

fla) = Va2 ==

fails the requirements of Defini-
tion 15.5.2, as f, and f, are not
continuous on the boundary of
the circle 22 + y? = a?.

The computation of the sur-
face area is still valid. The defini-
tion makes stronger requirements
than necessary in part to avoid
the use of improper integration,
aswhen f, and/or f, are notcon-
tinuous, the resulting improper
integral may not converge. Since
the improper integral does con-
verge in this example, the surface
area is accurately computed.

Figure 15.5.7 Finding the surface area
of a cone in Example 15.5.6
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becomes

o () ()

This may look intimidating at first, but there are lots of simple simplifica-
tions to be done. It amazingly reduces to just

R 1
I+ — =-Va*+h%
[¢5 [¢

Our polar boundsare 0 < 8 < 2w and 0 < r < a. Thus

27 a 1
S:/ r—v/a?+ hZdrdb
0 0o a

Note that once again f, and

1,1 ¢ f, are not continuous on the

_ / (r m) d y are
0 2 a 0 domain of f, as both are unde-
2r | fined at (0,0). (A similar prob-
= ia\/ a? + h2 de lem occurred in the previous ex-
0 ample.) Once again the result-
= mav/a? + h2. ing improper integral converges

and the computation of the sur-
face area is valid.

L This matches the formula found in the back of this text.

Example 15.5.8 Finding surface area over a region.

Find the area of the surface f(x,y) = 22 — 3y + 3 over the region R
bounded by —z <y < z,0 < x <4, as pictured in Figure 15.5.9.

Solution. Itisstraightforward to compute f,(z,y) = 2z and f,(z,y) =
—3. Thus the surface area is described by the double integral

//R\/H(Qz)u(—:a)?dA://R\/md/x.

As with integrals describing arc length, double integrals describing sur-
face area are in general hard to evaluate directly because of the square-
root. This particular integral can be easily evaluated, though, with judi-
cious choice of our order of integration.

Integrating with order dx dy requires us to evaluate f V10 + 422 dz.
This can be done, though it involves Integration By Parts and sinh ! ().
Integrating with order dy dz has as its first integral f V10 + 422 dy,
which is easy to evaluate: it is simply y+/10 + 422 + C. So we proceed
with the order dy dx; the bounds are already given in the statement of
the problem.

Figure 15.5.9 Graphing the surface in
4 ro Example 15.5.8
// \/1O+4x2dA:/ / V10 + 422 dy dx
R 0 —x
4 xT
:/ (pW10+422)| da

0

4
= / (235\/ 10 + 4x2) dx.
0
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Apply substitution with w = 10 + 4z2:

- (é (10 + 43:2)3/2)

1
=3 (37\/774 - 5@) ~ 100.825 units?.

4

0

So while the region R over which we integrate has an area of 16 square
units, the surface has a much greater area as its z-values change dramat-
| ically over R.

In practice, technology helps greatly in the evaluation of such integrals. High
powered computer algebra systems can compute integrals that are difficult, or
at least time consuming, by hand, and can at the least produce very accurate
approximations with numerical methods. In general, just knowing how to set up
the proper integrals brings one very close to being able to compute the needed
value. Most of the work is actually done in just describing the region R in terms
of polar or rectangular coordinates. Once this is done, technology can usually
provide a good answer.

We have learned how to integrate integrals; that is, we have learned to eval-
uate double integrals. In the next section, we learn how to integrate double in-
tegrals — that is, we learn to evaluate triple integrals, along with learning some
uses for this operation.
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15.5.1 Exercises
Terms and Concepts

1. “Surface area” is analogous to what previously studied concept?

2.  To approximate the area of a small portion of a surface, we computed the area of its

3.  Weinterpret // dS as “sum up lots of little S
R

4.  Why is it important to know how to set up a double integral to compute surface area, even if the resulting
integral is hard to evaluate?

5. Whydoz = f(z,y)and z = g(x,y) = f(z,y) + h, for some real number h, have the same surface area over
aregion R?

6. Let f(x,y) be a function defined over a region R and let g(x,y) = 2f(z,y). Why is the surface area of z =
g(x,y) over R not twice the surface area of z = f(z,y) over R?

Problems

Exercise Group. In the following exercises, set up the iterated integral that computes the surface area of the graph
of the given function over the region R.
7. f(x,y) =sin(z) cos(y);R is the rectangle with - b
bounds 0 < & < 2,0 < y < 2r. 8. flz,y) = Pl e 1,R is bounded by the
1 z circle 22 +y2 = 9.
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9.

_ 2 2.p .
f(z,y) = z° — y*; R is the rectangle with 10.

opposite corners (—1,—1) and (1, 1).

863

1
Jb”(ac, y) = 612—+1;R is the rectangle bounded
Y

-5 <zx<band0<y< 1.

Exercise Group. In the following exercises, find the area of the given surface over the region R.

11.

13.

15.

17.

19.

z =3z — Ty + 2; Ris the rectangle with 12.
opposite corners (—1,0) and (1, 3).

z = 22 4+ y? + 10; R is bounded by the circle 14.
z? 4+ y* = 16.

z = 22 + y over R, the triangle bounded by 16.

y=2zx,y=0andx = 2.

2z =10 — 2+/22 + 32 over the region R 18.

bounded by the circle 2 + 32 = 25. (This is the
cone with height 10 and base radius 5; be sure
to compare your result with the known
formula.)

Find the surface area of the ellipse formed by
restricting the plane f(x,y) = cx + dy + h to
the region R bounded by the circle 22 + 3% =1,
where ¢, d and h are some constants. Your
answer should be given in terms of ¢ and d; why
does the value of h not matter?

z = 2x + 2y + 2; R is the triangle with corners
(0,0), (1,0) and (0, 1).

2z = —2x + 4y® + 7 over R, the triangle
boundedbyy = —z,y=2,0 <y < 1.

z = 223/% 4 2y3/% over R, the rectangle with
opposite corners (0,0) and (1, 1).

Find the surface area of the sphere with radius
5 by doubling the surface area of

f(z,y) = /25 — 22 — y? over the region R

bounded by the circle 22 + 52 = 25. (Be sure to
compare your result with the known formula.)
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15.6 Volume Between Surfaces and Triple Integration

15.6.1 Volume between surfaces

We learned in Section 15.2 how to compute the signed volume V under a surface
z = f(z, y) over aregion R: V = [[, f(x,y) dA. It follows naturally that if
f(z,y) > g(x,y) on R, then the volume between f(x,y) and g(z,y) on Ris

//fxydA // () dA = // (5,9) — g(a,3) dA.

Theorem 15.6.1 Volume Between Surfaces.

Let f and g be continuous functions on a closed, bounded region R,
where f(z,y) > g(x,y) for all (x,y) in R. The volume V between f

and g over R is
V= //R (f(z,y) — g(z,y)) dA.

Example 15.6.2 Finding volume between surfaces.

Find the volume of the space region bounded by the planes z = 3z +
y—4,2=8—3r—2y,r =0andy = 0. In Figure 15.6.3(a) the planes
are drawn; in Figure 15.6.3(b), only the defined region is given.

w
™

(a) (b)

Figure 15.6.3 Finding the volume between the planes given in Exam-
ple 15.6.2

Solution. We need to determine the region R over which we will inte-
grate. To do so, we need to determine where the planes intersect. They
have common z-values when 3z 4+ y — 4 = 8 — 3z — 2y. Applying a little
algebra, we have:

Jx+y—4=8—-3x—2y
6x + 3y = 12
20 +y =4
The planes intersect along the line 2z + y = 4. Therefore the region R

is bounded by x = 0, y = 0, and y = 4 — 2x; we can convert these
bounds to integration bounds of 0 < z < 2,0 <y <4 — 2x. Thus

://I%(S—Sx—2y7(3$+yf4))d/1
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2 4—2x
:/ / (12 — 6z — 3y) dy da
o Jo

= 16 units>.
The volume between the surfaces is 16 cubic units.

In the preceding example, we found the volume by evaluating the integral

2 42z
/ / (8 =3z —2y— (3z+y—4))dydz.
o Jo

Note how we can rewrite the integrand as an integral, much as we did in
Section 15.1:
8—3x—2y
8—3x—2y—(3x+y—4):/ dz.
3z+y—4

Thus we can rewrite the double integral that finds volume as

2 4—2x 2 4—2x 8—3r—2y
/ / (8—32—2y—(Bz+y—4)) dyde = / / (/ dz> dy dz.
0o Jo o Jo 3z4y—4

This no longer looks like a “double integral,” but more like a “triple integral.”
Just as our first introduction to double integrals was in the context of finding the
area of a plane region, our introduction into triple integrals will be in the context
of finding the volume of a space region.

z

(b)
Figure 15.6.4 Approximating the volume of a region D in space

To formally find the volume of a closed, bounded region D in space, such
as the one shown in Figure 15.6.4(a), we start with an approximation. Break D
into n rectangular solids; the solids near the boundary of D may possibly not
include portions of D and/or include extra space. In Figure 15.6.4(b), we zoom
in on a portion of the boundary of D to show a rectangular solid that contains
space not in D; as this is an approximation of the volume, this is acceptable and
this error will be reduced as we shrink the size of our solids.

The volume AV of the ith solid D; is AV; = Ax; Ay; Az;, where Ax;, Ay;
and Az; give the dimensions of the rectangular solid in the z, y and z directions,
respectively. By summing up the volumes of all n solids, we get an approxima-
tion of the volume V' of D:

V ~ EW:AV;- = En:AxiAyiAzi.

i=1 i=1
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Let || AD|| represent the length of the longest diagonal of rectangular solids
in the subdivision of D. As || AD|| — 0, the volume of each solid goes to 0, as do
each of Ax;, Ay; and Az;, for all 4. Our calculus experience tells us that taking
alimit as [|AD|| — 0 turns our approximation of V' into an exact calculation of
V. Before we state this result in a theorem, we use a definition to define some
terms.

Definition 15.6.5 Triple Integrals, Iterated Integration (Part I).

Let D be a closed, bounded region in space. Let a and b be real numbers,
let g1 (x) and g2(x) be continuous functions of z, and let fi(x,y) and
f2(z,y) be continuous functions of x and y.

1. The volume V' of D is denoted by a triple integral,

v=[[[ .

b rga(z)  pfa(zy)
2. Theiterated integral / / / dz dy dx is evaluated as
a Jgi(z) Jfi(zy)

b rg2(z) pf2(z,y) b rg2(x) fa(z,y)
/ / / dzdydx:/ / / dz | dydx.
a Jgi(z) Jfi(zy) a Jgi(z) fi(z,y)
Evaluating the above iterated integral is triple integration.

Our informal understanding of the notation [[[,, dV is “sum up lots of little
volumes over D,” analogous to our understanding of [, dAand [, dm.
We now state the major theorem of this section.

Theorem 15.6.7 Triple Integration (Part I).

Let D be a closed, bounded region in space and let AD be any subdi-
vision of D into n rectangular solids, where the ith subregion D; has
dimensions Ax; x Ay; x Az; and volume AV;.

1. ThevolumeV of D is
D IIADIHOZ; ' HADIHOZ; v

2. If D is defined as the region bounded by the planes x = a and
x = b, the cylinders y = ¢1(z) and y = g2(x), and the surfaces
z = fi(z,y) and z = fo(x,y), where a < b, g1(x) < ga(x) and
fi(z,y) < fa(x,y) on D, then

b rg2(x) pf2(z,y)
/// dV:/ / / dz dy de.
. D a Jgi(z) Jfi(zy)

3. V can be determined using iterated integration with other orders
of integration (there are 6 total), as long as D is defined by the
region enclosed by a pair of planes, a pair of cylinders, and a pair
of surfaces.

We evaluated the area of a plane region R by iterated integration, where the

youtu.be/watch?v=EEWilQfJktl

Figure 15.6.6 Introducing the triple in-
tegral
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bounds were “from curve to curve, then from point to point.” Theorem 15.6.7
allows us to find the volume of a space region with an iterated integral with
bounds “from surface to surface, then from curve to curve, then from point to
point.” In the iterated integral

b pg2(z) pf2(zy)
/ / / dz dy dz,
a Jgi(z) Jfi(zy)
the bounds a < = < band gi(z) < y < go(x) define a region R in the zy-
plane over which the region D exists in space. However, these bounds are also
defining surfaces in space; = a is a plane and y = g1(x) is a cylinder. The
combination of these 6 surfaces enclose, and define, D.

Examples will help us understand triple integration, including integrating
with various orders of integration.

Example 15.6.9 Finding the volume of a space region with triple inte-
gration.

Find the volume of the space region in the first octant bounded by the
plane z = 2 — y/3 — 2x/3, shown in Figure 15.6.10, using the order of
integration dz dy dzx. Set up the triple integrals that give the volume in
the other 5 orders of integration.

Solution. Starting with the order of integration dz dy dx, we need to
first find bounds on z. The region D is bounded below by the plane
z = 0 (because we are restricted to the first octant) and above by z =
2—y/3—-22/3;0<2<2—y/3—2x/3.

To find the bounds on y and z, we “collapse” the region onto the zy-
plane, giving the triangle shown in Figure 15.6.11. (We know the equa-
tion of the line y = 6 — 2z in two ways. First, by setting z = 0, we have
0=2-y/3—2x/3 =y = 06— 2z. Secondly, we know this is going to
be a straight line between the points (3, 0) and (0, 6) in the zy-plane.)

We define that region R, in the integration order of dy dz, with bounds
0<y<6-—2rand0 <z < 3. Thus the volume V of the region D is:

V= / / / av
D
3 6—2x 2—%';]—%1‘
:/ / / dz dy dx
o Jo 0
3 6—2x 2—2y—2a
:/ / </ dz) dy dx
o Jo 0
3 p6-23 9 1, 2,
:/ / z‘ e dy dx
o Jo 0
3 6-—2z 1 9
= 2——-y— -z | dydx.
AN T DK

From this step on, we are evaluating a double integral as done many
times before. We skip these steps and give the final volume, V' = 6.
The order dz dx dy:

Now consider the volume using the order of integration dz dz dy. The
bounds on z are the same as before, 0 < z < 2 — y/3 — 2z/3. Col-
lapsing the space region on the zy-plane as shown in Figure 15.6.11, we
now describe this triangle with the order of integration dx dy. This gives
bounds 0 < z < 3 — y/2and 0 < y < 6. Thus the volume is given by

youtu.be/watch?v=IswNoU6cAmA

Figure 15.6.8 Finding the volume of a
tetrahedron

Example 15.6.9 uses the term
“first octant.” Recall how the z-
, y- and z-axes divide space into
eight octants; the octant in which
x,yand z are all positive is called
the first octant.

Figure 15.6.10 The region D used in

z

Figure 15.6.11 The region found by
collapsing D onto the xy-plane
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the triple integral

6 3—%1} 2—%1/—%9;
V= / / / dz dz dy.
0 0 0

The order dz dy dz:

Following our “surface to surface. . .” strategy, we need to determine the
z-surfaces that bound our space region. To do so, approach the region
“from behind,” in the direction of increasing x. The first surface we hit
as we enter the region is the yz-plane, defined by x = 0. We come out
of the region at the plane z = 2 — y/3 — 22/3; solving for x, we have
x =3—y/2—3z/2. Thusthe boundsonzare: 0 < z < 3—y/2—3z/2.
Now collapse the space region onto the yz-plane, as shown in Fig-
ure 15.6.12(a). (Again, we find the equation of the line z = 2 — y/3
by setting = 0 in the equation = 3 — y/2 — 32/2.) We need to find
bounds on this region with the order dy dz. The curves that bound y are
y = 0and y = 6 — 3z; the points that bound z are 0 and 2. Thus the
triple integral giving volume is:

0<z<3-y/2—-32/2

. 2 r6-3z p3—y/2-3z/2
0<y<6—-32 / / / dx dy dz.
0<2<2 o Jo 0

The order dzx dz dy:

ES3

(2l

Y

x

(b)

Figure 15.6.12 The region D in Example 15.6.9 is collapsed onto the 3 z-
plane in (a); in (b), the region is collapsed onto the xz-plane

The x-bounds are the same as the order above. We now consider the
triangle in Figure 15.6.12(a) and describe it with the order dz dy: 0 <
z <2—y/3and 0 <y < 6. Thus the volume is given by:

0<z<3-—y/2—-32/2

= 6 ,r2—y/3 p3—y/2—-3z/2
0<z<2-y/3 / / / dz dz dy.
0<y<6 0o Jo 0
The order dy dz dx:

We now need to determine the y-surfaces that determine our region.
Approaching the space region from “behind” and moving in the direction
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of increasing y, we first enter the region at y = 0, and exit along the
plane z = 2 — y/3 — 2x/3. Solving for y, this plane has equation y =
6 — 22 — 3z. Thusy hasbounds 0 < y < 6 — 2z — 3z.

Now collapse the region onto the xzz-plane, as shown in Fig-
ure 15.6.12(b). The curves bounding this triangle are z = 0 and z =
2 — 2x/3; x is bounded by the points z = 0 to x = 3. Thus the triple
integral giving volume is:

0<y<6-—2r—32

= 3 p2—2z/3 p6—22—3z
0<z2<2-2z/3 / / / dy dz dx.
0<z<3 o Jo 0
The order dy dx dz:

The y-bounds are the same as in the order above. We now determine
the bounds of the triangle in Figure 15.6.12(b) using the order dy dx dz.
x is bounded by z = 0 and x = 3 — 3z/2; z is bounded between z = 0
and z = 2. This leads to the triple integral:

0<y<6-2x-3z N 2 3-32/2 6—2z-3z
0<xz<3-32/2 / / / dy dz dz.
o Jo 0

0<2z<2

This problem was long, but hopefully useful, demonstrating how to de-
termine bounds with every order of integration to describe the region
D. In practice, we only need 1, but being able to do them all gives us
flexibility to choose the order that suits us best.

In the previous example, we collapsed the surface into the x-y, z-z, and
yz-planes as we determined the “curve to curve, point to point” bounds of in-
tegration. Since the surface was a triangular portion of a plane, this collapsing,
or projecting, was simple: the projection of a straight line in space onto a coor-
dinate plane is a line.

The following example shows us how to do this when dealing with more
complicated surfaces and curves.

Example 15.6.13 Finding the projection of a curve in space onto the
coordinate planes.

Consider the surfaces z = 3 — 22 — y? and z = 2y, as shown in Fig-
ure 15.6.14(a). The curve of their intersection is shown, along with the
projection of this curve into the coordinate planes, shown dashed. Find
the equations of the projections into the coordinate planes.
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(b)

Figure 15.6.14 Finding the projections of the curve of intersection in Ex-
ample 15.6.13

Solution. The two surfaces are z = 3 — 22 — 2 and z = 2y. To
find where they intersect, it is natural to set them equal to each other:
3 — 22 — y? = 2y. This is an implicit function of = and y that gives all
points (z,y) in the zy-plane where the z values of the two surfaces are
equal.

We can rewrite this implicit function by completing the square:

32—yt =2y=>9°+ 2+ 22 =3= (y+ 1) +22 =4

Thus in the zy-plane the projection of the intersection is a circle with
radius 2, centered at (0, —1).
To project onto the xz-plane, we do a similar procedure: find the z and
z values where the y values on the surface are the same. We start by
solving the equation of each surface for y. In this particular case, it works
well to actually solve for y2:
2=3—-2> -y =2 =3 -2 -2
z=2y=y?=22/4
Thus we have (after again completing the square):

2 2 (= + 2)2 z?

J—at—z=2/4=> 16 +4—1,

and ellipse centered at (0, —2) in the z:z-plane with a major axis of length
8 and a minor axis of length 4.
Finally, to project the curve of intersection into the yz-plane, we solve
equation for z. Since z = 2y is a cylinder that lacks the variable z, it
becomes our equation of the projection in the yz-plane.
All three projections are shown in Figure 15.6.14(b).

Example 15.6.16 Finding the volume of a space region with triple inte-
gration. youtu.be/watch?v=PA9fkI8bLal

Figure 15.6.15 Changing the order of

Set up the triple integrals that find the volume of the space region D integration in a triple integral

bounded by the surfaces 22 + y2 = 1, z = 0 and z = —y, as shown in
Figure 15.6.17(a), with the orders of integration dz dy dx, dy dx dz and
dzx dz dy.
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(a) (b)

Figure 15.6.17 The region D in Example 15.6.16 is shown in (a); in (b), it
is collapsed onto the xy-plane

Solution. The order dz dy dx:

The region D is bounded below by the plane z = 0 and above by the
plane z = —y. The cylinder z2+y2 = 1 does not offer any bounds in the
z-direction, as that surface is parallel to the z-axis. Thus 0 < z < —y.
Collapsing the region into the xy-plane, we get part of the circle with
equation z2 + y2 = 1 as shown in Figure 15.6.17(b). As a function of z,
this half circle has equation y = —+/1 — x2. Thus y is bounded below by
—+/1 — z2 and above by y = 0: —v/1 — 22 < y < 0. The z bounds of
the half circle are —1 < z < 1. All together, the bounds of integration
and triple integral are as follows:

0<z< -y 1 .0 Ly
=
—V1-22<y<0 / / / dz dy dz.
—1J—V1-22J0
—1<x<1

We evaluate this triple integral:

1 0 -y 1 0
/ / / dzdydx:/ (—y)dydm
-1J-v1-22 Jo —-1J-v1-22
1

1 0
[ (=5 e

1

:/_15(1—m2)dx
1

(L, L.

2 3 .
2
= - ts °.

3un|s

With the order dy dx dz:

The region is bounded “below” in the y-direction by the surface z2 +
y? =1 =y = —/1 — 22 and “above” by the surface y = —z. Thus
the y bounds are —v/1 — 22 <y < —2.

Collapsing the region onto the xz-plane gives the region shown in Fig-
ure 15.6.18(a); this half disk is bounded by z = 0 and 22 + 2% = 1. (We
find this curve by solving each surface for 32, then setting them equal



https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_trip3a1_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_trip3a2_3D.html

CHAPTER 15. MULTIPLE INTEGRATION 872

to each other. We have y? = 1 — 22 andy = —z = 3% = 22. Thus
22 4+ 22 = 1.) It is bounded below by x = —+/1 — 22 and above by
z =11 — 22, where z is bounded by 0 < z < 1. All together, we have:

12 _
l-a"<sy<—2 N 1 VISZ ez
—V1=22<zx<1-22 // / dydx dz.
0

0<z<1

—V1—22 J—/1—22

I
N

Y

(b)

Figure 15.6.18 The region D in Example 15.6.16 is shown collapsed onto
the xzz-plane in (a); in (b), it is collapsed onto the yz-plane

With the order dx dz dy:

D is bounded below by the surface x = —+/1 — 2 and above by
v/1 —y2. We then collapse the region onto the yz-plane and get the
triangle shown in Figure 15.6.18(b). (The hypotenuse is the line z = —y,
just as the plane.) Thus z is bounded by 0 < z < —y and y is bounded
by —1 <y < 0. This gives:

= 0 —y v/ 1—y2
0<2<—y / / / dx dz dy.
-1Jo —/1—y2

The following theorem states two things that should make “common sense”
to us. First, using the triple integral to find volume of a region D should always
return a positive number; we are computing volume here, not signed volume.
Secondly, to compute the volume of a “complicated” region, we could break
it up into subregions and compute the volumes of each subregion separately,
summing them later to find the total volume.

Theorem 15.6.19 Properties of Triple Integrals.

Let D be a closed, bounded region in space, and let D1 and D5 be non-
overlapping regions such that D = Dy | Ds.

1 [f[ av=o
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> I = Il I

We use this latter property in the next example.

Example 15.6.20 Finding the volume of a space region with triple inte-
gration.

Find the volume of the space region D bounded by the coordinate
planes, z = 1 — z/2 and z = 1 — y/4, as shown in Figure 15.6.21(a).
Set up the triple integrals that find the volume of D in all 6 orders of
integration.

[
N

(a) (b)

Figure 15.6.21 The region D in Example 15.6.20 is shown in (a); in (b), it
is collapsed onto the xy-plane

Solution.  Following the bounds-determining strategy of “surface to
surface, curve to curve, and point to point,” we can see that the most
difficult orders of integration are the two in which we integrate with re-
spect to z first, for there are two “upper” surfaces that bound D in the
z-direction. So we start by noting that we have

1 1
nggl—?’candogzglfiy.

We now collapse the region D onto the zy-axis, as shown in Fig-
ure 15.6.21(b). The boundary of D, the line from (0,0, 1) to (2,4,0),
is shown in Figure 15.6.21(b) as a dashed line; it has equation y = 2x.
(We can recognize this in two ways: one, in collapsing the line from
(0,0,1) to (2,4,0) onto the zy-plane, we simply ignore the z-values,
meaning the line now goes from (0,0) to (2,4). Secondly, the two
surfaces meet where z = 1 — z/2 is equal to z = 1 — y/4: thus
l—z/2=1—-y/d=y=2x)

We use the second property of Theorem 15.6.19 to state that

= I S,

where D and D5 are the space regions above the plane regions R and
Rs, respectively. Thus we can say

I (L oo f ()
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All that is left is to determine bounds of Ry and R, depending on
whether we are integrating with order dx dy or dy dx. We give the fi-
nal integrals here, leaving it to the reader to confirm these results.

dz dy dz:

0<z<1-x/2 0<z<1-—y/4
0<y <2z 20 <y <4
0<x<2 0<x<?2
. 2 2z pl-x/2 2 4 pl—y/4
/// dV:// / dzdydx + /// dz dydx
D o Jo Jo 0o Ja2z Jo
dz dz dy:
0<z<1-—x/2 0<z<1-—y/4
y/2 <z <2 0<z<y/2
0<y<4 0<y<4

4 2 pl-z/2 4 py/2 pley/a
/// dV:/ / / dzdxdy + / / / dz dzx dy
D 0 Jy/2Jo o Jo 0

The remaining four orders of integration do not require a sum of triple
integrals. In Figure 15.6.22 we show D collapsed onto the other two
coordinate planes. Using these graphs, we give the final orders of inte-
gration here, again leaving it to the reader to confirm these results.

z

z

I4

(a) (b)

Figure 15.6.22 The region D in Example 15.6.20 is shown collapsed onto
the zz-plane in (a); in (b), it is collapsed onto the yz-plane

dydx dz:

O0<y<4-4z 1 2-22 pd—dz

=
0<z<2-22 / / / dydxdz.
0<z<1 00 0

dy dz dz:
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0<y<4—4z

>Y > - 2 pl—z/2 pd—4z
0<z<1-—=x/2 / / / dy dx dz.
o Jo 0

0<z<?2
dr dydz:

0<zr<2-2z2

— — = 1 4—4z 2—2z
0<y<4—-4z / / / dx dy dz.
0o Jo 0

0<z<1
dx dz dy:

0<er<2-2z

>~ =~ = 4 1—y/4 2—2z
0<z<1-—y/4 / / / dz dz dy.
o Jo 0

0<y<4

We give one more example of finding the volume of a space region.
Example 15.6.23 Finding the volume of a space region.

Set up a triple integral that gives the volume of the space region D
bounded by z = 222 + 2 and z = 6 — 222 — y2. These surfaces are plot-
ted in Figure 15.6.24(a) and Figure 15.6.24(b), respectively; the region
D is shown in Figure 15.6.24(c).

(a) (b)

Figure 15.6.24 The region D is bounded by the surfaces shown in (a) and
(b); D is shown in (c)

Solution. The main point of this example is this: integrating with re-
spect to z first is rather straightforward; integrating with respect to =
first is not.

The order dz dy dx:

The bounds on z are clearly 222 + 2 < z < 6 — 222 — y2. Collapsing
D onto the zy-plane gives the ellipse shown in Figure 15.6.24(c). The
equation of this ellipse is found by setting the two surfaces equal to each
other:

2
2x2+2:6—2x2—y2é4x2+y2:4é3:2+y1:1.

We can describe this ellipse with the bounds

—V4—4r2<y<+4—4r2and -1 <z < 1.
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Thus we find volume as

2m2+2§z§6—2x2—y2

= Vi—4zZ [ 6-—222—y>
—V4—4r2 <y < V4 —4a2 / / / dzdydz.
2

VAa—4z2 J2x242
-1<z<1

The order dy dz dzx:

Integrating with respect to y is not too difficult. Since the surface z =
222 + 2 is a cylinder whose directrix is the y-axis, it does not create a
border for y. The paraboloid z = 6 — 222 — y? does; solving for y, we
get the bounds

—V6—-222 —2<y<+V6—212— 2

Collapsing D onto the xz-plane gives the region shown in Fig-
ure 15.6.25(a); the lower curve is from the cylinder, with equation z =
22 + 2. The upper curve is from the paraboloid; with y = 0, the curve
is z = 6 — 222. Thus bounds on z are 2z% + 2 < z < 6 — 222; the
bounds on z are —1 < z < 1. Thus we have:

—V6—-222 —2<y<V6—222—2

= 1 6—2x2 V6—222—2%
202 +2 < 2 < 6 — 222 / / / dy dz dzx.
—1 J22242 V6—2z2—2

—1<x<1

A z

a=4-92

(a) (b)

Figure 15.6.25 The region D in Example 15.6.23 is collapsed onto the
xz-plane in (a); in (b), it is collapsed onto the yz-plane

The order dx dz dy:

This order takes more effort as D must be split into two subregions. The
two surfaces create two sets of upper/lower bounds in terms of z; the
cylinder creates bounds

—Vz/2-1<xz<+z/2-1

for region D, and the paraboloid creates bounds

—V/3—=y?/2—-22/2<x<\/3—y?/2—22/2

for region Ds.
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Collapsing D onto the yz-axes gives the regions shown in Fig-
ure 15.6.25(b). We find the equation of the curve z = 4—y?/2 by noting
that the equation of the ellipse seen in Figure 15.6.24(c) has equation

P4 y?/A=1=2=/1-9y2/4

Substitute this expression for x in either surface equation, z = 6—2z2% —
y? or z = 222 4+ 2. In both cases, we find

—4 - -

Region R, corresponding to D1, has bounds
2<z2<4—-y?/2,-2<y<2
and region Rs, corresponding to D5, has bounds
4—92/2<2<6-9y* -2<y<2

Thus the volume of D is given by:

4—y?/2 2/2 1 3— y2/2 22/2
/ / / dx dz dy + / / / dx dz dy.

z/2 1 4—y2/2 3— y2/2 22/2

If all one wanted to do in Example 15.6.23 was find the volume of the re-
gion D, one would have likely stopped at the first integration setup (with or-
der dz dy dx) and computed the volume from there. However, we included the
other two methods 1) to show that it could be done, “messy” or not, and 2) be-

cause sometimes we “have” to use a less desirable order of integration in order
to actually integrate.

15.6.2 Triple Integration and Functions of Three Variables

There are uses for triple integration beyond merely finding volume, just as there
are uses for integration beyond “area under the curve.” These uses start with
understanding how to integrate functions of three variables, which is effectively
no different than integrating functions of two variables. This leads us to a defin-
ition, followed by an example.

Definition 15.6.26 lterated Integration, (Part Il).

Let D be a closed, bounded region in space, over which g1 (), g2(z), f1(z,v), fo(x,y)
and h(zx,y, z) are all continuous, and let a and b be real numbers.

g2() f2(»87y)
The iterated integral / / / h(z,y, z) dz dy dz is evaluated as
g f

1(w) 1(z,y)

b rga(z) pf2(z,y) b rg2(x) f2(2,y)
/ / / h(z,y,z)dzdydx = / / / h(z,y,z)dz | dydz.
a Jgi(z) Jfi(zy) a Jgi(x) fi(z,y)
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Example 15.6.27 Evaluating a triple integral of a function of three vari-
ables.

2x+3y
Evaluate / / / (zy + 22) dz dy da.
Solution. We evaluate this integral according to Definition 15.6.26.
2x+3y
/ / / :cy+2xz) dz dy dz
x2 Jx?
2z+3y
/ / (/ xy + 2IZ> dz) dy dx
2—y

2z+3y
> dy dx
Yy

:// ((myz+xz2) .

/ / ( (22 4 3y) + (22 + 3y)? — (wy(x2 —y) +z(2? - y)2)> dy dz

- / / ( —2° + 2%y + 42® + 142’y + 12xy2) dy dz.
0

We continue as we have in the past, showing fewer steps.

1
:/0 < ng — 828 — ;x5+15x4> dx

281
= — =~ 0.836.
336

We now know how to evaluate a triple integral of a function of three vari-
ables; we do not yet understand what it means. We build up this understanding
in a way very similar to how we have understood integration and double inte-
gration.

Let h(z,y, z) be a continuous function of three variables, defined over some
space region D. We can partition D into n rectangular-solid subregions, each
with dimensions Az; x Ay; x Az;. Let (z;,y;,2;) be some point in the ith
subregion, and consider the product h(z;, y;, z;) Ax; Ay; Az;. It is the product
of a function value (that’s the h(z;, y;, z;) part) and a small volume AV; (that’s
the Ax; Ay; Az; part). One of the simplest understanding of this type of product
is when h describes the density of an object, for then A x volume = mass.

We can sum up all n products over D. Again letting ||AD|| represent the
length of the longest diagonal of the n rectangular solids in the partition, we
can take the limit of the sums of products as || AD|| — 0. That is, we can find

n n

= li hzuvAz: li huvva?AzAz
S ||A|Dr|?a0 (s, yir 24) AV: HAETAO (@i, i, 20) A By Az

While this limit has lots of interpretations depending on the function A, in
the case where h describes density, S is the total mass of the object described
by the region D.

We now use the above limit to define the triple integral, give a theorem that
relates triple integrals to iterated iteration, followed by the application of triple
integrals to find the centers of mass of solid objects.
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Definition 15.6.28 Triple Integral.

Let w = h(z,y, z) be a continuous function over a closed, bounded
region D in space, and let AD be any partition of D into n rectangular
solids with volume AV;. The triple integral of i over D is

n

h(z,y,z)dV = lim h:z:“ iy 2i) AV,
///D (=9,2) [AD]|—0 = (&390, %)

The following theorem assures us that the above limit exists for continuous
functions h and gives us a method of evaluating the limit.

Theorem 15.6.29 Triple Integration (Part II).

Let w = h(z,y, z) be a continuous function over a closed, bounded re-
gion D in space, and let AD be any partition of D into n rectangular
solids with volume V.
1. Thelimit lim ™ h(xi, yi, 2;) AV exists.
HADH%OZZ*l (l‘ Yi, 2 )
2. If D is defined as the region bounded by the planes x = a and
x = b, the cylinders y = ¢g1(z) and y = g2(x), and the surfaces
z = fi(z,y)and z = fy(x,y), where a < b, g1(x) < go(x) and
fi(z,y) < fa(x,y) on D, then

b rga(z)  pfa(zy)
/// h(zx,y,z)dV = / / / h(z,y,z)dz dy d.
D a Joi(z) Jfi(zy)

Note: In an aside in Section 15.2, we showed how the summation of rectan-
gles over a region R in the plane could be viewed as a double sum, leading to
the double integral. Likewise, we can view the sum

zn: h(@i, yi, 2) Ax; Ay Az

i=1
p n
D)

k=1j=11

as a triple sum,

Ms

s, y;, 26) Az Ay Azy,
1

which we evaluate as

p n
Z (Z h(xiayjazk)A$i> Ay; | Azy.

k=1 \j=1 \:i=1

3

Here we fix a k value, which establishes the z-height of the rectangular solids
on one “level” of all the rectangular solids in the space region D. The inner
double summation adds up all the volumes of the rectangular solids on this level,
while the outer summation adds up the volumes of each level.

This triple summation understanding leads to the [ [}, notation of the triple
integral, as well as the method of evaluation shown in Theorem 15.6.29.

We now apply triple integration to find the centers of mass of solid objects.

15.6.3 Mass and Center of Mass

One may wish to review Section 15.4 for a reminder of the relevant terms and
concepts.
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Definition 15.6.30 Mass, Center of Mass of Solids.

Let a solid be represented by a closed, bounded region D in space with
variable density function §(z, y, z).

1. The mass of the objectis M = /// dm = /// o(z,y,z)dV.
D D

2. The moment about the yz-planeis M., = /// xé(x,y,z)dV.
D

3. The moment about the xz-plane is M, = /// yo(x,y,z)dV.
D

4. The moment about the xy-plane is M,, = /// 20(x,y,z)dV.
D

5. The center of mass of the object is

= =) Myz sz M:L’y
(mvyvz)_(Mv M7 M)

Example 15.6.31 Finding the center of mass of a solid.

Find the mass and center of mass of the solid represented by the space
region bounded by the coordinate planesand z = 2—y/3—2x/3, shown
in Figure 15.6.32, with constant density §(z,y,z) = 3g/cm®. (Note:
this space region was used in Example 15.6.9.)

Solution. We apply Definition 15.6.30. In Example 15.6.9, we found
bounds for the order of integration dzdy dz tobe 0 < z < 2 —y/3 —
22/3,0 <y <6 —2xand0 <z < 3. We find the mass of the object:

M:///Dé(w,y7z)dv

3 p6—2z p2-y/3—2x:/3 Figure 15.6.32 Finding the center of
= /o /o /o (3) dzdy dx mass of the solid in Example 15.6.31
3 62z p2—y/3—2z/3
= 3/ / / dzdydx
o Jo 0
= 3(6) = 18g.

The evaluation of the triple integral is done in Example 15.6.9, so we
skipped those steps above. Note how the mass of an object with con-
stant density is simply “densityxvolume.”

We now find the moments about the planes.

M,, = / / / 324V
D
3 p6—2z p2—y/3—2z/3
z// / (32') dz dy dx
o Jo 0

3 6-2z g )
:/0 /0 5(2—y/3—2x/3) dy dx
3
4 3
7/0 fg(xf?)) dz


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_trip7_3D.html

CHAPTER 15. MULTIPLE INTEGRATION 881

=9.

We omit the steps of integrating to find the other moments.

o o

27

/// 3ydv

= 27.

=
|

The center of mass is

L 27/2 27 9\
(Z,7,2) _( TRETL 18) = (0.75,1.5,0.5).

Example 15.6.33 Finding the center of mass of a solid.

Find the center of mass of the solid represented by the region bounded
by the planes z = 0 and z = —y and the cylinder 22 + y? = 1, shown
in Figure 15.6.34, with density function §(z, y, 2) = 10 + 22 + 5y — 5z.
(Note: this space region was used in Example 15.6.16.)

Solution.  As we start, consider the density function. It is symmet-
ric about the yz-plane, and the farther one moves from this plane, the
denser the object is. The symmetry indicates that = should be 0.

As one moves away from the origin in the y or z directions, the object
becomes less dense, though there is more volume in these regions.
Though none of the integrals needed to compute the center of mass are
particularly hard, they do require a number of steps. We emphasize here Figure 15.6.34 Finding the center of
the importance of knowing how to set up the proper integrals; in com- mass of the solid in Example 15.6.33
plex situations we can appeal to technology for a good approximation,

if not the exact answer. We use the order of integration dz dy dx, using

the bounds found in Example 15.6.16. (As these are the same for all four

triple integrals, we explicitly show the bounds only for M)

M:/// (10 + 2* + 5y — 5z) dV
lDO —y
:/ / / (10 4 2* + 5y — 5z) dV
Vi=zZ Jo

4 1
=% DT s

M,, = /// (10 + 2* 4+ 5y — 5z) dV
xz—/// 10+x + 5y — 5z)dV

61
—J ~ —1.99.

my,/// (10 + 2* + 5y — 5z) dV
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61lm 10
= — — — =~ 0.885.
96 9

Note how M, = 0, as expected. The center of mass is

—1.99 0.885
(f@az) = <Ov 3855 3855> ~ (0, 70.51670.230).

As stated before, there are many uses for triple integration beyond finding
volume. When h(z,y, z) describes a rate of change function over some space

region D, then /// h(z,y, z) dV gives the total change over D. Our one spe-
D
cific example of this was computing mass; a density function is simply a “rate of

mass change per volume” function. Integrating density gives total mass.

While knowing how to integrate is important, it is arguably much more im-
portant to know how to set up integrals. It takes skill to create a formula that de-
scribes a desired quantity; modern technology is very useful in evaluating these
formulas quickly and accurately.

In Section 15.7, we learn about two new coordinate systems (each related to
polar coordinates) that allow us to integrate over closed regions in space more
easily than when using rectangular coordinates.



CHAPTER 15. MULTIPLE INTEGRATION

15.6.4 Exercises

Terms and Concepts

Problems

The strategy for establishing bounds for triple integrals is

to

Give two uses of triple integration.

883

to , to

Give an informal interpretation of what “/// dV" means.
D

If an object has a constant density § and a volume V/, what is its mass?

Exercise Group. Two functions fi(x,y) and f2(x,y) and a region R in the z, y plane are given. Set up and evaluate
the double integral that finds the volume between the surfaces given by the graphs of these two functions over R.

5.

fl(xvy) =8-— IEQ - y2r f2($7y) = 295"‘2!,
R is the square with corners (=1, —1) and

(1,1).

fi(z,y) = sin(x) cos(y),
falz, ) = cos(w) sin(y) + 2;

R is the triangle with corners (0, 0), (r, 0)
and (m, 7).

6.

z= fi(z,y) = 2* +y* and
2= folz,y) = —2® — %
R is the square with corners (0, 0) and
(2,3).
fi(x,y) = 22% + 2y + 3 and
falw,y) = 6 —a® —y%;
Ris the disc 22 + 2 < 1.

Exercise Group. In the following exercises, a domain D is described by its bounding surfaces, along with a graph. Set
up the triple integrals that give the volume of D in all 6 orders of integration, and find the volume of D by evaluating
the indicated triple integral.

9.

D is bounded by the coordinate planes and
z=2-2zx/3—2y.
Evaluate the triple integral with order
dz dy dzx.

z

z=2—§x—2y

10.

D is bounded by the planes y = 0, y = 2,
rzr=1,z=0and

z=(3—1a)/2.

Evaluate the triple integral with order
dxdydz.
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11.

13.

D is bounded by the planes x = 0, x = 2,
z = —yand by

2z =y?/2.

Evaluate the triple integral with the order
dydz dzx.

)
D isbounded by theplanesz =2,y =1,2=0
and
z=2x+4y — 4.
Evaluate the triple integral with the order
drdydz.
z

[ )

4 z=2x+4y—4

2—

12.

14.

884

D is bounded by the planes z =0,y =9,z =0
and by

z = +/y? — 922
Do not evaluate any triple integral.
z
9 J

N Sy v

D is bounded by the plane z = 2y and by
y=4—2%

Evaluate the triple integral with the order
dz dy dzx.
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15. D is bounded by the coordinate planes and by 16.

y=1l—22andy=1- 22

Do not evaluate any triple integral. Which
order is easier to evaluate: dz dy dx or
dy dz dx? Explain why.

z
'}
1
y=1-—2°
1 T 1 Ny
y=1-—2?

Exercise Group.

/2 T T
//2/0 /o (cos(z) sin(y) sin(2)) dz dy dx 18.

/Oﬂ /01 /0 (sin(y2)) dz dy dz

Exercise Group.
region D with density function é(z, y, z).

21. D is bounded by the coordinate planes and 22.

z=2—2x/3 —2y; 6(z,y,2) = 10g/cm®.
(Note: this is the same region as used in
Exercise 15.6.9.)

23. Disboundedbytheplanesz =2,y =1,2=0  24.

and
z =2z + 4y — 4;0(x,y, z) = 22Ib/in3.
(Note: this is the same region as used in
Exercise 15.6.13.)

885

D is bounded by the coordinate planes and by
z=1-y/3andz=1—uz.
Evaluate the triple integral with order
dxdydz.

z

In the following exercises, evaluate the triple integral.

x+y+z)dzdyde.

1 r  prrty
Evaluate/ //

Evaluate

CIT

x y+y x
ex2+2

) dz dy dzx.

In the following exercises, find the center of mass of the solid represented by the indicated space

D is bounded by the planes y = 0, y = 2,
r=1,z=0and
z=(3—1)/2;6(x,y,2) = 2g/cm?.
(Note: this is the same region as used in
Exercise 15.6.10.)
D is bounded by the plane z =
y=4— 22
5(x,y, z) = y*Ib/in3.
(Note: this is the same region as used in
Exercise 15.6.14.)

2y and by
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15.7 Triple Integration with Cylindrical and Spherical
Coordinates

Just as polar coordinates gave us a new way of describing curves in the plane,
in this section we will see how cylindrical and spherical coordinates give us new
ways of desribing surfaces and regions in space.

15.7.1 Cylindrical Coordinates

In short, cylindrical coordinates can be thought of as a combination of the polar
and rectangular coordinate systems. One can identify a point (zo, yo, 20), given
in rectangular coordinates, with the point (g, 60, 20), given in cylindrical coordi-
nates, where the z-value in both systems is the same, and the point (z, yo) in
the zy-plane is identified with the polar point P(rg,); see Figure 15.7.1. So
that each point in space that does not lie on the z-axis is defined uniquely, we
will restrictr > 0and 0 < 6 < 2m.

™

(r,0,z2)

I
|
|
|:
9\
\\J y

Figure 15.7.1 lllustrating the principles behind cylindrical coordinates

xr

We use the identity z = z along with the identities found in Key Idea 10.4.6
to convert between the rectangular coordinate (z,y, z) and the cylindrical co-
ordinate (r, 0, z), namely:

From rectangular to cylindrical: » = y/22 + y2,tan(0) = y/z and z = z;
From cylindrical to rectangular: = r cos(6),y = rsin(#) and z = z.

These identities, along with conversions related to spherical coordinates, are
given later in Key Idea 15.7.15.

Example 15.7.3 Converting between rectangular and cylindrical coor-
dinates.

Convert the rectangular point (2, —2, 1) to cylindrical coordinates, and
convert the cylindrical point (4, 37 /4, 5) to rectangular.

Solution. Following the identities given above (and, later in Key
Idea 15.7.15), we have r = /22 + (—2)2 = 21/2. Using tan(f) = y/x,
we find 6 = tan=!(—2/2) = —7/4. As we restrict 0 to being between
0 and 2, we set @ = 7x /4. Finally, z = 1, giving the cylindrical point
(2v/2, 7 /4, 1).

In converting the cylindrical point (4, 37/4,5) to rectangular, we have
x =4cos (3m/4) = —2v/2,y = 4sin (3n/4) = 2v/2 and z = 5, giving
the rectangular point (—2v/2,2v/2, 5).

Both coordinate systems provide
ways of extending polar coordi-
nates in the plane to three dimen-
sions. The reader is warned that
while conventions are fairly stan-
dard for cylindrical coordinates,
there are many different conven-
tions for spherical coordinates. Math-
ematics, physics, and engineer-
ing all use slightly different ver-
sions. The definition presented
in this text also differs from the
usual mathematical definition. Why
add yet another competing stan-
dard? The definition we present
is slightly easier to work with, and
should also be more familiar, since
it corresponds to the coordinate
system of latitude and longitude
used to describe locations on the
Earth.

youtu.be/watch?v=DOFhIADkGko

Figure 15.7.2 Explaining the cylindri-
cal coordinate system
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Setting each of r,  and z equal to a constant defines a surface in space, as
illustrated in the following example.

Example 15.7.4 Canonical surfaces in cylindrical coordinates.

Describe the surfaces r = 1, 8 = 7/3 and z = 2, given in cylindrical
coordinates.

Solution. The equation » = 1 describes all points in space that are 1
unit away from the z-axis. This surface is a “tube” or “cylinder” of radius
1, centered on the z-axis, as graphed in Figure 12.1.17 (which describes
the cylinder 22 4+ y2 = 1 in space).

The equation 6 = 7 /3 describes the plane formed by extending the line
6 = m/3, as given by polar coordinates in the xy-plane, parallel to the
z-axis.

The equation z = 2 describes the plane of all points in space that are 2
units above the xy-plane. This plane is the same as the plane described
by z = 2 in rectangular coordinates.

All three surfaces are graphed in Figure 15.7.5. Note how their intersec-
tion uniquely defines the point P = (1,7/3,2).

Cylindrical coordinates are useful when describing certain domains in space,
allowing us to evaluate triple integrals over these domains more easily than if
we used rectangular coordinates.

Theorem 15.6.29 shows how to evaluate [[[,, h(x,y, z) dV using rectan-
gular coordinates. In that evaluation, we use dV = dz dy dz (or one of the
other five orders of integration). Recall how, in this order of integration, the
bounds on y are “curve to curve” and the bounds on x are “point to point”:
these bounds describe a region R in the zy-plane. We could describe R using
polar coordinates as done in Section 15.3. In that section, we saw how we used
dA = rdr df instead of dA = dy dx.

Considering the above thoughts, we have dV = dz(rdrdf) = r dzdr df.
We set bounds on z as “surface to surface” as done in the previous section, and
then use “curve to curve” and “point to point” bounds on r and 6, respectively.
Finally, using the identities given above, we change the integrand h(z,y, z) to
h(r, 0, z).

This process should sound plausible; the following theorem states it is truly
a way of evaluating a triple integral.

Theorem 15.7.6 Triple Integration in Cylindrical Coordinates.

Let w = h(r, 0, z) be a continuous function on a closed, bounded region
D in space, bounded in cylindrical coordinates by o < 6 < 8, g1(0) <
r < go(0) and f1(r,0) < z < fo(r,0). Then

B r92(0) fa(r0)
/// h(r,0,z)dV :/ / / h(r,0, z)r dz dr dé.
D a Jgi(0) Jfi1(r.0)

Example 15.7.8 Evaluating a triple integral with cylindrical coordinates.

Find the mass of the solid represented by the region in space bounded by
z2=0,2z=+/4— 22 —y2 + 3 and the cylinder 22 + y? = 4 (as shown
in Figure 15.7.9), with density function §(z,y,2) = 22 + y> + 2z + 1,
using a triple integral in cylindrical coordinates. Distances are measured

Figure 15.7.5 Graphing the canoni-
cal surfaces in cylindrical coordinates
from Example 15.7.4

youtu.be/watch?v=uOFYs9Mal5k

Figure 15.7.7 Using cylindrical coordi-
nates to find the volume of a cone


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_cylindrical1_3D.html
https://www.youtube.com/watch?v=u0FYs9MaI5k
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in centimeters and density is measured in grams per cubic centimeter.

Solution. We begin by describing this region of space with cylindrical
coordinates. The plane z = 0 is left unchanged; with the identity r =
v/ 22 + y2, we convert the hemisphere of radius 2 to the equation z =
V4 = r2; the cylinder 22 + y2 = 4 is converted to 2 = 4, or, more
simply, 7 = 2. We also convert the density function: §(r,0,2) = 2 +
z+ 1.

To describe this solid with the bounds of a triple integral, we bound z
with 0 < z < v/4 — 72 + 3; we bound r with 0 < r < 2; we bound 0
with0 < 6 < 27.

Using Definition 15.6.30 and Theorem 15.7.6, we have the mass of the
solid is

o2 2 A—T243
M:/// 5(m,y,z)dV:/ / / (r* +z+1)rdzdrdf
D o Jo Jo

27 2
1
:/ / ((r® +4r) 47r2+§r3+—9r)drd0 . o .
o Jo 2 2 Figure 15.7.9 Visualizing the solid

131 sed in Example 15.7.8
- 3158” ~ 276.04g, usedin Bxamp

w

—

P>

L

LA LA L A

where we leave the details of the remaining double integral to the
reader.

Example 15.7.10 Finding the center of mass using cylindrical coordi-
nates.

Find the center of mass of the solid with constant density whose base
can be described by the polar curve r = cos(36) and whose top is de-
fined by the plane z = 1 — & + 0.1y, where distances are measured in
feet, as seen in Figure 15.7.11. (The volume of this solid was found in
Example 15.3.13.)

Solution. We convert the equation of the plane to use cylindrical co-
ordinates: z = 1 — rcos(f) + 0.1rsin(6). Thus the region is space is
bounded by 0 < z < 1 — rcos() + 0.1rsin(d), 0 < r < cos(30),
0 < 6 < 7 (recall that the rose curve r = cos(36) is traced out once on
[0, 7].

Since density is constant, we set § = 1 and finding the mass is equiva-
lent to finding the volume of the solid. We set up the triple integral to Figure 15.7.11 Visualizing the solid
compute this but do not evaluate it; we leave it to the reader to confirm used in Example 15.7.10

it evaluates to the same result found in Example 15.3.13.

7w  pcos(36) pl—rcos(0)40.1rsin(0) -
M:///édV:/ / / rdzdrdf = —.
D 0 0 0 4

From Definition 15.6.30 we set up the triple integrals to compute the
moments about the three coordinate planes. The computation of each
is left to the reader (using technology is recommended):

7w pcos(360) 1—1rcos(8)+0.1r sin(0)
M,. = /// xdV :/ / / (rcos())r dzdr df
D 0 0 0
3m

= 27 &~ —0.147.
o1 0.147



https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_cylindrical2_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_doublepol4_3D.html
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7w  pcos(30) pl—rcos(6)+0.1rsin(0)
M, :/// de:/ / / (rsin(0))r dzdr df
D 0 Jo 0
3
= — =~ 0.015.
640 0.015
7 pcos(30) pl—rcos(6)40.1rsin(6)
Mmy:/// de:/ / / (z)rdzdrdf
D 0o Jo 0
19037
12800 0467
The center of mass in rectangular coordinates, found by dividing
the respective moments by the mass, is approximately located at
| (—0.188,0.019,0.595), which lies outside the bounds of the solid.

15.7.2 Spherical Coordinates

In short, spherical coordinates can be thought of as a “double application” of
the polar coordinate system. In spherical coordinates, a point P is identified
with (p, 6, ©), where p is the distance from the origin to P, 6 is the same angle
as would be used to describe P in the cylindrical coordinate system, and ¢ is the
angle between the xy-plane and the ray from the origin to P; see Figure 15.7.13.
So that each point in space that does not lie on the z-axis is defined uniquely, we
will restrict p > 0,0 < 0 < 2w and —7/2 < ¢ < /2.

Convention 15.7.12 Note that most mathematics textbooks define ¢ to be mea-
sured from the positive z-axis, with values in [0, 7], rather than from the xy-
plane.

We have chosen our convention with a number of considerations in mind:

e The coordinates (p, 6, ) form a right-handed coordinate system: one
in which the orientation matches that of our usual (z,y, z) coordinates,
where the “right-hand rule” applies. If ¢ is measured from the z-axis, the
order (p, v, 0) is needed to get a right-handed system.

e Points of the form (a, a, 0) are the same in both cylindrical and spherical
coordinates.

e Some integration problems become slightly easier: we will see soon that
the volume element in spherical coordinates involves cos(y), which inte-
grates to sin(¢). In the usual convention, the volume element involves
sin(¢), which integrates to — cos() - a source of many common sign er-
rors.

Students of Physics will encounter yet another convention. In Physics, the
variable r is preferred as the radial coordinate, and spherical coordinates are
given as (r, 0, p); however, in Physics, ¢ becomes the angle in the zy-plane,
while @ is the angle measured from the positive z-axis.

Note that the angle in the zy-plane (6, in our case) is known as the azimuthal
angle. Our angle ¢ is known as the elevation angle. The angle used in other
conventions that is measured from the positive z-axis (often identified with the
north pole) is known as the polar angle. For further discussion, the Wikipedia
article' is quite useful.

‘en.wikipedia.org/wiki/Spherical_coordinate_system

The symbol p is the Greek letter

“rho.” Traditionally it is used in
the spherical coordinate system,
while r is used in the polar and
cylindrical coordinate systems.

xr

Figure 15.7.13 lllustrating the princi-
ples behind spherical coordinates

youtu.be/watch?v=In5up-a1jMl
Figure 15.7.14 Introducing spherical

The videos used in this section
(and later) were recorded for an
earlier version of the textbook,
that used the polar angle instead
of the elevation angle. Some of
the details will therefore differ
from those presented in the text.
(The reader can consider this an
opportunity to learn — and com-
pare — both conventions.)


https://en.wikipedia.org/wiki/Spherical_coordinate_system
https://en.wikipedia.org/wiki/Spherical_coordinate_system
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_sphericalintro_3D.html
https://www.youtube.com/watch?v=In5up-a1jMI
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The following Key Idea gives conversions to/from our three spatial coordi-
nate systems.

Key Idea 15.7.15 Converting Between Rectangular, Cylindrical and Spherical Co-
ordinates.

e Rectangular and Cylindrical.

r? = 2% 492, tan(9) = y/x, B=5

x = rcos(f), y = rsin(f), z=12z
e Rectangular and Spherical.
p=+x2+y?+22, tan(d) =y/z, sin(p) = z/v/a? + y? + 22
z = pcos(p)cos(f), y = pcos(p)sin(d), z= psin(yp)
e Cylindrical and Spherical.

p=Vr2+2z2 0=0, tan(p) = z/r

r = peos(y), 6=, 2= psin(p)

Example 15.7.16 Converting between rectangular and spherical coor-
dinates.

Convert the rectangular point (2, —2,1) to spherical coordinates, and
convert the spherical point (6, 7 /3, 0) to rectangular and cylindrical co-
ordinates.

Solution. This rectangular point is the same as used in Example 15.7.3.
Using Key Idea 15.7.15, we find p = /22 + (—1)2 + 12 = 3. Using the
same logic asin Example 15.7.3, we find § = 77 /4. Finally, sin(¢) = 1/3,
giving ¢ = sin"!(1/3) ~ 0.34, or about 19.47°. Thus the spherical
coordinates are approximately (3, 77/4,0.34).

Converting the spherical point (6, 7/3,0) to rectangular, we have x =
6 cos(0)cos(r/3) = 3,y = 6cos(0)sin(r/3) = 3v3 and z =
6sin(0) = 0. Thus the rectangular coordinates are (3, 3+/3,0).

To convert this spherical point to cylindrical, we have » = 6 cos(0) = 6,
6 = w/3 and z = 65sin(0) = 0, giving the cylindrical point (6, 7/3,0).

Example 15.7.17 Canonical surfaces in spherical coordinates.

Describe the surfaces p = 1, § = n/3 and ¢ = /3, given in spherical
coordinates.

Solution. The equation p = 1 describes all points in space that are 1
unit away from the origin: this is the sphere of radius 1, centered at the
origin.

The equation § = /3 describes the same surface in spherical coor-
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dinates as it does in cylindrical coordinates: beginning with the line
6 = /3 in the xy-plane as given by polar coordinates, extend the line
parallel to the z-axis, forming a plane.

The equation ¢ = /3 describes all points P in space where the ray from
the origin to P makes an angle of 7/3 with the zy-plane. This describes
a cone, with the positive z-axis its axis of symmetry, with point at the
origin.

All three surfaces are graphed in Figure 15.7.18. Note how their inter-
section uniquely defines the point P = (1,7/3,7/6).

Spherical coordinates are useful when describing certain domains in space,
allowing us to evaluate triple integrals over these domains more easily than if
we used rectangular coordinates or cylindrical coordinates. The crux of setting
up a triple integral in spherical coordinates is appropriately describing the “small
amount of volume,” dV, used in the integral.

Considering Figure 15.7.19, we can make a small “spherical wedge” by vary-
ing p, # and ¢ each a small amount, Ap, Af and A, respectively. This wedge is
approximately a rectangular solid when the change in each coordinate is small,
giving a volume of about

AV = Ap X pAgp x pcos(p)Af.

Given a region D in space, we can approximate the volume of D with many
such wedges. As the size of each of Ap, Af and Ay goes to zero, the number
of wedges increases to infinity and the volume of D is more accurately approxi-
mated, giving

dV =dp x pdyp x pcos(p)dd = p? cos(p) dpdf d.

Again, this development of dV should sound reasonable, and the following
theorem states it is the appropriate manner by which triple integrals are to be
evaluated in spherical coordinates.

Theorem 15.7.20 Triple Integration in Spherical Coordinates.

Let w = h(p, 8, ¢) be a continuous function on a closed, bounded region
D in space, bounded in spherical coordinates by a; < ¢ < ag, 51 <

0 < Bz and f1(0,¢) < p < f2(0, ). Then

az P2 pf2(0,0)
/// h(p,ﬂ,so)dV=/ / / h(p, 0, ¢)p? cos() dp db dep.
D ay 1 1(0,)

Example 15.7.21 Establishing the volume of a sphere.

Let D be the region in space bounded by the sphere, centered at the
origin, of radius r. Use a triple integral in spherical coordinates to find
the volume V of D.

Solution. The sphere of radius r, centered at the origin, has equation
p = r. To obtain the full sphere, the boundson 8 and pare 0 < 0 < 27
and —7/2 < ¢ < 7/2. This leads us to:

vl

™N

Figure 15.7.18 Graphing the canoni-
cal surfaces in spherical coordinates
from Example 15.7.17

n

I

T

Figure 15.7.19 Approximating the vol-
ume of a standard region in space us-
ing spherical coordinates

It is generally most intuitive to
evaluate the triple integral in The-
orem 15.7.20 by integrating with
respect to p first; it often does
not matter whether we next in-
tegrate with respect to 6 or . Dif-
ferent texts present different stan-
dard orders, some preferring dy df
instead of df dy. As the bounds
for these variables are usually con-
stants in practice, it generally is
a matter of preference.


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_spherical1_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_sphericalwedge_3D.html
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/ ://22 / ) / (7 cos() dpdt dy
[, ol (o) s

2m
<r cos( )> dé de
0

”/2 21
(3 cos(y) )
T -

/2

I
r@\\

the familiar formula for the volume of a sphere. Note how the integra-
tion steps were easy, not using square roots nor integration steps such
as Substitution.

Example 15.7.23 Finding the center of mass using spherical coordi-
nates.

Find the center of mass of the solid with constant density enclosed above
by p = 4 and below by ¢ = 7/3, as illustrated in Figure 15.7.24.
Solution. We will set up the four triple integrals needed to find the
center of mass (i.e., to compute M, M., M, and M,,) and leave it to
the reader to evaluate each integral. Because of symmetry, we expect
the x- and y- coordinates of the center of mass to be 0.

While the surfaces describing the solid are given in the statement of the
problem, to describe the full solid D, we use the following bounds: 0 <
p<4,0<0<2rand0 < ¢ < 7/3. Since density J is constant, we
assume § = 1.

The mass of the solid:

ol
/W/ /ﬂ/ (p? cos()) dp do dep

5 (2—\/§)W~ 17.958.

To compute M,,., the integrand is x; using Key Idea 15.7.15, we have
x = pcos(p) cos(6). This gives:

Mo = [[[ zim

/3 21 pd
=[] [ (coste)cos(o))? cos(i)) apas

/ﬂ/3 /27r /4 (p* cos® () cos(6)) dp df dy
o Jo Jo

O,

892

By
Al
a

youtu.be/watch?v=wqjjsloOaul

Figure 15.7.22 Setting up an integral
in spherical coorindates

Figure 15.7.24 Graphing the solid,
and its center of mass, from Exam-
ple 15.7.23


https://www.youtube.com/watch?v=wqjjslo0auI
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_spherical3_3D.html
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which we expected as we expect 7 = 0.
To compute M., the integrand is y; using Key Idea 15.7.15, we have
y = pcos(y) sin(f). This gives:

Moo= [[[ wim

w/3 2 4
:/0 /0 /0 ((pcos(p) sin(6))p? cos(p)) dpdf dy

w/3 2w 4
= / / / (p* cos® () sin(8)) dp db dep
o Jo Jo
= O’

which we also expected as we expect 7 = 0.
To compute M,,, the integrand is z; using Key Idea 15.7.15, we have
z = psin(¢p). This gives:

Mw:///Dzdm

/3 27 p4
:/ / / ((psin(y))p” cos(i)) dp df dy
0 0 0

w/3 2w pd )
= / / / (,0‘3 sin(p) cos(y)) dp df dy
0 o Jo
= 167 ~ 50.266.

Thus the center of mass is (0,0, M, /M) ~ (0,0,2.799), as indicated
| inFigure 15.7.24.

This section has provided a brief introduction into two new coordinate sys-
tems useful for identifying points in space. Each can be used to define a variety
of surfaces in space beyond the canonical surfaces graphed as each system was
introduced.

However, the usefulness of these coordinate systems does not lie in the vari-
ety of surfaces that they can describe nor the regions in space these surfaces may
enclose. Rather, cylindrical coordinates are mostly used to describe cylinders
and spherical coordinates are mostly used to describe spheres. These shapes
are of special interest in the sciences, especially in physics, and computations
on/inside these shapes is difficult using rectangular coordinates. For instance,
in the study of electricity and magnetism, one often studies the effects of an
electrical current passing through a wire; that wire is essentially a cylinder, de-
scribed well by cylindrical coordinates.

This chapter investigated the natural follow-on to partial derivatives: iter-
ated integration. We learned how to use the bounds of a double integral to de-
scribe a region in the plane using both rectangular and polar coordinates, then
later expanded to use the bounds of a triple integral to describe a region in space.
We used double integrals to find volumes under surfaces, surface area, and the
center of mass of lamina; we used triple integrals as an alternate method of find-
ing volumes of space regions and also to find the center of mass of a region in
space.

Integration does not stop here. We could continue to iterate our integrals,
next investigating “quadruple integrals” whose bounds describe a region in 4-
dimensional space (which are very hard to visualize). We can also look back to
“regular” integration where we found the area under a curve in the plane. A

youtu.be/watch?v=jwzvDiiM 940

Figure 15.7.25 Spherical coordinates
example: volume of a spherical
wedge

youtu.be/watch?v=EKxY_5PIgTU

Figure 15.7.26 Spherical coordinates
example: volume of a conical cup


https://www.youtube.com/watch?v=jwzvDiiM94o
https://www.youtube.com/watch?v=EKxY_5PlgTU
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natural analogue to this is finding the “area under a curve,” where the curve is
in space, not in a plane. These are just two of many avenues to explore under
the heading of “integration.”
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15.7.3 Exercises

Terms and Concepts

1. Explain the difference between the roles r, in cylindrical coordinates, and p, in spherical coordinates, play in
determining the location of a point.

Why are points on the z-axis not determined uniquely when using cylindrical and spherical coordinates?
What surfaces are naturally defined using cylindrical coordinates?

What surfaces are naturally defined using spherical coordinates?

Problems

Exercise Group. In the following exercises, points are given in either the rectangular, cylindrical or spherical coordi-
nate systems. Find the coordinates of the points in the other systems.

5. 6.
(a) Points in rectangular coordinates: (2,2, 1) (a) Points in rectangular coordinates: (0,1, 1)
and (—/3,1,0) and (—1,0,1)
(b) Points in cylindrical coordinates: (b) Points in cylindrical coordinates: (0,7, 1)
(2,7/4,2) and (3,37/2, —4) and (2,47/3,0)
(c) Points in spherical coordinates: (c) Points in spherical coordinates:
(2,7/4,m/4) and (1,0, 0) (2,7/6,0) and (3,7, —m/2)

Exercise Group. In the following exercises, describe the curve, surface or region in space determined by the given
bounds in cylindrical coordinates.
7. 8.

(@) r=1,0<0<2m,0<2<1 (@ 1<r<2,0=7n/2,0<z<1
(b) 1<r<20<0<7m0<2<1 (b) r=2,0<60<2m,2=5

Exercise Group. In the following exercises, describe the curve, surface or region in space determined by the given
bounds in spherical coordinates.

9. 10.
(@) p=3,0<6<2m0<p<7/2 (@) 0<p<2,0<0<Tmp=n/4
(b) 2<p<3,0<6<2m, (b) p=2,0<60<2m,p=7/3
~m/2 <@ <m/2

(c) Thisis a curve, a circle of radius 1
centered at (0,0, v/3), lying parallel to
the xy-plane.

Exercise Group. In the following exercises, standard regions in space, as defined by cylindrical and spherical coordi-
nates, are shown. Set up the triple integral that integrates the given function over the graphed region.
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11. Cylindrical coordinates, integrating h(r, 0, z): 12. Spherical coordinates, integrating h(p, 0, ¢):

Exercise Group. In the following exercises, a triple integral in cylindrical coordinates is given. Describe the region in
space defined by the bounds of the integral.

/2 p2 P2 2 4 5
13. / / / rdzdrdf 14. / / / rdzdrdf
0 0o Jo 0 3 Jo
27 1 1—r T 1 2—r
15. / / / rdzdrdf 16. / / / rdzdrdf
0 0o Jo o Jo Jo
Pis 3 V9—r2 2T a Vvaz—r2+4b
17. / / / rdzdrdf 18. / / / rdzdrdf
o Jo Jo 0 o Jo

Exercise Group. In the following exercises, a triple integral in spherical coordinates is given. Describe the region in
space defined by the bounds of the integral.

/2 pmw/2 pl w/2 T pl.l
19. / / / p? cos(p) dpd dp 20. / / / p? cos(p) dpdf dy
0 0 0 —n/2Jo 1
/2 27 p2 /3 2 2
21. / / / p? cos() dp df dyp 22, / / / p* cos() dpdf dp
/4 Jo Jo /4 Jo Jo
/2 p27 pesc(p) /2 p27  pacsc(p)
23. / / / p*cos(p) dpd dp 24, / / / p? cos() dp d dyp
/3 Jo Jo /3 Jo Jo

Exercise Group. In the following exercises, a solid is described along with its density function. Find the mass of the
solid using cylindrical coordinates.

25. Bounded by the cylinder 22 + y? = 4 and the 26. Bounded by the cylinders 22 + y? = 4 and
planes z = 0 and z = 4 with density function 2 4+ y? = 9, between the planes z = 0 and
0(z,y,2) = /o2 +y? + 1. z = 10 with density function 6(z, y, z) = z.

27. Bounded by y > 0, the cylinder 22 + 32 =1, 28. The upper half of the unit ball, bounded
and between the planes z = 0and 2 = 4 — y between z = 0and z = /1 — 22 — y2, with
with density function 6(x,y, z) = 1. density function é(x,y, z) = 1.

Exercise Group. In the following exercises, a solid is described along with its density function. Find the center of
mass of the solid using cylindrical coordinates. (Note: these are the same solids and density functions as found in
Exercises 25-28.)

29. Bounded by the cylinder 22 + y? = 4 and the 30. Bounded by the cylinders 22 + y? = 4 and
planes z = 0 and z = 4 with density function 22 4+ y? = 9, between the planes z = 0 and
0(z,y,2) = /22 +y% + 1. z = 10 with density function §(z, y, 2) = z.


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_13_07_ex_09_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_13_07_ex_10_3D.html
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31. Bounded by y > 0, the cylinder 22 + y? = 1, 32. The upper half of the unit ball, bounded
and between the planes z = 0and z =4 — y between z = 0and z = /1 — 22 — 32, with
with density function §(z,y, z) = 1. density function 0(z,y, z) = 1.

Exercise Group. In the following exercises, a solid is described along with its density function. Find the mass of the
solid using spherical coordinates.

33. The upper half of the unit ball, bounded 34. The spherical shell bounded between
between z = 0 and z = /1 — 22 — 42, with 2 +y? + 22 = 16 and 22 + y? + 22 = 25 with
density function §(z, y, z) = 1. density function §(z, y, z) = /22 + y2 + 22
35. The conical region bounded below by 36. The cone that lies above the cone
z = /22 + y2 and above by the sphere z = /22 + y? and below the plane z = 1 with
2?2 + y? + 22 = 1 with density function density function §(z,y, 2) = z.
o(z,y,2) = 2.

Exercise Group. In the following exercises, a solid is described along with its density function. Find the center of
mass of the solid using spherical coordinates. (Note: these are the same solids and density functions as found in
Exercises 33-36.)

37. The upper half of the unit ball, bounded 38. The spherical shell bounded between
between z = 0 and z = /1 — 22 — 32, with 2 +y? + 22 = 16 and 22 + y? + 22 = 25 with
density function §(z, y, z) = 1. density function §(z, y, z) = /22 + y2 + 22
39. The conical region bounded above 40. The cone bounded above z = /22 + 42 and
z = y/x? + y? and below the sphere below the plane z = 1 with density function
22 + y? 4+ 2% = 1 with density function 5z, y,2) = 2.
o(z,y,2) = 2.

Exercise Group. In the following exercises, a region is space is described. Set up the triple integrals that find the
volume of this region using rectangular, cylindrical and spherical coordinates, then comment on which of the three
appears easiest to evaluate.

41. The region enclosed by the unit sphere, 42. The region enclosed by the cylinder 22 + y? = 1
>y + 22 =1 and planes z = 0 and z = 1.

43. The region enclosed by the cone z = /22 + 2 44. The cube enclosed by the planes x =0, x =1,
and plane z = 1. y=0,y=1,z=0and z = 1. (Hint: in

spherical, use order of integration dp dy df.)
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15.8 Change of Variables in Multiple Integrals

We have seen in Sections 15.3 and 15.7 that switching to a different coordinate
system can be a powerful tool. Integrals that are intractable (or even impossible)
in one coordinate system can become straightforward in another.

Changing from rectangular coordinates to polar, or cylindrical, or spherical
coordinates, are special cases of a general process known as a change of vari-
ables or transformation. A change of variables should be considered in any
situation where we are presented with an integral that is difficult to evaluate in
rectangular coordinates.

Our goals in this section are as follows:

e Understand how a change of variables affects the area element dA in a
double integral, or the volume element dV in a triple integral.

e Derive a general change of variables formula for multiple integrals that
works for any suitable change of coordinates, including the ones we have
already seen in Sections 15.3 and 15.7

e Develop some basic guiding principles for knowing when a change of vari-
ables should be considered, and how to define the corresponding trans-
formation.

15.8.1 Review of substitution techniques

One of the situations that should be covered by our general change of variables
formula is that of substitution for a definite integral in one variable, as encoun-
tered in Section 5.6, way back in Calculus 1. Of course, for a definite integral in
one variable, there is only one type of region of integration: a closed interval
[a, b]. For single integrals, our only consideration when making a change of vari-
ables is the function being integrated. Recall that substitution — at least, for
indefinite integrals — is essentially an attempt to reverse the Chain Rule: given

b
/ ()T () du,

we set z = T'(u), compute the differential dz = T"(u) du, and set

b T(b)
/ F(T )T’ (u) du = / f(x)dx. (15.8.1)
a T(a)

The formula we seek will be a generalization of this result, with one notable
change in perspective: for multiple integrals, it is often the region of integration
that creates most of the difficulty, and not the function being integrated. In
one variable, one closed interval is transformed into another, and we apply the
Fundamental Theorem of Calculus. What we will find is that in most cases, we
start on the right hand side of our analogue of Equation (15.8.1), and move to
the left.

Changing from polar coordinates can be viewed as the process of writing our

rectangular coordinates (z, y) in terms of new variables » and 6:

x(r,0) = rcos b
y(r,0) = rsind.

Or conversely, as defining new variables r and 6 as functions of the old variables
x and y:

r(z,y) = 2% + y?

Recall Exercise 15.3.15in Section 15.3:
the function f(z,y) = e v

is impossible to integrate in rec-
tangular coordinates (at least, by
finding antidervatives in terms of
elementary functions), but switch-

ing to polar coordinates results

in an integral that can be evalu-

ated using a simple substitution.

youtu.be/watch?v=G1YTunRt6g0

Figure 15.8.1 Introducing the change
of variables formula

We have reversed the roles of x
and u as they typically appear in
Calculus I. This may seem strange

For double and triple integrals,
it will be important to understand
how both the function and the
region of integration are transformed.
For single integrals, the Funda-
mental Theorem of Calculus (The-
orem 5.4.10) lets us gloss over
some of the details we'll now need
to consider. In particular, we don’t
really need to pay any attention
to the interval over which we in-
tegratein asingle integral, aslong
as we can come up with an anti-
derivative.


https://www.youtube.com/watch?v=G1YTunRt6g0
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O(x,y) = arctan(y/x).

We can think of the polar coordinate transformation as a change of variables,
where we define new variables in terms of old ones, but we could also think of
it as a function from the plane R? to itself. That is, we have a mapping

T:DCR? 5 R?
(z,y) =T(r,0) = (rcosf,rsinf),

where D is some subset of R? (with coordinates labelled by r and 6), and the
codomain is R? with usual (x,y) coordinates. As we know from Section 15.3,
the polar coordinate transformation 7" given above transforms a rectangle such
as D = [0, 3] x [0, 2] into a disk — in this case, the set of points (z,y) with
x2 + 42 <9, as shown in Figure 15.8.2 below.

0 Yy

=D W e Ol O =1 00 ©

Figure 15.8.2 Transforming a rectangle to a disk using polar coordinates

It is interesting to pause and consider what happens to the four sides of the
rectangle D in the transformation above. (As we'll see, this particular transfor-
mation exhibits some behaviour we usually prefer to avoid!). First, the side with
r = 0 is collapsed to a single point: the origin. The side with » = 3 forms the
entire perimeter of the circle. What happens to the sides § = 0 and § = 27?
They both get sent to the line segment from (0, 0) to (3,0)!

These observations let us imagine transformation as a physical process: first,
the left side of the rectangle is shrunk down to a single point, while the right
side is simultaneously stretched by a factor of 3. (Vertical lines in between are
stretched/shrunk by a factor of r, with 0 < r < 3.) The top of the rectangle is
then bent around until it joins with the bottom.

It is perhaps easier to picture the transformation for a domain of the form
[a,b] X [a, ], with0 < a < band 0 < a < B < 27. The case r € [1,2],
6 € [r/6, /3] is pictured in Figure 15.8.3 below.

0 Y

1 2 3

Figure 15.8.3 Transforming a rectangle to an annular portion using polar coordi-
nates

Polar coordinates are a very com-
mon choice of coordinate system,
because they are well adapted
to situations with circular symme-
try, acommon assumption in many
physical problems. They are also
natural from a navigational per-
spective. However, the polar co-
ordinate transformation is a bit
unusual, in that it violates some
of the principles we will require
below for a general transforma-
tion. For example, the transfor-
mation is not one-to-one, and since
we often allow r < 0 (recall Sec-
tion 10.4), the inverse transfor-
mation (from polar to rectangu-
lar) technically isn’t even a func-
tion! However, we're willing to
overlook these defects due to the
ubiquity and usefulness of the po-
lar coordinate system.
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15.8.2 General transformations

Given a region R in the plane and an integral ffR f(z,y) dA, we will look for a
domain D C R2 and a function T': D — R? of the form

(x,y) = T(u,v) = (h(u,v), k(u,v))

that maps D onto R, which can be used to simplify our integral.

Definition 15.8.12 below specifies the properties we require for a function
T :D CR™ — R™ to be used to define a change of variables. To explain some
of those properties, we will need the following definitions.

Definition 15.8.4 The image of a point or set.

Let D C R"” be any subset, and let F' : D — R™ be a function. For any
point x € D, the image of x under F'is the pointy = F'(x) in the range
of F.
For any subset C' C D, the image of C under F'is denoted F'(C') and
defined by

F(C)={F(x)|xe C}.

In other words, y € F(C) if and only if y is the image of x for some
xeC.
In particular, we denote the range (or image) of F by F'(D).

Definition 15.8.5 One-to-one and onto functions.

Let A CR", let BC R™,andletT : A — B be afunction.

e We say that T is one-to-one if no two points in A have the same
image. Thatis, for any x;,Xa € A, if X1 # Xo, then T'(x1) # T(X2).

e We say that T is onto if the range of T'is B; that is, if T'(A) = B.

A function used for a change of variables is called a transformation. Such
functions need to be one-to-one, except possibly on the boundary of their do-
main, and they need to be continuously differentiable. (See Definition 15.8.12
below.) One of the important properties of a transformation, which we will jus-
tify later in this section (see Theorem 15.8.27), is that the boundary of a closed,
bounded domain is mapped to the boundary of the range. This observation is
key to visualizing the effect of a transformation.

Example 15.8.6

Let D C R? be the rectangle defined by 1 < v < 2and0 < v < 1.
Determine the range of the function T' : D — R? defined by

(z,y) = T(u,v) = (uv,u® + 20v?).

Solution. The function T is continuously differentiable, since x = 4uwv
and y = u?+v? both have continuous first-order partial derivatives with
respect to u and v. Showing that T is one-to-one is a mess of algebra
that we omit here. From these properties, we can conclude that the
boundary of D will be transformed to the boundary of T'(D).

Now, let’s see what happens to the boundary of D. The boundary con-
sists of four line segments:

1. Thesegmentu =1,0 < v < 1.

The notation f : A — B'is
commonly used in mathematics
when we want to indicate that
a function f has a particular do-
main A and codomain B. We
usually do not see this notation
in calculus, since the domain is
always a subset of R" for some
n, and understood to be the largest
set of values for which the func-
tion is defined.

Note however that the choice
of domain is part of the defini-
tion of a function, and it can sig-
nificantly affect important prop-
erties of that function, such as
being one-to-one: recall the def-
inition of the inverse trigonomet-
ric functions in Section 2.7.

To avoid clutter throughout this

section, we will use boldface vari-
ables as shorthand for points in

R™. For example, we will write

x instead of (21, za,...,2,).

While it is important to know
that our function is one-to-one,
we will usually not ask you to
check this fact. However, you
should make sure you're aware
of what can go wrong if this
property is not satisfied: see
the discussion following Defini-
tion 15.8.12.
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2. Thesegmentu =2,0 <wv < 1.
3. Thesegmentl <u < 2,v=0.
4. Thesegment1l < u <2,v=1.

On the first segment, = vand y = 14+v?2, with0 < v < 1. Eliminating
the parameter v gives us portion of the parabola y = 1 + 22 from (0, 1)
to (1,2).

For the second segment we have z = 2v and y = 4 + v2. This is the
part of the parabola y = 4 + 22 from (0, 4) to (2,5).

The third segment has z = 0 and y = u?, for 1 < u < 2. This is the
portion of the y axis from (0, 1) to (0, 4).

Finally, the fourth segmentis givenby z = u,y = u?> +1,for1 < u < 2.
This is again the parabolay =1 + 22, but this time 1 < z < 2.

The resulting region is plotted in Figure 15.8.7. Interestingly, two of the
four sides of the rectangle bounding D were mapped to (different por-
tions of) the same curve.

This example is interesting, in that two of the four sides of our rectangular
domain were mapped to the same curve. Note also that (without explicitly solv-
ing for the inverse function, giving u and v as functions of z and y) we can see
that lines of constant x in the u, v plane are circles, and lines of constant y are
hyperbolas.

One other observation is worthy of note: we mentioned above that we will
be primarily concerned with finding transformations that can be used to simplify
a double integral. Suppose we were given a double integral over R = T'(D),
as pictured in Figure 15.8.7. We probably wouldn't even consider a change of
variables in this case, unless one was needed for the function being integrated:
the region can be described by the inequalities

1
1+x2§y§4—|—1x2, where 0 < z < 2.

We already learned how to deal with such regions at the beginning of this
Chapter, and in any case, it’s unlikely that anyone looking at this region would
come up with the transformation we just considered.

15.8.3 The Jacobian of a transformation

We're ready to move on, and describe the effect of a change of variables on an
integral. We begin with an observation from single variable calculus. Consider
the definition of a definite integral as a limit of Riemann sums. When we make
a change of variables = T'(u) in a single integral, a partition of [a, b] given by
a=ug <u <---<u, = bistransformed into a partition xg = T(ugp),x1 =
T(u1),...,Tn =T(uy). (Aslongas T"(u) > 0,we have xg < 21 < -+ < Tp.)

The transformation affects the size of the subintervals in the partition: from
Section 4.4, we know that Az; ~ T"(u;)Axz;. Thus, the derivative tells us how
the size of each subinterval changes under the transformation.

This gives us a way of thinking about the geometric effect of a substitution.
T(b)

In the integral / f(z) dz, the subintervals in a partition (thought of as the
T(a)

width of the rectangles in a Riemann sum) are stretched/shrunk horizontally by

a factor given by the derivative T/ (u) of the transformation function g(u). In

b
the integral / F(T ()T’ (u) du, the derivative T"(u) is part of the integrand,

Figure 15.8.7 Plotting the image of
the function T"in Example 15.8.6
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and therefore our horizontal stretch/shrink becomes a vertical stretch/shrink.
Of course, the area of a rectangle changes by the same amount regardless of
whether the stretch/shrink is horizontal or vertical.

Similarly, when we do a change of variables in two or three variables, we
need a measure of how the size of each subregion in a partition changes under
change of variables. This measure is given by an object known as the Jacobian.

Definition 15.8.8 The Jacobian of a transformation.

Let D C R? be a subset of the plane, described with coordinates (u, v).
Let T : D C R? — R? be given by

T(uv U) = (f(u, v),g(u, 7))),

where f and g are continuously differentiable on D. The Jacobian is the
function Jr : D — R defined by

u,v) = Ju(u,v)  folu,v)
Jr(u,v) = det |;(]u(u,v) gv(u,v):| 5

If we define z = f(u,v) and y = g(u,v), we can write the Jacobian as

o dz Oz

_ u v| _ ou  Ov

Jr(u,v) = det {yu yv} = det oy 83;] .
ou  Ov

In the case of a transformation 7 : D C R3 — R3, with (z,y,2) =
T'(u, v, w), the definition of the Jacobian is similar, except that we need to com-
pute the determinant of a 3 x 3 matrix.

If you read Section 14.6 on the definition of the derivative as a matrix of
partial derivatives, you probably recognize the matrix whose determinant gives
us the Jacobian: it's the derivative matrix! One therefore could write

Jr(u,v) = det DT (u, v)

for the Jacobian, and this formula is valid in any dimension.

In fact, we can even use this definition for single integrals: a 1 x 1 matrix is
just a number, and the determinant does nothing to that number, and of course,
the derivative of a function of one variable is the same as always.

Example 15.8.9
Compute the Jacobian of the transformation (z,y) = T'(u, v) given by

r="Tu—3v y=—4u+ 2v.

Solution. We apply Definition 15.8.8 directly:

ety = et [y o)

7T =3
—det[_4 2}

=702) = (=3)(-4) =2.

In this case, the Jacobian is a constant function. This is the case whenever ©
and y are linear functions of v and v., but not true in general. We'll look at the

In the discussion given here, we
will stick to two variables for sim-
plicity of presentation. However,
everything we do for double in-
tegrals works equally well for triple
integrals in three variables.

Another common notation for
the Jacobian is

d(x,y)
I(u,v)’

Jr(u,v) =

This notation is intended to be
reminiscent of the Leibniz form
of the chain rule when T is used
to define a change of variables:
we have the mnemonic devices

dx
dr = g
&= - du
dwdy = 29 o g
O(u,v)
dedydz = Mdudvdw
A(u,v,w)

for a change of variables in sin-
gle, double, and triple integrals,
respectively.
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case of linear transformations in more detail after a few more examples.
Example 15.8.10

Compute the Jacobian of the transformation given by
T(u,v) = (V 2y, ¥/ xy?).

Solution. Again, this is a direct application of the definition, but we
should be clever about how we compute our partial derivatives. Our
transformation defines z = ¢/z2y and y = {/xy2. If we blindly push
forward with the partial derivatives as written, we get a mess. For exam-
ple, if we get a little too excited, we might do something like:

o, 1, .,
wu(u,0) = o= (Va?y) = 2 (2%y) 7 (2ay),

with similar results for the other four partial derivatives.
Instead, let’s first simplify using laws of exponents:

z(u,v) = a2y = (z%y)"? = 2*y*?  and

y(u,v) = Vay? = (zy*)'/? = 2/3y?/3.

Now we only need the power rule to compute our partial derivatives,
and we find

o) = do [7lte0) i)

det Fm—1/3y1/3 §x2/3y_2/3]
=de
%x72/3y2/3 %$1/3y71/3

(2 s\ (203, 13\ (1 23 o3\ (1 —2/3 23
= (31 Yy 355 Y 3»)5 Yy 3$ Y
_4

9

1

3

Nel i

Interestingly enough, the Jacobian turns out to be constant again, even though
the transformation was far from being linear. Let’s try one more.

Example 15.8.11
Compute the Jacobian of the transformation
r=4u? —v® y=2u%+ 3%

Solution. Computing the Jacobian in this case is straightforward:

JT(u,v):det Zu(w,0) @y (v, 0) = det u  —2v 48uv+8uv = H6uw.
yu(uvv) yv(uw) 4du 6

As hinted at earlier, the Jacobian is important because it appears in the
change of variables formula to come. Its role is analogous to that of the deriv-
ative ¢'(u) in Equation (15.8.1). We also need the Jacobian to precisely define
the type of function that can be used for a change of variables.
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Definition 15.8.12 Properties of a transformation.

Let D and E subsets of R?, with D C R? described in terms of coordi-
nates u, v, and E C R? described in terms of coordinates z,y. Let D°
denote the interior of D; that s, the set of all non-boundary points of D.
We say that a function T : D — FE is a transformation if:

1. T is continuously differentiable on D°.
2. T is one-to-one on D°, and the range of T'is F.

3. The Jacobian of T does not vanish: Jr(u,v) # 0 for all (u.v) €
De.

When D is a closed, bounded subset, note that we do not require Defini-
tion 15.8.12 to hold on the boundary. Each of the three conditions above must
hold on the interior of D, but are allowed to fail on all or part of the boundary.
In particular, this is the case for cylindrical, and spherical coordinates:

o The polar coordinate transformation x = r cos,y = rsin6 is only one-
to-one if r > 0 and @ belongs to an interval whose length is less than 2.
Note that Jr(r, 8) vanishes at r = 0.

Of course, we often use a domain such as r € [0, R], § = [0, 27] to de-
scribe a disk centred at the origin. The conditions of Definition 15.8.12 fail
at r = 0, and because points with § = 0 get mapped to the same place as
points with # = 27r. But these coordinates describe 3 of the 4 sides of the
boundary rectangle for our domain, and the conditions are not required
to hold on the boundadry.

e The cylindrical coordinate transformation has exactly the same issues as
polar coordinates.

o For spherical coordinates, we take p > 0 and again accept the fact that
our transformation is not one-to-one (and the Jacobian is zero) when p =
0. Similarly, we generally allow 6 € [0,27] and ¢ € [—7/2,7/2] even
though endpoints of these intervals might get sent to the same point.

Before we move on to the change of variables formula, we consider one
more example that will help clarify the geometry involved in a change of vari-
ables, and that may be familiar to you from a first course in linear algebra.

We saw in Example 15.8.9 that when x and y are linear functions of v and v,
the Jacobian of the transformation is a constant. What does that constant tell
us about the transformation? Here is an example taken from the book Matrix
Algebra, by Greg Hartman (who is also the main author of this text).

Example 15.8.13
Consider the function T : R? — R2 given by
T(u,v) = (u+ 4v, 2u + 3v).
Note that T is linear in both variables. In fact, if we set (z,y) = T'(u, v)
and represent points by vectors, replacing (z,y) by & = B’} and (u,v)

byu = [u} , then we can write this function as the matrix transformation
v

For all three coordinate systems
we've studied, the transformation
conditions can fail on the bound-
ary of our domain, which we'’re
willing to accept, and we account
forthis by only requring these con-
ditions to hold on the interior of
the domain. What would not be
acceptable is a situation where
the transformation conditions fail
onaregioninterior to the domain.

For example, the function T'(r, 0) =
(r cos @, r sin §) would not produce
an acceptable transformation for
domainssuchasr € [—1,1], 6 €
[0,27] orr € [0,2], 6 € [0, 37].
The first traces out the unit disk
twice: once for r < 0, and once
for r > 0. The range of the sec-
ond transformation is the disk 22+
y? < 4, but the upper half of
this disk is produced twice: once
for 6 € [0, ], and again for § €
[27, 37].

If we were using these trans-
formations to compute a double
integral over acircular region, we'd
get the wrong answer!
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T = A, where A is the 2 x 2 matrix B ?ﬂ That is:

x| |1 4| |u

yl 12 3] |v]”
To visualize the effect of T, plot the vectors representing the four cor-
ners of the unit square, before and after they have been multiplied by

A, where
A=l
2 3
Solution. The four corners of the unit square can be represented by the
vectors ) - - )
0 1 1
0]’ 0|’ 1]’ 1

Multiplying each by A gives the vectors

0 1 5 4
0 ) 9 ) 5 ) 3 ’

respectively.

The unit square and its transformation are graphed in Figure 15.8.14,
where the shaped vertices correspond to each other across the two
graphs. Note how the square got turned into some sort of quadrilateral
(it's actually a parallelogram). A really interesting thing is how the trian-
gular and square vertices seem to have changed places — it is as though
the square, in addition to being stretched out of shape, was flipped.

Y Y
54 54
4 4
3 3
2 2
= 1
4 > T ¢ > T
—1 1 2 3 4 5 -1 1 2 3 4 5
-l -1z

Figure 15.8.14 Transforming the unit square by matrix multiplication in
Example 15.8.13

How does all this relate to Jacobians and change of variables? First note that
the derivative of any linear function is (perhaps not so surprisingly) the matrix
that defines it: for T'(u, v) = (u + 4v, 2u + 3v), we have

DT (u,v) = E ﬂ _ A

The Jacobian of T is then the determinant of this matrix:
Jr(u,v) =det A =1(3) — 4(2) = —5.

Let us make a note of a few key points about Example 15.8.13. First, note
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that in this case, the derivative matrix, (and as a result, the Jacobian) is constant.
(This of course is generally true of the derivative for linear functions.)

What happens when we apply the map T to the unit square? The value
Jr(u,v) = =5 tells us two things:

e First, the area of the unit square is increased by a factor of 5.

e Second, the transformation 7" reverses the orientation of the unit square.
This is indicated by the negative value of the determinant. The reversal of
orientation is responsible for the “flipping” of the square noticed in the
solution above.

The result of performing the transformation T" on the unit square is therefore
the following: first, the square is flipped over. Then, the square is stretched out
into a parallelogram whose area is 5 times that of the original square.

Let us make a couple more remarks about the Example 15.8.13. First, note
the need for an absolute value around the determinant, to ensure the area com-
puted is positive. This absolute value will be needed in our change of variables
formula as well.

Second, since our transformation was linear, with constant derivative, the
effect on area is the same for any portion of the plane: applying the transforma-
tion T to a closed bounded region D C R? of area A will produce a region of
area 5A. For non-linear transformations, the value of the Jacobian (and hence,
the effect on area) will vary from point to point.

Before we move on, let’s do two more examples, with transformations we've
already encountered. In these examples, we'll find that the value of the Jacobian
is not a constant.

Example 15.8.15
Compute the Jacobian for

1. The polar coordinate transformation

r=rcosf y=rsinb

2. The spherical coordinate transformation

x=rcosfcosp y=rsinfcosy z=rsine.

Solution.

1. Here we've defined x and y in terms of the coordinates r and 6
instead of u and v, but the process is the same:

e (r,0) zo(r,0) cosf —rsind
0) = det = det
Tr(r,0) = de yr(r,0)  yo(r,0) ®lsing  rcosh

=rcos?f+rsin = r.

Interesting. Note that the value of the Jacobian is r, which is
precisely the correction factor needed in the area element for a
double integral when we change from rectangular to polar coordi-
nates. Let’s try the spherical coordinate transformation to see if
this was merely a coincidence.

Recall, from linear algebra, that
if two vectors a, b span a paral-
lelogram in the plane, then the
determinant of the 2 x 2 matrix
containing @ and I;gives the area

Recall the following property for
definite integrals in one variable:

b a
/ f(z)dx = —/ f(z)dz. The
dgﬁnite integral is slénsitive tothe
orientation of the interval over
which the integration is performed.
(Left toright or right to left.) Dou-
ble and triple integrals do not have
this sensitivity. We'll see in Sec-
tion 16.5 how information about
orientationis reintroduced in the
context of vector calculus.
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2. Although we haven't defined the Jacobian for a change of coordi-
nates in three variables, the process is exactly the same. We form
the derivative of the transformation, given by the matrix of partial
derivatives, and compute its determinant. We find:

_xp(p795<)0) x@(p797§0) xg,(p,H,ap)
JT(r>0>SD) = det yp(ﬂv&@) yO(pa0a<}9) ytp(p70790)
_Zp(pveaQO) Zé’(pve,@) Z%(pagas‘o)
[cosfcosp —psinfcosep —pcoshsing
=det |sinfcosy pcosfcosp —psinfsing
sinp 0 pCos

= psinfcosp

sinfcosp —psinfsiny
sing p COS

+ pcosfcos

cosfcosp —pcosfsin go’
sinp pCOS
= psinf cos (psinB(cos® p + sin? )
+ pcos B cos p(pcos B(cos® p + sin? )
= p?sin? O cos  + p? cos? O cos

= p? cos .

We computed the above 3 x 3 determinant using a cofactor expansion along
the second column. This is once again exactly the correction factor for the vol-
ume element in spherical coordinates, as given in Theorem 15.7.20in Section 15.7.

15.8.4 The Change of Variables Formula

It seems that we're onto something. It is time that we stated the general change
of variables formula for multiple integrals. Notice how, as with the derivative
¢'(u) in Equation (15.8.1), the Jacobian gives us a measure of how subregions
in the domain are stretched or shrunk. It shouldn’t be too surprising, then, that
the Jacobian plays the same role in multiple integrals that the derivative does in
a single integral.

Theorem 15.8.17 Change of variables formula for double integrals.

Let D be a closed, bounded region in the plane, and let T : D C R? —
R? be a transformation. If f is a continuous, real-valued function on D,
then

//D f(T(u,v))|Jr(u,v)| dudv = //T(D) flx,y) dz dy.

The formula for triple integrals is analogous: given (x,y, z) = T'(u, v, w)
for (u, v, w) in some closed, bounded domain D, then

///D F(T(u, v, w)) | Jr(u, v, w)| dudvdw = ///T(D)f(x,y,z)dxdydz,

Let us try a simple example.

youtu.be/watch?v=r1FX1DkDRbO

Figure 15.8.16 Computing the spheri-
cal coordinate Jacobian


https://www.youtube.com/watch?v=r1FX1DkDRb0
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Example 15.8.18

Let R be the region in the x, y plane whose boundary is the parallelo-
gram with vertices (0, 0), (3,1), (1,4), and (4, 5).

1. Determine a rectangular region D and a transformationT : D —
R? such that R = T(D).

2. Use the transformation T" and Theorem 15.8.17 to determine the
area of R.
Solution.
1. For inspiration, we look to Example 15.8.13. Notice how the trans-
formation defined by the matrix A = [; 3} preserves the origin,

and sends the points (1,0) and (0, 1) to (1,2) and (4, 3), respec-
tively. In general, the transformation

T(u,v) = (au + cv,bu + dv),  with matrix [Cbl ﬂ

will send (1, 0) to (a, ), and (0,1) to (¢, d).

This suggests that in our case we can take D to be the unit square
[0,1] x [0, 1], and set

T(u,v) = (3u+ v,u + 4v).

We check that 7°(0,0) = (0,0),7(1,0) = (3,1),7(0,1) = (1,4),
and T'(1,1) = (4,5). The four corners of the unit square are
mapped to the four corners of the parallelogram. Since linear
transformations map “lines to lines”, we have our transformation.

2. To use Theorem 15.8.17, we need to compute the Jacobian of our
transformation. We have

3 1
Jr(u,v) = det [1 4} =11,

and since R = T'(D), the change of variables formula gives us

A://ldxdyz// 11dudv = 11.
R D

Let’s try another example. Our next example is more complicated, but this
time, we're given the change of variables.

Example 15.8.20
Use the change of variables © = u+v, y = u—v to evaluate the integral

// xe$2_y2 dA,
R

where R is the region bounded by the lines:

y=z,y=—x,y=x—2, andy =2 —z.

If you need further convinc-
ing, notice that setting u = 0,
v = t gives the parametric curve
T(0,t) = (t,4t), which is the
same as the line y = 4x: the
line from (0,0) to (1,4). Simi-
larly, setting u = t,v = 0 gives
T(t,0) = (3t,t): the liney =
£z from (0,0) to (3,1). One
can similarly check that 7'(1,t)
and T'(t,1) give lines forming
the other two sides of the paral-
lelogram.

youtu.be/watch?v=Yf-0g8afcbh4

Figure 15.8.19 Using a transforma-
tion to compute an integral over a par-

allelogram


https://www.youtube.com/watch?v=Yf-0g8afcb4
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Solution. The region of integration is shown in Figure 15.8.21.

We need to determine a domain for the transformation T'(u,v) = (u +
v, u—w) such thattherangeof T'is R. Let'sputz = u+vandy = u—wv
into the equations of our boundary lines, to see what the corresponding
lines in the u, v plane are.

y==x >u—v=u+v =v=0

y=-—x su—v=—(utv) =u=0

y=x—-2 =u—v=u+v—2 =2v=2 = ov=1

These lines are simply the boundary of the unit square in the u, v plane.
Thus, if we take the domain D = [0, 1] x [0, 1] for T', we will have R =
T (D), as required.

Now, we apply Theorem 15.8.17. Recall the formula:

//D (T (u,v))|Jr(u,v)| dudv = //T(D) f(z,y) dz dy.

We have f(z,y) = ze®” Y"1t follows that

We also need to compute the Jacobian. Since the transformation is lin-
ear, we know this will be a constant. We find:

Ty T 1 1
_ u v| _ = 9.
Jr(u,v) = det [yu yv] = det [1 _J =

Putting all this into our change of variables formula, we have

// ze® Y dxdy = // (u + v)e™|—2| du dv.
R D

This integral can be evaluated by splitting it in two, and choosing the
most convenient order of integration for each part:

1,1 1,1
// 2(u+v)e™ dudv = 2/ / ue™ dv du+2/ / ve®™ du dv.
D o Jo o Jo
Now, we find that
1,1 1/ 1
/ / we™ dv du :/ Zetww du
o Jo o \ 4 0

1 1
:Z/o (e* —1)du

1, 1 1, 5
— (o) —t(1) = —et = 2
TR LR AR TR T

and the second integral differs only in the labelling of the variables, and
gives the same result. Thus, we have

xz—yzd d :14_§
//Rxe T ay 46 4

Let’s try one more example where we're given some guidance before tackling

Figure 15.8.21 The region of integra-
tion R in Example 15.8.20

f(T(u, ’U)) — (U+U)e(u+v)27(u7v)2 — (U_‘_v)eu2+2uv+v27(u272uv+v2) — (U+U)64uv.

In this case, understanding the
geometry of the Jacobian gives
us the answer without any com-
putation. Since a square of area
1 is transformed to a square of
area 2, we know |Jr(u,v)| = 2.
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a general change of variables problem.
Example 15.8.22

Let R be the region in the first quadrant bounded by the lines y = x and
y = 4z, and the hyperbolasy = 1/x and y = 4/xz. Evaluate the integral

// zy? dA
R

using the change of variables z = u/v, y = v.

Solution. First, we note that setting y = kx, where k is a constant,
gives us

Ly

%’U

while setting y = k/x gives zy = k, or u = k. The region R is therefore
the image under the transformation T'(u, v) = (u/v, v) of the region D
bounded by the curves u = v? and u = $v?, and the linesu = 1,u = 4;
see Figure 15.8.24.

u
v=k— = u=
v

Some caution is needed when
determining the domain D.
Note that the given curves
bound two regions: one above
Yy the u axis, and one below. But
we note that y = v, and since
y > 0 for the region R, we must
have v > 0in D.

_ N W

Figure 15.8.23 The region of inte-  Figure 15.8.24 The domain D
gration R in Example 15.8.22 mapped onto Rby T’

This is perhaps not the best possible change of variables: the domain D
is not a rectangle. (See Example 15.8.31 below for a change of variables
that is more effective for this type of region.) However, it is a region of
the type we considered in Section 15.2, so we're better off than we were
with the original region. We have 1 < u < 4, and the equations u = v?2,
U= ivz can be re-written (noting that v > 0) as v = y/u and v = 2/u.
With f(z,y) = 2y? we have f(T'(u,v)) = %-v? = uv, and the Jacobian
is given by

0 1

//nydA:// uY
R D
4 p2va
:// udvdu
1 JVu
4
:/ u3? du.
1

Our next goal is to tackle the following general problem: given a multiple
integral over a region E, determine a transformation 7" with domain D such

<

Jr(u,v) = det F/U _“/“2] _1

Thus, we have

1
‘ du dv
v
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that T(D) = E, and use it to evaluate the integral. Before attempting a couple
of examples, we take a brief detour to consider some technical details that will
assist us in understanding the problem.

Recall from Definition 15.8.12 that we require transformations to be one-to-
one and onto (see Definition 15.8.5), except possibly on the boundary of their
domain.

One of the reasons that we require these properties is that they guarantee
that T" has an inverse. If a transformation 7' : D — FE is one-to-one and onto,
then we can define the inverse mapping 7! : E — D according to

T7'(x) =u ifandonlyif x=T(u).

Notice that the onto condition guarantees that the domain of 7! is all of
E. When considering a changes of variables for a multiple integral over a region
E, we would ideally like to have a one-to-one and onto mapping from D to F
to ensure that when we convert to an integral over D, each point in E only gets
“counted once”.

For example, consider the mapping T'(u,v) = (u?,v) defined on [—1,1] x
[0,1]. (Thatis, z = u? with —1 < u < landy = v, with 0 < v < 1.) Theimage
of T'is the square [0, 1] x [0, 1], but each point (x, y) corresponds to two points
(£v/z,/y) in D, so integrating over D would be the same as integrating over
E {\em twice}!

Next we want to consider differentiability. Recall that a vector-valued func-
tion

r(t) = (x(t),y(t))
is continuous if and only if each of the component functions x(t), y(¢) is contin-
uous, and similarly, r(t) is differentiable if and only if each of the component
functions is differentiable, and

r'(t) = (' (1), ' (1))-

Similarly, a function T : D C R™ — R™ is continuous if and only if each of
its components is continuous (as a function of several variables), and (for n = 2)
the partial derivatives of 1" can be viewed as the vector-valued functions

r.(u,v) = g—i(u,v) = <gi(u,v), gZ(u,v)>

ro(u, v) = g%(u,u) = <gf(u, v), §i<u’v>>’

with similar formulas for n = 3. (For n = 1 we have only the single derivative
T (u).)

If each of the components of each of the partial derivatives is continuous
(that is, if the partial derivative of each of the x variables with respect to each of
the u variables is continuous) we say that T"is C!, or continuously differentiable.

If afunctionT : D ¢ R* — E C R"is C!, then as with real-valued
functions, being continuously differentiable implies that T is differentiable (in
the sense of the definition from Section 14.6), and therefore continuous. The
derivative of T"is then an n x n matrix. For example, when n = 2, if T'(u,v) =

(z(u,v),y(u,v)), we get

o o
ou Ov
DT (u,v) =
9 Oy

ou Ov

Recall that in Section 14.6 we
gave the following alternative de-
finition of differentiability: f :
D Cc R™ — R™ is differentiable
if the limit of

[f(a+h) - f(a) - Df(a)h]
]

is0ash — 0, where Df(a) is
the matrix of partial derivatives

of f at a, and D f(a)h denotes
matrix multiplication, with h viewed
as a column vector.
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Notice that, while the gradients Vz(u,v), Vy(u,v) make up the rows of
the derivative matrix DT'(a), the columns of DT (a) are the partial derivative
vectorsr, andr,.

Givenour functionT : D C R™ — E C R", let us denote by DT the matrix
of partial derivatives, as in Section 14.6. Since the dimension of the domain
and range are the same, DT is a square (n X n) matrix, so we can compute its
determinant, and this, of course, is the Jacobian, as defined in Definition 15.8.8.

Let’s come back to the change of variables formula. If we let dx denote either
dx, dA, or dV, depending on whether n = 1, 2 or 3, and doing the same for du,
the change of variables formula for a transformation 7" : D — E can be written
as

| toix= [ fw)iaeds

where the integral sign represents a single, double, or triple integral, depend-
ing on the value of n. (So this really is just a generalization of the method of
substitution you learned in Calculus I.)

Note that the properties required for I" to be a transformation tell us that
every point of E corresponds to a pointin D, and integrating over D is the same
as integrating over E, once we account for the “stretch factor” of the transfor-
mation given by the Jacobian Jr(u). A rigorous proof of the change of variables
formula is very difficult, but we will give an argument at the end of this section
similar to the one we considered for the polar and spherical coordinate transfor-
mations that, although not a complete proof, is at least a plausible explanation.

The general inverse function theorem, which is not stated in most calculus
textbooks, (probably in part because the statement requires defining the matrix
DT of partial derivatives and explaining what the inverse of a matrix is), states
thatif T': D — FE is one-to-one and onto, then 7! exists, and moreover, if T'
is C' and Jr(u) # O forallu € D, then T~ is also a C! function, and

DT (x) = (DT (u))™!, (15.8.2)

where u = T~ 1(x).

A useful consequence of Equation (15.8.2) is obtained by taking the determi-
nant of both sides of the above equation (recall that det(A~!) = 1/ det(A) for
any invertible matrix A).

Theorem 15.8.25 The Jacobian of an inverse transformation.

LetT : D — R? be a one-to-one C* mapping with image E = T(D). If
Jr(u) # Oforallu € D, then T~! : E — R? is a transformation, and
the Jacobian of T~ is given by

1
‘]T 1 (X) JT(T_l(X)) 0
This result can come in handy in cases where it's easy to come up with the
inverse mapping u = 7"~ 1(x), but hard to solve for x in terms of u to obtain 7.
Our last technical detail is a theorem that can be very useful when trying to
determine the transformation to use for a change of variables: the boundary
of E must correspond to the boundary of D. This is useful because we usually
would like D to be as simple as possible, ideally a rectangle (or box, if n = 3).
Since the sides of the rectangle are given by setting u or v equal to a constant,
we look at the curves that define the boundary of E. If the boundary of E can
be expressed in terms of level curves for two functions f(z,y) and g(z, y), we
can define u = f(x,y) and v = g(x,y), which allows us to define T—1(x,y) =

The —1 on the right-hand side

of Equation (15.8.2) denotes a ma-

trix inverse. A basic result from

linear algebra tells us that a ma-

trix is invertible if and only if its

determinant is non-zero, which

is one reason why we require a

nonzero Jacobian in Definition 15.8.12.

(Compare thisto theresult (f 1) (z) =
1

1 (f~Hz))

in one variable.)

youtu.be/watch?v=-kHCIjBbcoA

Figure 15.8.26 Working with the in-
verse of a transformation


https://www.youtube.com/watch?v=-kHCIjBbcoA

CHAPTER 15. MULTIPLE INTEGRATION 913

(f(x,y),9(x,y)). From there, we can try to compute T from T, which is a
matter of solving for = and y in terms of u and v.

Theorem 15.8.27 Transformations preserve the boundary.

Let D, E C R" be closed, bounded regions. If T' : D — FEis a transfor-
mation, then the boundary of E is the image under T of the boundary of
D; thatis, if T'(u) = x s on the boundary of E, then u is on the boundary
of D.

We will prove this result in the case that T is one-to-one, with Jr(u) # 0, on
all of D, including the boundary. Note that if this property fails on some portion
on the boundary, this will not affect the integral. For example, if n = 2, the
boundary of D consists of a finite union of continuous curves, so any portion of
the boundary is a continuous curve, and we know that we can neglect the graphs
of finitely many continuous curves when carrying out an integral. We begin by
first proving a simpler result.

Theorem 15.8.28 Transformations are open mappings.

If f : A — B s a continuous, one-to-one, and onto mapping from A
to B with continuous inverse f~! : B — A, then f maps open sets to
open sets. That is, if U C A is an open subset of A, then the image
f(U)={f(u) € Blu € U} is an open subset of B.

Proof. Let U C A be open, and let x € f(U). We need to show that there
exists some 0 > 0 such that N5(x) = {y € A| ||x — y|| < §}is a subset of f(U).
(By definition, f(U) is open if each element of f(U) has a §-neighbourhood
completely contained in f(U).) Since f is one-to-one and onto, there exists a
unique v = f~!(x) € U such that f(v) = x. (We must have v € U since
f(v) € f(U).) Since U is open, there exists an e > 0 such that N.(v) C U.

Now, since f‘1 is continuous, there exists a 6 > 0 such that if y € Nj(x), then
F7Yy) € Ne(v). Butif f~1(y) € N. C U, then f(f~(y)) =y € f(U), by
definition of f(U). Thus, Ns(x) C f(U), which is what we needed to show. W

Using the above lemma, we can now give a proof of our theorem.

Proof of Theorem 15.8.27. Let T : D — FE be the given transformation, which is
one-to-one and onto, and such that Jr(u) # 0 for allu € D. Since T' is one-to-
one and onto, we can find an inverse function T-! : E — D. Since T'is C'* and
Jr(u) # Oforallu € D, the inverse function theorem tells us that 7! must be
C' on E. Since T and T~ are both C, they are differentiable and therefore
continuous.

Now, let x € E be a boundary point. We need to show that x is the image of
a boundary point in D. Recall that x is a boundary point if and only if every
neighbourhood of x contains both points in £ and points not in E. Letu =
T~1(x) € D be the element of D that is mapped to x by 7. For the sake of
contradiction, suppose that u is not a boundary point of D. Then sinceu € D it
must be an interior point of D, and therefore, there exists some § > 0 such that
Ns(u) C D. (Thatis, there is a neighbourhood of u that is completely contained
inD.)

However, since T satisfies the conditions of Theorem 15.8.28, we know that T’
must map open sets to open sets. In particular, since Ns(u) is an open subset of
D, T(Ns(u)) must be an open subset of E. But since u € Njs(u), we must have
x =T(u) € T(Ns(u)), and thus T'(N5s(u)) is an open subset of E that contains
X, which contradicts the fact that x is a boundary point. Thus, it must be the case

Aresult such as Theorem 15.8.28
thatis used as a step towards prov-
ing a more substantial result is
often referred to as a lemma.
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that u is a boundary point of D. ]
Note that sinceT~! : E — D is also a transformation with the same proper-
ties as T', the converse to this result is valid as well: if u belongs to the boundary
of D, then T'(u) belongs to the boundary of E.
We will see how Theorems 15.8.27 and 15.8.25 are put to use in the following
examples.

Example 15.8.29

2 2

Compute // <i4 + ;34) dA, where FE is the region bounded by y =
E

2, Yy = 202, x = y2, and x = 4y2.

Solution. The region FE is pictured in Figure 15.8.30 below. We need

to find a region D C R? and a transformation T : D — R? whose

image is .. We use the fact that 7" must map the boundary of D to the

boundary of E as a guideline. In particular, note that since T'is C1, it

must map smooth curves to smooth curves by the chain rule. This tells

us that the corners of E must correspond to the corners of D, and in 1+

particular, that each of the four curves that make up the boundary of £

must come from four curves that make up the boundary of D. Since we

would like the integral over D to be as simple as possible, we try to find

a transformation such that D is a rectangle.

Since the sides of a rectangle in the uv-plane are given by either u =

constant or v = constant, we try to express the boundary of E in terms

of level curves u(z,y) = ¢1,c2 and v(z,y) = di,ds. Let's look at the I

curves y = 22 and y = 2z2. These both belong to the family of curves 1

y = cx?, or % = ¢, sowesetu(z,y) = % The region between these
x x

Figure 15.8.30 The region of integra-

two parabolas is then given by 1 < u < 2, or u € [1,2]. Similarly, the .
P & yieus u € [1,2] Y tion for Example 15.8.29

other two sides of the boundary of E, given by x = y? and x = 43
both belong to the family of curves x = dy?, or % = d. This suggests
Yy

that we take v(x,y) = %, withl < v < 4.
Yy

We have now determined amap S : E — D = [1,2] x [1, 4] given by

This map is one-to-one and onto (check this), clearly C*, and has Jaco-
bian

o /ry\ 0 [z o (xz\ 0 [y 3
J —_ —— _— T - T = ,
s(x,y) o ($2> ay <y2> Or <y2) 8y (x2> $2y2
which is defined and non-zero on all of E. This means that S = 7! for

some transformation T’ : D — E. We can now proceed to compute the
integral via change of variables in one of two ways:

1. Directly, by solving for z and y in terms of u and v, which will give
us the transformation 7.
_ Y 2 2 2 4
From u = ﬁwegety—uaj , 50z = vy® = vuz®. Sincexz # 0
on E, this gives us 73 = w2v, so x = u~2/3v71/3, and thus
y = ua® = u~1/3v=2/3, The transformation T is thus T'(u,v) =
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(u=2/3y=1/3 4 =1/3y=2/3), and its Jacobian is given by

_ 0 o sy O s agsy O iz —oysy O a3 1gs
JT(U’? U) - a (U v )av(u v ) 8u(u v )8U(u v )

R

T 3u202]

The integral is therefore

z2 P 1
o J A: 2 2
//E(y4+m4>d //D(U +“)’3u202
1 [ 271 1
—3/1/1(u2+v2)dudv
1 [*/-1 -1 1
—5/1 (2‘1%2)‘”’

1
Jr-1(z(u,v),y(u,v))’
From the above, we have that Jp-1(2,y) = 55, 50 Jr(u,v) =
(2 (u,v))?(y(u,v))?. Fromu = x—y2 andv = %, we have uv =

Ty 1 9 9
= —. Thus, = —,
z2y2 zy vy u2v?
From here we can proceed as above.

du dv

2. Indirectly, using the fact that Jr(u,v) =

1
soJr(u,v) = 3292 2 before.

Example 15.8.31

Compute // xydA, where E is the region in the first quadrant
E

bounded by y = z,y = 4z, y = 1/z,and y = 2/x.

Solution. We need to find a region D C R? and a transformation

T : D — R? whose image is E. This problem is almost identical to

the one we solved in Example 15.8.22, where we were given a change of

variables whose domain was still somewhat complicated. This time, we

look for a transformation with a rectangular domain.
Using the principle that 7" must map the boundary of D to the boundary 44y

of E as above, we set u = g, sothat 1 < u < 4 gives the region
x

betweeny = z and y = 4x, and v = xy, sothat 1 < v < 2 gives the 3 |

region between y = 1/ and y = 2/x. Thus the desired transformation

is defined on the rectangle D = [1,4] x [1, 2] and has an inverse given

by =1 (z,y) = (y/z, zy).
This time we leave the direct method (solving for x and y in terms of «

and v) as an exercise and use the indirect method. The Jacobian of 7! 11
is given by .

OO\ e i
Jr-1(z,y) = det o vt = det a? x| _ % Figure 15.8.32 The region of integra-

z tion in Example 15.8.31
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The Jacobian of T is thus

1 _w(u,v) 1

Tt e(u,v),y(u,0)  2y(u,v) 20

Jr(u,v) =

since u = y/x. The integral is then

/ /E zydd = / /D o (u, v)y(u, )| Jr (u,0)| dudv
S [ e

:/ g(ln4— In1) dv.

L 1

15.8.5 Understanding the change of variables formula

We now have some practice working with the change of variables formula, but
why is it valid? In any dimension, the formula has the form

[ swax= [ f@wlinwids
(D) D

if we let the symbol f stand for a single, double, or triple integral as necessary.
In practice, we use the formula in one of two ways:

e Right-to-left, because it is easier to compute antiderivatives for the func-
tion f(x). This is the case with change of variables for single integrals.

o Left-to-right, because the domain D is a simpler region of integration than
T (D), such as the examples above, as well as the transformations to po-
lar, cylindrical, or spherical coordinates considered earlier. (Of course, we
might also get lucky and find that our function simplifies as well!)

Let’s consider this formula in the intermediate case of a double integral. If
the function f is positive throughout the region E = T'(D), we can interpret
the integral on the left as a volume. In terms of Riemann sums, we are adding
up volumes of boxes:

AV,»J» = f(l"ij, yz‘j)Aﬂ?i ij~

Just as f(x) & T'(u) Au in one variable, the validity of the change of vari-
ables formula rests on the approximation

Al’i ij ~ |JT(uij; 'U”)‘AUZ A’Uj.

The distortion in area caused by the mapping 1" when we move from the region
D in the u, v plane to the region F in the x, y plane is hidden within the dz dy
area element in the integral on the left-hand side.

To ensure that both integrals compute the same volume, the Jacobian is in-
troduced as part of the integrand on the right-hand side to produce a corre-
sponding change in height:

youtu.be/watch?v=hSDH3FnD97w

Figure 15.8.33 A video presentation
of Example 15.8.31, with slightly dif-
ferent numbers

AVij = (f(ij,9i5)) (|1 (wig, vig)|Au; Avy) = (f (T (wij, vig))|Jr (wiz, vig)|) (Au; Avy) .

height area height

area


https://www.youtube.com/watch?v=hSDH3FnD97w
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Appropriately interpreted, the only differences between the integrals on ei-
ther side are the labelling of the variables, and whether the Jacobian provides a
measure of height, or of area, in the calculation of volume.

In general, transformations produce what are called “curvilinear coordinate
systems”: the original linear coordinate system in the u, v plane, with grid lines
given by u = constant or v = constant is transformed into a “grid of curves” in
the x, y plane. This is the case, for example, with the polar coordinate transfor-
mation, as seen in Figure 15.8.34 below.

3r/2 |7
5 /4
T
T /\

3r/4 0
/2

/4

r
1 2 3 4 5

3n/2

Figure 15.8.34 Correspondence between rectangular and polar grid lines

For another example, consider the transformation 1" given by
T(u,v) = (/303 u20015), 77 (o) = (2, %)
X

Agrid in the u, v plane is transformed to two families of curves: linesu = m,
v = n, where m,n are constants become the curves y = = and y = nx?,

respectively. The transformation is pictured in Figure 15.8.35 below.

R e R ek e S 4
P IS U R B B L T
. L | TN 3

Figure 15.8.35 Visualizing a general transformation

In Figure 15.8.35 we've highlighted one of the rectangles in our grid to see
how it’s transformed. Imagine now that our grid lines are much finer, coming
not from the integer values of u and v, but from a partition of a rectangle D
in the u, v plane. Zooming in, we'd see that each rectangle in the partition is
transformed much like the one above.

Indeed, recall the following philosophy from Section 14.6: the transforma-
tion T maps points in the u, v plane to points in the z, y plane. The derivative
matrix DT '(u,v) of T at a point (u,v), when viewed as the matrix of a linear
transformation, maps (tangent) vectors at the point (u,v) to (tangent) vectors
at the point (z,y) = T'(u,v). (This is a consequence of the Chain Rule.)

Consider a general transformation T'(u,v) = (z(u,v),y(u,v)) and a uni-
form partition of the domain of T'. At a point (u;,v;) in our partition, the lines
u = u; and v = v; can be viewed as parametric curves:

Fl(t) = <t7Uj>, for Uq <t<wu;+ A’LL, and

This also fits with a general phi-
losophy of differential calculus:
the derivative of a function at a
point determines the best linear
approximation to that function
near that point. It seems only
fitting, then, that the best linear
approximation to a transforma-
tion is a linear transformation!
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3

5(t) = (u;, t), forv; <t <wj + Aw.
Tangent vectors to these curves are given by

A(t)= (1,00 =17 and #&'(t)=(0,1)=].
The (¢, j)-th rectangle, given by u; < u < u; + Auandv; < v < v; + Av, has
area Au Deltav.

Viewed another way, this rectangle is a parallelogram spanned by the vectors
Awi and Avf. The area of this parallelogram is given by the determinant of the
matrix whose columns are these vectors. Of course, this produces the same

area:
Au 0

0 Av

Now, let’s consider the corresponding region in the x, y plane. The curves
in Figure 15.8.35 above can also be realized as parametric curves. In fact, they
are precisely the composition of the curves above with our transformation, if we
view T as a vector-valued function. We have curves

det { ] = Au Av.

W)

1(t) =T (1) = T(t,v5) = (x(t, ), y(t,v5))
2(t) = T(m2(t))

i

w
I
S
—~
g

<
~
~—
I
—~
8
—~
£
uw
~—
<
—
S
uw
~—
~

making up two of the four sides of our transformed rectangle.

Now, 31 (t) and 3 (t) are curves in general, not lines, and the image of our
rectangle is no longer rectangular. But for Au, Av small enough, our curves are
approximately linear, and the image of our rectangle is approximately a paral-
lelogram. See Figure 15.8.36.

We can make linear approximations to vector-valued functions in much the
same way as we do for real-valued functions. We have

51 (u; + Au) — 51 (u;) = 81 (u;)Au,

with a similar result for 55. This means that we can approximate the area of our
transformed rectangle using the parallelogram spanned by the vectors

_ - Yy
a= Ausy’(u;) = Au <8u(ui,vj), au(ui,vj)>

- . ox oy
b= A’U,SQ/(ui) = Au <8U(ui,vj), %(ui, ’Uj)> .

The area of our transformed region is therefore approximated by the area of
the parallelogram spanned by the vectors @ and b:

2oy (U, ;5

AA ~ det )
€ [yu ui, v5)Au yy, (ug, v5)Av
)

(
Ty (Ui, v xv(ui,vj)] AuAv
yu(uiavj) yv(u'hvj)

= Jr(ui, vj) Aulv.

:det[

This is exactly the result we wanted: the area of our transformed rectangle is
approximately the area of the original rectangle, multiplied by the Jacobian.

We can begin to see the change of variables formula by putting this result
into the Riemann sum definition of the double integral:

flxi,y) AzAy = f(T(ui,vy)) - Jr(ui, v;)Au;Av;.

Figure 15.8.36 A transformed rectan-
gle and its parallelogram approxima-
tion

Recall that the Chain Rule gives
us

d . I
5 @((0)) = Va (1) - 7 (),

with an analogous result for y (7(t)).
Applying this for the curves 7 (t)
and 7% (t) above allows us to com-
pute the derivatives 57’(t) and
85/ (t).

Note further that we can ob-
tain the same result by writing
i and j as column vectors, and
multiplying by the matrix DT'(u;, v;)
— this is the sense in which the
derivative acts as a linear trans-
formation on vectors.
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This equation should be viewed somewhat skeptically. The area element on the
left is that of a rectangle, not the parallelogram we ended up with above. The
argument given here is far from a complete proof of Theorem 15.8.17, but the
result is true nonetheless. The interested reader is directed to search online, or
seek out the advanced calculus section of their library, should they wish to see
a proof.



Chapter 16

Vector Analysis

This chapter explores completely different relationships between vectors and
integration. These relationships will enable us to compute the work done by a
magnetic field in moving an object along a path and find how much air moves
through an oddly-shaped screen in space, among other things.

Our upcoming work with integration will benefit from a review. We are
not concerned here with techniques of integration, but rather what an integral
“does” and how that relates to the notation we use to describe it.

Integration review.

Recall from Section 15.1 that when R is a region in the xy-plane,
ffR dA gives the area of the region R. The integral symbols are “elon-
gated esses” meaning “sum” and dA represents “a small amount of
area.” Taken together, ffR dA means “sum up, over R, small amounts
of area.” This sum then gives the total area of R. We use two integral
symbols since R is a two-dimensional region.

Now let z = f(z,y) represent a surface. The integral
ffR f(z,y) dA means “sum up, over R, function values (heights) given
by f times small amounts of area.” Since “height x area = volume,” we
are summing small amounts of volume over R, giving the total signed
volume under the surface z = f(z,y) and above the xy-plane.

This notation does not directly inform us how to evaluate the double
integrals to find an area or a volume. With additional work, we recognize
that a small amount of area dA can be measured as the area of a small
rectangle, with one side length a small change in 2 and the other side
length a small change in y. Thatis, dA = dxdy or dA = dydz. We
could also compute a small amount of area by thinking in terms of polar
coordinates, where dA = r dr df. These understandings lead us to the
iterated integrals we used in Chapter 15.

Let us back our review up farther. Note that ff’ dx = x|:1)’ =3—-1=
2. We have simply measured the length of the interval [1, 3]. We could
rewrite the above integral using syntax similar to the double integral syn-

tax above: 5
/ dx:/dx, where I =[1, 3] .
1 I

We interpret “fI dx” as meaning “sum up, over the interval I, small
changesin z.” Achangein x is alength along the z-axis, so we are adding
up along I small lengths, giving the total length of 1.

920
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We could also write [’ f(x) dz as [, f(x) dz, interpreted as “sum
up, over I, heights given by y = f(z) times small changes in x.” Since
“heightxlength = area,” we are summing up areas and finding the total
signed area between y = f(x) and the z-axis.

This method of referring to the process of integration can be very
powerful. It is the core of our notion of the Riemann Sum. When faced
with a quantity to compute, if one can think of a way to approximate
its value through a sum, the one is well on their way to constructing an
integral (or, double or triple integral) that computes the desired quantity.
We will demonstrate this process throughout this chapter, starting with
the next section.

16.1 Introduction to Line Integrals

We first used integration to find “area under a curve.” In this section, we learn
to do this (again), but in a different context.

16.1.1 Line Integrals of Functions

Consider the surface and curve shown in Figure 16.1.2(a). The surface is
given by f(x,y) = 1 — cos(x) sin(y). The dashed curve lies in the zy-plane and
is the familiar y = 22 parabola from —1 < z < 1; we'll call this curve C. The
curve drawn with a solid line in the graph is the curve in space that lies on our
surface with x and y values that lie on C'.

The question we want to answer is this: what is the area that lies below
the curve drawn with the solid line? In other words, what is the area of the
region above C' and under the the surface z = f(x,y)? This region is shown in
Figure 16.1.2(b).

We suspect the answer can be found using an integral, but before trying to
figure out what that integral is, let us first try to approximate its value.

(a) (b) (c)
Figure 16.1.2 Finding area under a curve in space

In Figure 16.1.2(c), four rectangles have been drawn over the curve C. The
bottom corners of each rectangle lie on ', and each rectangle has a height given
by the function f(z,y) for some (x,y) pair along C between the rectangle’s
bottom corners.

As we know how to find the area of each rectangle, we are able to approxi-
mate the area above C' and under f. Clearly, our approximation will be an ap-
proximation. The heights of the rectangles do not match exactly with the surface
f, nor does the base of each rectangle follow perfectly the path of C.

youtu.be/watch?v=ponQzAg7V3lI

Figure 16.1.1 Introducing the line in-
tegral


https://www.youtube.com/watch?v=ponQzAg7V3I
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_line_integral_intro1a_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_line_integral_intro1b_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_line_integral_intro1c_3D.html
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In typical calculus fashion, our approximation can be improved by using more
rectangles. The sum of the areas of these rectangles gives an approximate value
of the true area above C' and under f. As the area of each rectangle is “height
x width”, we assert that the

area above C' =~ Z( heights x widths ).

When first learning of the integral, and approximating areas with “heights x
widths”, the width was a small change in z: dx. That will not suffice in this con-
text. Rather, each width of a rectangle is actually approximating the arc length
of a small portion of C'. In Section 13.5, we used s to represent the arc-length
parameter of a curve. A small amount of arc length will thus be represented by
ds.

The height of each rectangle will be determined in some way by the surface
f. If we parametrize C by s, an s-value corresponds to an (x, y) pair that lies on
the parabola C'. Since f is a function of = and y, and x and y are functions of s,
we can say that f is a function of s. Given a value s, we can compute f(s) and
find a height. Thus

area under f and above C' = Z( heights x widths );

areaunder f and above C' = lim c;)As;
f Aim > Fe)

= / f(s)ds. (16.1.1)
c

Here we have introduce a new notation, the integral symbol with a subscript
of C. It is reminiscent of our usage of ffR. Using the train of thought found
in the Integration Review preceding this section, we interpret “fC f(s)ds” as
meaning “sum up, along a curve C, function values f(s)xsmall arc lengths.” It
is understood here that s represents the arc-length parameter.

All this leads us to a definition. The integral found in Equation (16.1.1) is
called a line integral. We formally define it below, but note that the definition is
very abstract. On one hand, one is apt to say “the definition makes sense,” while
on the other, one is equally apt to say “but | don’t know what I'm supposed to
do with this definition.” We'll address that after the definition, and actually find
an answer to the area problem we posed at the beginning of this section.

Definition 16.1.3 Line Integral Over A Scalar Field.

Let C be a smooth curve parametrized by s, the arc-length parameter,
and let f be a continuous function of s. A line integral is an integral of
the form

JRCLES Jm 3 5eas,

where sy < 51 < ... < s, is any partition of the s-interval over which
C'is defined, ¢; is any value in the ith subinterval, As; is the width of
the ith subinterval, and || As|| is the length of the longest subinterval in

. Note: Definition 16.1.3 uses the
the partition.

term scalar field which has not
yet been defined. Its meaning is
discussed in the paragraph pre-

ceding Definition 16.3.2 when it
fé f(s) ds instead of /C f(s)ds. is compared to a vector field.

The definition of the line integral does not specify whether C is a curve in
the plane or space (or hyperspace), as the definition holds regardless. For now,
we'll assume C lies in the zy-plane.

When C'is a closed curve, i.e., a curve that ends at the same point at which
it starts, we use
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This definition of the line integral doesn’t really say anything new. If C'is a
curve and s is the arc-length parameter of C on a < s < b, then

Lﬂ@®=fﬂ$w

The real difference with this integral from the standard “ff f(z) dx" we used
in the past is that of context. Our previous integrals naturally summed up values
over an interval on the z-axis, whereas now we are summing up values over a
curve. If we can parametrize the curve with the arc-length parameter, we can
evaluate the line integral just as before. Unfortunately, parametrizing a curve in
terms of the arc-length parameter is usually very difficult, so we must develop a
method of evaluating line integrals using a different parametrization.

Given a curve C, find any parametrization of C: = = g¢(¢t) and y = h(t),
for continuous functions g and h, where a < ¢t < b. We can represent this
parametrization with a vector-valued function, 7#(t) = (g(t), h(t)).

In Section 13.5, we defined the arc-length parameter in Equation (13.5.1) as

sw=lwmwm%

By the Fundamental Theorem of Calculus, ds = ||7/(t)|| dt. We can substi-
tute the right hand side of this equation for ds in the line integral definition.

We can view | as being a function of x and y since it is a function of s. Thus
f(s) = f(z,y) = f(g(t),h(t)). This gives us a concrete way to evaluate a line
integral: \

[ f61as= [ 1ot m0) 7)) .
C a

We restate this as a theorem, along with its three-dimensional analogue,

followed by an example where we finally evaluate an integral and find an area.

Theorem 16.1.4 Evaluating a Line Integral Over A Scalar Field.

e Let C be a curve parametrized by 7#(t) = {(g(t),h(t)),a < t <
where g and h are continuously differentiable, and let z = f(x,
where f is continuous over C'. Then

b,
y),
b
[ 1615 = [ 160 m®) 17 @] .
C a
e Let C be a curve parametrized by 7(t) = (g(t), h(t), k(t)), a <

t < b, where g, h and k are continuously differentiable, and let
w = f(x,y, z), where f is continuous over C'. Then

b
s = [ s(a0.h0. k) 17O @

To be clear, the first point of Theorem 16.1.4 can be used to find the area

under a surface z = f(x,y) and above a curve C'. We will later give an under-

standing of the line integral when C'is a curve in space.
Let’s do an example where we actually compute an area.
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Example 16.1.5 Evaluating a line integral: area under a surface over a
curve.

Find the area under the surface f(z,y) = cos(x) + sin(y) + 2 over the
curve C, which is the segment of the liney =2z +1on -1 <z <1,
as shown in Figure 16.1.6.

(a) (b)

Figure 16.1.6 Finding area under a curve in Example 16.1.5

Solution. Our first step is to represent C' with a vector-valued function.
Since C'is a simple line, and we have a explicit relationship between y
and z (namely, that y is 2z + 1), we can let x = ¢, y = 2t + 1, and write
7(t) = (t,2t + 1) for —1 < ¢t < 1.

We find the values of f over C as f(z,y) = f(¢,2t + 1) = cos(t) +
sin(2¢ + 1) + 2. We also need ||7/(¢)|); with #/(¢) = (1,2), we have
|7 (t)|| = V/5. Thus ds = /5 dt.

The area we seek is

1
—1

/ f(s)ds = / (cos(t) +sin(2t + 1) +2) V5 dt
c

1 1
= V5(sin(t) — 3 cos(2t + 1) + 2¢)

-1
~ 14.418 units %,

We will practice setting up and evaluating a line integral in another example,
then find the area described at the beginning of this section.

Example 16.1.7 Evaluating a line integral: area under a surface over a
curve.

Find the area over the unit circle in the xy-plane and under the graph of
f(x,y) = x? — y% + 3, shown in Figure 16.1.8.


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_linescalarfield2a_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_linescalarfield2b_3D.html
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Figure 16.1.8 Finding area under a curve in Example 16.1.7

Solution. The curve C'is the unit circle, which we will describe with the
parametrization 7*(¢) = (cost,sint) for 0 < ¢t < 2. We find ||7/(¢)|| =
1,sods = 1dt.

We find the values of f over C as f(z,y) = f(cost,sint) = cos®t —
sin® ¢ + 3. Thus the area we seek is (note the use of the § f(s)ds nota-
tion):

2m
%f(s)ds:/ (cos®t —sin®t + 3) dt
c 0
= 6m.

(Note: we may have approximated this answer from the start. The unit
circle has a circumference of 27, and we may have guessed that due to
the apparent symmetry of our surface, the average height of the surface
is 3.)

We now consider the example that introduced this section.

Example 16.1.9 Evaluating a line integral: area under a surface over a
curve.

Find the area under f(z,y) = 1 — cos(z) sin(y) and over the parabola
y:xQ,from 1<z <1,

Solution. We parametrize our curve C as #(t) = (¢,t2) for —1 <t < 1;
we find |7 (¢)|| = V1 + 4¢3, so ds = V1 + 4t2 dt.

Replacing = and y with their respective functions of ¢, we have f(z,y) =
f(t,t?) = 1 —cos(t) sin(t?). Thus the area under f and over C'is found
to be

/Cf(s) ds = /11 (1 — cos(t) sin (tz)) V1424t

This integral is impossible to evaluate using the techniques developed
in this text. We resort to a numerical approximation; accurate to two
places after the decimal, we find the area is

=2.17.

We give one more example of finding area.


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_linescalarfield3a_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_linescalarfield3b_3D.html
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Example 16.1.10 Evaluating a line integral: area under a curve in space.

Find the area above the zy-plane and below the helix parametrized by
7(t) = (cost,2sint,t/m), for 0 <t < 2m, as shown in Figure 16.1.11.

Solution. Note how this is problem is different than the previous exam-
ples: here, the height is not given by a surface, but by the curve itself.
We use the given vector-valued function 7(¢) to determine the curve C
in the xy-plane by simply using the first two components of \vec r(t):
&(t) = (cost,2sint). Thus ds = ||¢’(t)|| dt = \/sin®t + 4 cos2 ¢ dt.
The height is not found by evaluating a surface over C, but rather it is
given directly by the third component of \vec r(t): ¢/7. Thus

2m
t
% f(s)ds = ~V/sin?t +4cos? tdt ~ 9.69,
c o T

where the approximation was obtained using numerical methods.

Note how in each of the previous examples we are effectively finding “area
under a curve”, just as we did when first learning of integration. We have used
the phrase “area over a curve C and under a surface,” but that is because of
the important role C plays in the integral. The figures show how the curve C
defines another curve on the surface z = f(z,y), and we are finding the area
under that curve.

16.1.2 Properties of Line Integrals

Many properties of line integrals can be inferred from general integration prop-
erties. For instance, if k is a scalar, then [ k f(s)ds =k [, f(s)ds.

One property in particular of line integrals is worth noting. If C'is a curve
composed of subcurves C; and Cs, where they share only one point in com-
mon (see Figure 16.1.13(a), then the line integral over C'is the sum of the line
integrals over C7 and Cs:

/ fyds= [ fs)yds+ [ f(s)ds.
C C1 Cy

(b)
Figure 16.1.13 lllustrating properties of line integrals

This property allows us to evaluate line integrals over some curves C that
are not smooth. Note how in Figure 16.1.13(b) the curve is not smooth at D,
so by our definition of the line integral we cannot evaluate fc f(s)ds. However,
one can evaluate line integrals over C'; and C5 and their sum will be the desired
quantity.

A curve C'that is composed of two or more smooth curves is said to be piece-
wise smooth. In this chapter, any statement that is made about smooth curves
also holds for piecewise smooth curves.

We state these properties as a theorem.

T

Figure 16.1.11 Finding area under a
curve in Example 16.1.10

youtu.be/watch?v=EN9r0JKI5uY

Figure 16.1.12 Another line integral
example


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_linescalarfield4_3D.html
https://www.youtube.com/watch?v=EN9r0JKI5uY
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Theorem 16.1.14 Properties of Line Integrals Over Scalar Fields.

1. Let C be a smooth curve parametrized by the arc-length parame-
ter s, let f and g be continuous functions of s, and let k1 and k-
be scalars. Then

[ r6) 4 kag(e)) ds =k [ sGs)ds s [ gto)ds

2. Let C' be piecewise smooth, composed of smooth components C'
and C5. Then

/ f(s)ds= [ f(s)ds+ [ f(s)ds.
C C1 Cs

16.1.3 Mass and Center of Mass

We first learned integration as a method to find area under a curve, then later
used integration to compute a variety of other quantities, such as arc length,
volume, force, etc. In this section, we also introduced line integrals as a method
to find area under a curve, and now we explore one more application.

Let a curve C (either in the plane or in space) represent a thin wire with
variable density J(s). We can approximate the mass of the wire by dividing the
wire (i.e., the curve) into small segments of length As; and assume the density
is constant across these small segments. The mass of each segment is density of
the segment x its length; by summing up the approximate mass of each segment
we can approximate the total mass:

Total Mass of Wire = Z 0(s;)As;.

By taking the limit as the length of the segments approaches 0, we have the
definition of the line integral as seen in Definition 16.1.3. When learning of the
line integral, we let f(s) represent a height; now we let f(s) = d(s) represent
a density.

We can extend this understanding of computing mass to also compute the
center of mass of a thin wire. (As a reminder, the center of mass can be a useful
piece of information as objects rotate about that center.) We give the relevant
formulas in the next definition, followed by an example. Note the similarities
between this definition and Definition 15.6.30, which gives similar properties of
solids in space.

Definition 16.1.15 Mass, Center of Mass of Thin Wire.

Let a thin wire lie along a smooth curve C' with continuous density func-
tion &(s), where s is the arc length parameter.

1. The mass of the thin wire is M = / 5(s) ds.
c

2. The moment about the yz-plane is M,,, = / x0(s) ds.
@

3. The moment about the xz-plane is M, = / yo(s) ds.
@
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4. The moment about the zy-plane is M, = / z0(s) ds.
c

5. The center of mass of the wire is

— = =\ Myz Mzz M:z:y
(x7yvz)_(M7 Mv M)

I

Example 16.1.16 Evaluating a line integral: calculating mass.

A thin wire follows the path #(¢t) = (1 4 cost,1 + sint, 1 + sin(2t)),
0 < t < 27. The density of the wire is determined by its position in
space: 6(x,y,2z) = y + z gm/cm. The wire is shown in Figure 16.1.17,
where a light color indicates low density and a dark color represents high
density. Find the mass and center of mass of the wire.

Solution. We compute the density of the wire as

§(z,y,2) = 6(1 +cost,1+sint, 1+ sin(2t)) = 2+ ssint + sin(2¢).

We compute ds as

ds = |7 ()| dt = \/sin2 t +cos?t + 4cos?(2t)dt = \/1 + 4cos?(2t) dt.
Figure 16.1.17 Finding the mass of a

Thus the mass is thin wire in Example 16.1.16
2m
M = }1{ d(s)ds = / (2+sint+sin(2t)) /1 + 4 cos?(2t) dt ~ 21.08 gm .
c 0

We compute the moments about the coordinate planes:
M,, = % x0(s) ds
Jo

27
- / (14 cost)(2+ sint + sin(2t)) /1 + 4 cos?(2t) dt
0

~ 21.08.

M, :% yo(s)ds
c

_ /%(1 +sint) (2 + sint + sin(2¢)) /1 + 4 cos? (2t) dt

0
~ 26.35

My, = ?izé(s) ds
- / i (1+sin(2t)) (2 + sint + sin(2t)) /1 + 4 cos?(2t) dt
0

~ 25.40

Thus the center of mass of the wire is located at

—_— =\ Myz sz Mmy
(T,7,%) = ( A > ~ (1,1.25,1.20),

as indicated by the dot in Figure 16.1.17. Note how in this example, the
curve C'is “centered” about the point (1, 1, 1), though the variable den-
sity of the wire pulls the center of mass out along the y and =z axes.



https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_linescalarfield6.html
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We end this section with a callback to the Integration Review that preceded
this section. A line integral looks like: fc f(s) ds. As stated before the definition
of the line integral, this means “sum up, along a curve C, function values f(s) x
small arc lengths.” When f(s) represents a height, we have “height x length =
area.” When f(s) is a density (and we use §(s) by convention), we have “density
(mass per unit length) x length = mass.”

In the next section, we investigate a new mathematical object, the vector
field. The remaining sections of this chapter are devoted to understanding inte-
gration in the context of vector fields.
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16.1.4 Exercises

Terms and Concepts

Explain how a line integral can be used to find the area under a curve.

1

2 How does the evaluation of a line integral given as [, f(s) ds differ from a line integral given as §,, f(s) ds?
3.  Why are most line integrals evaluated using Theorem 16.1.4 instead of “directly” as fc f(s)ds?
4

Sketch a closed, piecewise smooth curve composed of three subcurves.

Problems

Exercise Group. In the following exercises, a planar curve C'is given along with a function f that is defined over C.

Evaluate the line integral

f(s)ds.
c

5. C'is the line segment joining the points 6.
(—2,—1) and (1, 2); the function is
fla,y) =2 +y* +2.

7. C'is the circle with radius 2 centered at the 8.
point (4, 2); the function is f(z,y) = 3z — y.

9. C'is the piecewise curve composed of the line 10.

segments that connect (0, 1) to (1, 1), then
connect (1,1) to (1,0); the function is
flz,y) =2 +y°

C'is the segment of y = 3z + 2 on [1, 2]; the
function is f(z,y) = bz + 2y.

C'is the curve given by

7(t) = (cost + tsint,sint — tcost) on [0, 27];
the function is f(z,y) = 5.

C'is the piecewise curve composed of the line
segment joining the points (0, 0) and (1,1),
along with the quarter-circle parametrized by
(cost,—sint + 1) on [0, 7/2](which starts at
the point (1, 1) and ends at (0, 0); the function
is f(z,y) = 22 + 92,

Exercise Group. In the following exercises, a planar curve C'is given along with a function f that is defined over C.

Set up the line integral

11. Cisthe portion of the parabolay = 222 +2+1  12.

on [0, 1]; the function is f(z,y) = 2% + 2y.

13. Cisthe ellipse given by 7#(t) = (2cost,sintyon 14,

[0, 2]; the function is f(z,y) = 10 — 2 — 2.

f(s) ds, then approximate its value using technology.
c

C'is the portion of the curve y = sinz on [0, 7];
the function is f(z,y) = «.

C is the portion of y = x3 on [—1, 1]; the
functionis f(z,y) = 2x + 3y + 5.

Exercise Group. Inthe following exercises, a parametrized curve C'in space is given. Find the area above the zy-plane

that is under C.

15. C:7(t) = (5t,t,t%) for1 <t < 2. 16.

17. C:7(t) = (3cost,3sint,t?) for 0 < t < 27. 18.

C: 7(t) = (cost,sint,sin(2t) + 1) for
0<t<2m.
C: 7(t) = (3t,4t,t) for 0 < ¢ < 1.

Exercise Group. In the following exercises, a parametrized curve C'is given that represents a thin wire with density

d. Find the mass and center of mass of the thin wire.

19. C:7(t) = (cost,sint,t) for 0 <t < 4m; 20.

o(z,y,2) = 2.

C:r(t)= (-t =3, 3 —t*) for0 <t < 1;
§(w,y, z) = = + 2y + 22. Use technology to
approximate the value of each integral.
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16.2 Vector Fields

We have studied functions of two and three variables, where the input of such
functions is a point (either a point in the plane or in space) and the output is a
number.

We could also create functions where the input is a point (again, either in
the plane or in space), but the output is a vector. For instance, we could create
the following function: F(x,y) = (z +y,z — y), where F(2,3) = (5, —1). We
are to think of F' assigning the vector (5, —1) to the point (2, 3); in some sense,
the vector (5, —1) lies at the point (2, 3).

Such functions are extremely useful in any context where magnitude and
direction are important. For instance, we could create a function F that repre-
sents the electromagnetic force exerted at a point by a electromagnetic field, or
the velocity of air as it moves across an airfoil. Figure 16.2.1 Introducing vector

Because these functions are so important, we need to formally define them. fields

youtu.be/watch?v=hnQqjCOcwKY

Definition 16.2.2 Vector Field.

1. Avector field in the plane is a function ﬁ(x, y) whose domain is a
subset of R? and whose output is a two-dimensional vector:

—

F(x,y) = <M($,y),N(l‘,y)>

2. A vector field in space is a function F(.r, Y, z) whose domain is a
subset of R? and whose output is a three-dimensional vector:

—

F(x,y,z) = <M(ax,y,z),N(x,y,z),P(az,y,z)>.

This definition may seem odd at first, as a special type of function is called a
“field.” However, as the function determines a “field of vectors”, we can say the
field is defined by the function, and thus the field is a function.

(a) (b)
Figure 16.2.3 Demonstrating methods of graphing vector fields

Visualizing vector fields helps cement this connection. When graphing a vec-
tor field in the plane, the general idea is to draw the vector F(x, 7) at the point
(2,y). For instance, using F'(z,y) = (x+y, x —y) as before, at (1, 1) we would
draw (2, 0).

In Figure 16.2.3(a), one can see that the vector (2, 0) is drawn starting from
the point (1,1). A total of 8 vectors are drawn, with the z- and y-values of
—1,0, 1. In many ways, the resulting graph is a mess; it is hard to tell what this
field “looks like.”


https://www.youtube.com/watch?v=hnQqjC0cwKY
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_vectorfieldintro1a.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_vectorfieldintro1b.html
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In Figure 16.2.3(b), the same field is redrawn with each vector ﬁ(x, y) drawn
centered on the point (x, y). This makes for a better looking image, though the
long vectors can cause confusion: when one vector intersects another, the image
looks cluttered.

A common way to address this problem is limit the length of each arrow, and
represent long vectors with thick arrows, as done in Figure 16.2.4(a). Usually
we do not use a graph of a vector field to determine exactly the magnitude of a
particular vector. Rather, we are more concerned with the relative magnitudes
of vectors: which are bigger than others? Thus limiting the length of the vectors
is not problematic.
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(a) (b)
Figure 16.2.4 Demonstrating methods of graphing vector fields

Drawing arrows with variable thickness is best done with technology; search
the documentation of your favorite graphing program for terms like “vector fields”
or “slope fields” to learn how. Technology obviously allows us to plot many vec-
tors in a vector field nicely; in Figure 16.2.4(b), we see the same vector field
drawn with many vectors, and finally get a clear picture of how this vector field
behaves. (If this vector field represented the velocity of air moving across a flat
surface, we could see that the air tends to move either to the upper-right or
lower-left, and moves very slowly near the origin.) \

We can similarly plot vector fields in space, as shown in Figure 16.2.5, though

/
”/,

it is not often done. The plots get very busy very quickly, as therg are lots of ar- “~ | T

rows drawn in a small amount of space. In Figure 16.2.5 the field F' = (—y, z, z) ' T‘T/*\ /

. . S

is graphed. If one could view the graph from above, one could see the arrows P /\ Y T
point in a circle about the z-axis. One should also note how the arrows far from i s-// /
the origin are larger than those close to the origin. ~ // /L’\

It is good practice to try to visualize certain vector fields in one’s head. For l / //-t !
instance, consider a point mass at the origin and the vector field that represents \/\1’/ z
the gravitational force exerted by the mass at any point in the room. The field / \»/\.1 '
would consist of arrows pointing toward the origin, increasing in size as they J \ l \ N
near the origin (as the gravitational pull is strongest near the point mass). N

/
/

16.2.1 Vector Field Notation and Del Operator Figure 16.2.5 Graphing a vector field
in space

Definition 16.2.2 defines a vector field F using the notation
F(z,y) = (M(x,y), N(z,y)) and F(x,y, 2) = (M (2,y,2), N(2,y, 2), P(2,y, 2)).

That is, the components of F are each functions of = and y (and also z in
space). As done in other contexts, we will drop the “of x, y and z” portions of


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_vectorfieldintro2a.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_vectorfieldintro2b.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_vectorfieldintro3_3D.html
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the notation and refer to vector fields in the plane and in space as
F=(M,N)and F = (M, N, P),

respectively, as this shorthand is quite convenient.

Another item of notation will become useful: the “del operator.” Recall in
Section 14.3 how we used the symbol V (pronounced “del”) to represent the
gradient of a function of two variables. That is, if z = f(z,y), then “del f”

=Vf={fe fy>- youtu.be/watch?v=L7AEWONsyHA
We now define V to be the “del operator.” It is a vector whose components . )
are partial derivative operations. Figure 16.2.6 Introducing the del op-
o 0O 0O 0 0O erator
Intheplane, V= ( —, — );inspace,V=( —, —, — ).
P <8:U 8y> P Ox’ dy’ 0z

With this definition of V, we can better understand the gradient V f. As f
returns a scalar, the properties of scalar and vector multiplication gives

0 0 0 0

Now apply the del operator V to vector fields. Let F= (x+siny, Y2 +z, x2).
We can use vector operations and find the dot product of V and F:

V. ﬁ: <aaa 88788> . <‘T+Siny7y2 +Z,CE2>

5 Ty oz o 5 youtu.be/watch?v=QbkbxwicFRI
= %(f +siny) + @(92 +2) + @(12) Figure 16.2.7 Del and the gradient
=14 2y.

We can also compute their cross products:

9] 0 0 . 0 0 0 .
<y(m2) — a(y2 + z2), %(a: +siny) — %(ﬁ), %(y2 +2) — 8y(ac—ksmy)>
= <—]_7

We do not yet know why we would want to compute the above. However,
as we next learn about properties of vector fields, we will see how these dot and
cross products with the del operator are quite useful.

VxF

—2x, — Ccos y).

16.2.2 Divergence and Curl

Two properties of vector fields will prove themselves to be very important: di-
vergence and curl. Each is a special “derivative” of a vector field; that is, each
measures an instantaneous rate of change of a vector field.

If the vector field represents the velocity of a fluid or gas, then the divergence
of the field is a measure of the “compressibility” of the fluid. If the divergence
is negative at a point, it means that the fluid is compressing: more fluid is going
into the point than is going out. If the divergence is positive, it means the fluid Figure 16.2.8 Introducing the diver-
is expanding: more fluid is going out at that point than going in. A divergence of gence
zero means the same amount of fluid is going in as is going out. If the divergence
is zero at all points, we say the field is incompressible.

It turns out that the proper measure of divergence is simply V - f, as stated
in the following definition.

youtu.be/watch?v=10Yh8JUGRYU


https://www.youtube.com/watch?v=L7AEW0NsyHA
https://www.youtube.com/watch?v=QbkbxwicFRI
https://www.youtube.com/watch?v=10Yh8JUGRYU
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Definition 16.2.9 Divergence of a Vector Field.
The divergence of a vector field Fis
divF =V - F.
e In the plane, with F= (M, N), divF = M, + Ny.

e Inspace, with FF = (M, N, P), divF = M, + N, + P..

Curlis a measure of the spinning action of the field. Let F represent the flow
of water over a flat surface. If a small round cork were held in place at a point
in the water, would the water cause the cork to spin? No spin corresponds to
zero curl; counterclockwise spin corresponds to positive curl and clockwise spin
corresponds to negative curl.

In space, things are a bit more complicated. Again let F represent the flow
of water, and imagine suspending a tennis ball in one location in this flow. The
water may cause the ball to spin along an axis. If so, the curl of the vector field
is a vector (not a scalar, as before), parallel to the axis of rotation, following a
right hand rule: when the thumb of one’s right hand points in the direction of
the curl, the ball will spin in the direction of the curling fingers of the hand.

In space, it turns out the proper measure of curlis V x F, as stated in the
following definition. To find the curl of a planar vector field ' = (M, N),embed
it into space as F= (M, N, 0) and apply the cross product definition. Since M
and N are functions of just 2 and y (and not z), all partial derivatives with respect
to z become 0 and the result is simply (0, 0, N, — M, ). The third component is
the measure of curl of a planar vector field.

Definition 16.2.11 Curl of a Vector Field.

o Let ' = (M, N) be a vector field in the plane. The curl of F is
curl ' = N, — M,,.

e Llet F = (M, N, P) be a vector field in space. The curl of F' is
curl F =V x F=(P,—N,,M, — P,, N, — M,).

We adopt the convention of referring to curl as V x F, regardless of whether
F is a vector field in two or three dimensions. (Some people prefer to write
(V x F) - k in two dimensions.)

We now practice computing these quantities.

Example 16.2.13 Computing divergence and curl of planar vector
fields.

For each of the planar vector fields given below, view its graph and try
to visually determine if its divergence and curl are 0. Then compute the
divergence and curl.

1. F= (y,0) (see Figure 16.2.14(a))

(—y, z) (see Figure 16.2.14(b))
3. F = (x,y) (see Figure 16.2.15(a))
. F= (cosy, sinx) (see Figure 16.2.15(b))

Solution.

youtu.be/watch?v=PMZXQDhcA2I

Figure 16.2.10 Introducing the curl

Note that in two dimensions, curl
is a scalar quantity, while in three
dimensions, curlis a vector quan-
tity. Many authors reserve the
term curl for the three-dimensional
vector quantity.

youtu.be/watch?v=PXMWLny21Cl

Figure 16.2.12 Interpreting the curl of
a vector field


https://www.youtube.com/watch?v=PMZXQDhcA2I
https://www.youtube.com/watch?v=PXMWLny21CI
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1. The arrow sizes are constant along any horizontal line, so if one
were to draw a small box anywhere on the graph, it would seem
that the same amount of fluid would enter the box as exit. There-
fore it seems the divergence is zero; it is, as

- - 0 0
dvF=V-F=M,+ N, =— —(0) =0.
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(a) (b)
Figure 16.2.14 The vector fields in parts 1 and 2 in Example 16.2.13

At any point on the x-axis, arrows above it move to the right and
arrows below it move to the left, indicating that a cork placed on
the axis would spin clockwise. A cork placed anywhere above the
x-axis would have water above it moving to the right faster than
the water below it, also creating a clockwise spin. A clockwise
spin also appears to be created at points below the z-axis. Thus it
seems the curl should be negative (and not zero). Indeed, it is:

0 0

curlﬁ:VxF:szMy:%(0)*@@):*1-

2. It appears that all vectors that lie on a circle of radius r, centered
at the origin, have the same length (and indeed this is true). That
implies that the divergence should be zero: draw any box on the
graph, and any fluid coming in will lie along a circle that takes the
same amount of fluid out. Indeed, the divergence is zero, as

- o d 0
dvF =V.-F=M,+N, = 3—1(—y)+a—y(m) =0.

Clearly this field moves objects in a circle, but would it induce a
cork to spin? It appears that yes, it would: place a cork anywhere
in the flow, and the point of the cork closest to the origin would
feel less flow than the point on the cork farthest from the origin,
which would induce a counterclockwise flow. Indeed, the curl is
positive:
curl F = VxF = N,—M, = 2(gc)—ﬁ(—y) =1-(-1)=2
Y O Oy '
Since the curl is constant, we conclude the induced spin is the
same no matter where one is in this field.



https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_vectorfield1a_a.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_vectorfield1a_b.html
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3. At the origin, there are many arrows pointing out but no arrows
pointing in. We conclude that at the origin, the divergence must
be positive (and not zero). If one were to draw a box anywhere
in the field, the edges farther from the origin would have larger
arrows passing through them than the edges close to the origin,
indicating that more is going from a point than going in. This indi-
cates a positive (and not zero) divergence. This is correct:

0 0

5#@+5?”:1+1:2

dvF=V.-F=M,+N, =
One may find this curl to be harder to determine visually than pre-
vious examples. One might note that any arrow that induces a
clockwise spin on a cork will have an equally sized arrow inducing
a counterclockwise spin on the other side, indicating no spin and
no curl. This is correct, as

curIF:VxF:NT—My:a(y)—a—y(z):().
N TR Y S NS -
NNNN YA LA N
SN M A A ~ XN NS -
SN NN V| A Ao «\\/{f\&\/w/«
A N S N A o gt g A**¢ AN vy N
el Rt RN S NN
USSP N %{{#}\/{%7\4\#
P 2 N N S - ; Fl \ -
YR EIITERE RSN R P = A
PR RIS N NN A NN -
XA A VNN SN S NN
A A AT VOO N —

(a) (b)
Figure 16.2.15 The vector fields in parts 3and 4 in Example 16.2.13

4. One might find this divergence hard to determine visually as large
arrows appear in close proximity to small arrows, each pointing
in different directions. Instead of trying to rationalize a guess, we
compute the divergence:

- - 0 0
dvF =V -F=M,+ N, =—/(cos —(sinxz) = 0.
Perhaps surprisingly, the divergence is 0. With all the loops of dif-
ferent directions in the field, one is apt to reason the curl is vari-
able. Indeed, it is:
curl FF = VxF = N,—M, = 2(sin:n)—g(cos. ) = cos z+sin
a T Y o dy v= 4

Depending on the values of x and y, the curl may be positive, neg-
ative, or zero.



https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_vectorfield1b_a.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_vectorfield1b_b.html
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Example 16.2.16 Computing divergence and curl of vector fields in
space.

Compute the divergence and curl of each of the following vector fields.
1. F=(@?4+y+z,—z—z,2+7y)
2. F = (e sin(z + 2),2° +y)

Solution. We compute the divergence and curl of each field following
the definitions.

1.
dvF =V -F=M,+N,+P, =22 +0+0=2z
crlF =V x F=(P,—N,,M, — P, N, — M,)
={1-(-1),1-1,-1-(1)) =(2,0,-2).
For this particular field, no matter the location in space, a spin is
induced with axis parallel to (2,0, —2).
2.

dvF =V .F=M,+N,+ P, =ye™ + 040 = ye™¥
curl F =V x F = (P, — N, M. — P,, N, — M,)
= (1 —cos(z + 2), —2x,cos(x + z) — xe"Y)

Example 16.2.18 Creating a field representing gravitational force.

The force of gravity between two objects is inversely proportional to the
square of the distance between the objects. Locate a point mass at the
origin. Create a vector field F that represents the gravitational pull of
the point mass at any point (z, y, z). Find the divergence and curl of this
field.

Solution. The point mass pulls toward the origin, so at (z,y, z), the
force will pull in the direction of (—x, —y, —z). To get the proper mag-
nitude, it will be useful to find the unit vector in this direction. Dividing
by its magnitude, we have

. - -y —Zz
u = 5 s .
<\/m2+y2+22 Va2 +y? + 22 \/x2+y2+22>

The magnitude of the force is inversely proportional to the square of
the distance between the two points. Letting k& be the constant of pro-

ortionality, we have the magnitude as L Multiplying this
p Y, g E A plying

magnitude by the unit vector above, we have the desired vector field:
P —kx —ky —kz
T\ (224 92 + 22)3/2 (22 + 42 + 22)3/27 (22 + y2 + 22)3/2 )
We leave it to the reader to confirm that div F* = 0 and curl ' = 0.
The analogous planar vector field is given in Figure 16.2.19. Note how

all arrows point to the origin, and the magnitude gets very small when
“far” from the origin.

937

youtu.be/watch?v=_QPghwG_SHw

Figure 16.2.17 Further examples with
divergence

N \ o+ s
T -
i i
- ~—
” /o ~

Figure 16.2.19 A vector field repre-
senting a planar gravitational force


https://www.youtube.com/watch?v=_QPgbwG_SHw
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_vectorfield3.html
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A function f(x,y) naturally induces a vector field, F=vVf= (fas fy)-
Given what we learned of the gradient in Section 14.3, we know that the vectors
of F point in the direction of greatest increase of f. Because of this, f is said to
be the potential function of F. Vector fields that are the gradient of potential
functions will play an important role in the next section.

Example 16.2.20 A vector field that is the gradient of a potential func-
tion.

Let f(z,y) = 3 — 22 — 2y2 and let F = V. Graph F, and find the
divergence and curl of F.

Solution. Given f, we find F = Vf = (—2x, —4y). A graph of Fis
given in Figure 16.2.21(a). In Figure 16.2.21(b), the vector field is given
along with a graph of the surface itself; one can see how each vector is
pointing in the direction of “steepest uphill”, which, in this case, is not
simply just “toward the origin.”
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Figure 16.2.21 A graph of a function f(x, ) and the vector field F= Vf
in Example 16.2.20

We leave it to the reader to confirm that div ' = —6 and curl F = 0.

There are some important concepts visited in this section that will be revis-
ited in subsequent sections and again at the very end of this chapter. One is:
given a vector field F, both div F and curl F are measures of rates of change of
F. The divergence measures how much the field spreads (diverges) at a point,
and the curl measures how much the field twists (curls) at a point. Another im-
portant concept is this: given z = f(x,y), the gradient V f is also a measure
of a rate of change of f. We will see how the integrals of these rates of change
produce meaningful results.

This section introduces the concept of a vector field. The next section “ap-
plies calculus” to vector fields. A common application is this: let F be a vector
field representing a force (hence it is called a “force field,” though this name has
a decidedly comic-book feel) and let a particle move along a curve C under the
influence of this force. What work is performed by the field on this particle? The
solution lies in correctly applying the concepts of line integrals in the context of
vector fields.


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_vectorfield4a.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_vectorfield4b_3D.html
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16.2.3 Exercises

Terms and Concepts

1 Give two quantities that can be represented by a vector field in the plane or in space.

2 In your own words, describe what it means for a vector field to have a negative divergence at a point.
3. In your own words, describe what it means for a vector field to have a negative curl at a point.
4

The divergence of a vector field Fata particular point is 0. Does this mean that Fis incompressible? Why/why
not?

Problems

Exercise Group. In the following exercises, sketch the given vector field over the rectangle with opposite corners
(—2,—2) and (2, 2), sketching one vector for every point with integer coordinates (i.e., at (0, 0), (1, 2), etc.).
5. F=(z,0) 6. F=(0,z)

—

7. F=(1,-1) 8. F={(y21)

Exercise Group. In the following exercises, find the divergence and curl of the given vector field.

9. F=(z1?) 10. F = (-2 2)

11.  F = (cos(zy), sin(zy)) 12. F— < —2x —2y >
21 202 (22 1 42)2

13. F={(z+yy+za+2) 14. ﬁ:<x2+z2,x2+y2,y2—|—22>

15. F = Vf,where f(z,y) = $2° + 1y°. 16. F = V[, where f(z,y) = z2y.

17. F = Vf, where f(z,y,2) = 22y + sin . 18. F = Vf, where f(z,y,2) = 1

22 4y + 22
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16.3 Line Integrals over Vector Fields

Suppose a particle moves along a curve C under the influence of an electromag-
netic force described by a vector field F. Since a force is inducing motion, work
is performed. How can we calculate how much work is performed?

RecaII that when moving in a straight line, if F represents a constant force
and d represents the direction and length of travel, then work is S|mply W =
F - d. However, we generally want to be able to calculate work even if Fis not
constant and C'is not a straight line.

As we have practiced many times before, we can calculate work by first ap-
proximating, then refining our approximation through a limit that leads to inte-
gration.

Assume as we did in Section 16.1 that C' can be parametrized by the arc
length parameter s. Over a short piece of the curve with length ds, the curve
is approximately straight and our force is approximately constant. The straight-
line direction of this short length of curve is given by T, the unit tangent vector;
letd = T ds, which gives the direction and magnitude of a small section of C.
Thus work over this small section of Clis F - d = F - T ds.

Summing up all the work over these small segments gives an approximation
of the work performed. By taking the limit as ds goes to zero, and hence the
number of segments approaches infinity, we can obtain the exact amount of
work. Following the logic presented at the beginning of this chapter in the Inte-
gration Review, we see that

W:/ 7. Tas,
C

a line integral.

This line integral is beautiful in its simplicity, yet is not so useful in making
actual computations (largely because the arc length parameter is so difficult to
work with). To compute actual work, we need to parametrize C with another
parameter ¢ via a vector-valued function #(¢). As stated in Section 16.1, ds =
|7 ()| dt, and recall that T' = #'(t)/ || (¢)||. Thus

_ iyl s = al F(t) 7!
W_/CF T /CF o I @

:/ F’-F’(t)dt:/ Fdr, (16.3.1)
C C

where the final integral uses the differential d7 for 7/ (¢) dt.

16.3.1 Evaluating Line Integrals over Vector Fields

These integrals are known as line integrals over vector fields. By contrast, the line
integrals we dealt with in Section 16.1 are sometimes referred to as line integrals
over scalar fields. Just as a vector field is defined by a function that returns a
vector, a scalar field is a function that returns a scalar, such as z = f(z,y). We
waited until now to introduce this terminology so we could contrast the concept
with vector fields.

We formally define this line integral, then give examples and applications.

Definition 16.3.2 Line Integral Over A Vector Field.

Let £ be a vector field with continuous components defined on a smooth
curve C, parametrized by 7(t), and let T' be the unit tangent vector of

[=] Tt [m]

[=] i

youtu.be/watch?v=ennr8HI2iFE

Figure 16.3.1 Line integrals of scalar
fields, revisited


https://www.youtube.com/watch?v=ennr8HI2iFE
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7(t). The line integral over F along C'is

/ﬁ-df:/ﬁfds.
@ C

In Definition 16.3.2, note how the dot product F.Tis just a scalar. There-
fore, this new line integral is really just a special kind of line integral found in
Section 16.1; letting f(s) = F(s) - T(s), the right-hand side simply becomes
fc f(s) ds, and we can use the techniques of that section to evaluate the inte-
gral. We combine those techniques, along with parts of Equation (16.3.1), to
clearly state how to evaluate a line integral over a vector field in the following

Key ldea.

~

Key Idea 16.3.4 Evaluating a Line Integral Over A Vector Field.

youtu.be/watch?v=fwTHe_y3T1c
Let £ be a vector field with continuous components defined on a smooth
curve C, parametrized by 7(t), a < t < b, where 7 is continuously dif-
ferentiable. Then

Figure 16.3.3 Introducing line inte-
grals of vector fields

An important concept implicit in this Key Idea: we can use any continuously
differentiable parametrization 7(¢) of C' that preserves the orientation of C"
there isn’t a “right” one. In practice, choose one that seems easy to work with.

Notation note: the above Definition and Key Idea implicitly evaluate F along
the curve C, which is parametrized by 7(¢). For instance, if F= (x+y,z—y)
and 7(t) = (2, cos t), then evaluating F' along C' means substituting the z- and
y-components of 7(t) in for z and y, respectively, in F. Therefore, along C,
F = (z+yx—y) = (t2+cost,t*> — cost). Since we are substituting the
output of 7(t) for the input of F, we write this as ﬁ(F(t)) This is a slight abuse
of notation as technically the input of Fistobe a point, not a vector, but this
shorthand is useful.

We use an example to practice evaluating line integrals over vector fields.

Example 16.3.5 Evaluating a line integral over a vector field: computing
work.

Two particles move from (0, 0) to (1, 1) under the influence of the force
field F = (x,x 4+ y). One particle follows C1, the line y = z; the
other follows Cs, the curve y = x*, as shown in Figure 16.3.6. Force
is measured in newtons and distance is measured in meters. Find the
work performed by each particle.

Solution. To compute work, we need to parametrize each path. We use
71 (t) = (t,t) to parametrize y = z, and let 7% (¢) = (¢, t*) parametrize
y = 2%; foreach,0 <t < 1.

Along the straight-line path, F (7, (t)) = (z,z+y) = (t,t+1t) = (¢, 2t).
We find 7} () = (1, 1). The integral that computes work is:

1 .
SEN Figure 16.3.6 Paths through a vector
/01 Fdr= /0 {t,2¢)- (1,1) dt field in Example 16.3.5



https://www.youtube.com/watch?v=fwTHe_y3T1c
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_livf1.html
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1
:/ 3tdt
0

3,0 .
= —t ’ = 1.5 joules .
2 lo

Along the curve y = a4, F(7(t)) = (z,2 +y) = (t,t +t*). We find
7 (t) = (1,4t3). The work performed along this path is

1
/ﬁ~dF:/ (t,t+ ") - (1,4¢°) dt
C2 0

1
= / (t+4t* +4t7) dt
0

1 4 1 1
= (=t 4+ =t°> + =t ‘ = 1.8 joules .
(G +50 430 =18
Note how differing amounts of work are performed along the different
paths. This should not be too surprising: the force is variable, one path
| is longer than the other, etc.

Example 16.3.7 Evaluating a line integral over a vector field: computing
work.

Two particles move from (—1, 1) to (1, 1) under the influence of a force
field F = (y, z). One moves along the curve C1, the parabola defined
by y = 222 —1. The other particle moves along the curve C5, the bottom
half of the circle defined by 22 4 (y — 1)? = 1, as shown in Figure 16.3.8.
Force is measured in pounds and distances are measured in feet. Find
the work performed by moving each particle along its path.

Solution. We start by parametrizing C;: the parametrization 7 (t) =
(t,2t2 — 1) is straightforward, giving 7 = (1,4t). On Cy, F(Fi(t)) =
(y,x) = (26> = 1,t).

Computing the work along C, we have:

1
/ﬁ-dﬁ:/ (2t —1,t) - (1,4¢) dt
Cy

-1

1
_ / (262 — 1 + 4¢2) dt = 2 ft-lbs .
-1

For (s, it is probably simplest to parametrize the half circle using sine
and cosine. Recall that #(t) = (cost,sint) is a parametrization of the
unitcircleon 0 < ¢ < 27; we add 1 to the second component to shift the
circle up one unit, then restrict the domain to 7 < t < 27 to obtain only
the lower half, giving 7 (¢) = (cost,sint + 1), 7 < ¢ < 2, and hence
75(t) = (—sint,cost) and ﬁ(FQ(t)) = (y,x) = (sint + 1, cost).
Computing the work along C5, we have:

2m
/ Fdiy = / (sint + 1,cost) - (—sint,cost) dt
Cs s

27
:/ (—sith—sint—kcoth)dt:2f't-|bs.

Figure 16.3.8 Paths through a vector
field in Example 16.3.7


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_livf2.html
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Note how the work along C; and C in this example is the same. We’'ll
address why later in this section when conservative fields and path inde-
pendence are discussed.

16.3.2 Properties of Line Integrals Over Vector Fields

Line integrals over vector fields share the same properties as line integrals over
scalar fields, with one important distinction. The orientation of the curve C
matters with line integrals over vector fields, whereas it did not matter with line
integrals over scalar fields.

It is relatively easy to see why. Let C be the unit circle. The area under
a surface over C is the same whether we traverse the circle in a clockwise or
counterclockwise fashion, hence the line integral over a scalar field on C'is the
same irrespective of orientation. On the other hand, if we are computing work
done by a force field, direction of travel definitely matters. Opposite directions
create opposite signs when computing dot products, so traversing the circle in
opposite directions will create line integrals that differ by a factor of —1.

Theorem 16.3.10 Properties of Line Integrals Over Vector Fields.

1. Let F and G be vector fields with continuous components defined
on a smooth curve C, parametrized by 7(t), and let k1 and k5 be
scalars. Then

/ (k1 F + koG) - dF = kl/
C

F~dF+k2/é-dﬁ
@ C

2. Let C be piecewise smooth, composed of smooth components Cy
and Cy. Then

/F-dF:/ 13~d77+/ F . dr.
C C Cy

3. Let C* be the curve C with opposite orientation, parametrized by

7*. Then
/ﬁ.dfz—/ F . di*.
C *

We demonstrate using these properties in the following example.

Example 16.3.12 Using properties of line integrals over vector fields.

Let F = (3(y — 1/2),1) and let C be the path that starts at (0, 0), goes
to (1, 1) along the curve y = a3, then returns to (0,0) along the line
y = x, as shown in Figure 16.3.13. Evaluate fo F-dr.

Solution. As C' is piecewise smooth, we break it into two components
C1 and C5, where C| follows the curve y = x2 and C5 follows the curve
Y =T

We parametrize Cy with 7 (¢) = (¢,¢3) on 0 < ¢ < 1, with 7 (t) =
(1,3t2). We will use F (7 (t)) = (3(t> — 1/2),1).

While we always have unlimited ways in which to parametrize a curve,
there are 2 “direct” methods to choose from when parametrizing Cs.

EYEE

[=]yrfand

youtu.be/watch?v=JeElaKjbnJo

Figure 16.3.9 Reivew of terminology
for curves

youtu.be/watch?v=wcKzYvJ20sl

Figure 16.3.11 Properties of line inte-
grals

Figure 16.3.13 The vector field and
curve in Example 16.3.12


https://www.youtube.com/watch?v=JeEIaKjbnJo
https://www.youtube.com/watch?v=wcKzYvJ20sI
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_livf3.html
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The parametrization 7 (t) = (t,t), 0 < t < 1 traces the correct line
segment but with the wrong orientation. Using Property 3 of Theo-
rem 16.3.10, we can use this parametrization and negate the result.
Another choice is to use the techniques of Section 12.5 to create the line
with the orientation we desire. We wish to start at (1, 1) and travel in
the d = (—1,—1) direction for one length of d, giving equation £(t) =
(L) +t(-1,-)y=(1—-t,1—thon0 <t < 1.

Either choice is fine; we choose 7 (t) to practice using line integral prop-
erties. We find 7 (t) = (1,1) and F(7(t)) = (3(t — 1/2),1).
Evaluating the line integral (note how we subtract the integral over Cy
as the orientation of 7 (t) is opposite):

}{ﬁ-dfz/ ﬁ-dr—a—/ F.dr,
C Cl C2
1

/1 <3(t371/2),1>-<1,3t2>dt—/ (3(t—1/2),1)-(1,1) at
0 0

_ /1 (3¢ + 32— 3/2) at - /1 (3t—1/2) at
=(1/9 -

— —3/4.

If we interpret this integral as computing work, the negative work implies
that the motion is mostly against the direction of the force, which seems
plausible when we look at Figure 16.3.13.

Example 16.3.15 Evaluating a line integral over a vector field in space.

Let F = (—y,x,1), and let C' be the portion of the helix given by
7(t) = (cost,sint,t/(2m)) on [0, 27], as shown in Figure 16.3.16. Eval-
uate [, F - dr.

Solutl;on. A parametrization is already given for C, so we just need to
find F(7(t)) and \vecr '(t).

We have F(7(t)) = (—sint,cost, 1) and 7(t) =
(—sint,cost, 1/(2m)). Thus

g 2m
/ F.di = / (—sint,cost, 1) - (—sint,cost, 1/(2m)) dt
c 0

27
1
:/ (sith—i—coszt—i—f)dt
0 271—

=2r+1~7.28

16.3.3 The Fundamental Theorem of Line Integrals

We are preparing to make important statements about the value of certain line
integrals over special vector fields. Before we can do that, we need to define
some terms that describe the domains over which a vector field is defined.
Aregionin the plane is connected if any two pointsin the region can be joined
by a piecewise smooth curve that lies entirely in the region. In Figure 16.3.19,
sets Ry and Ry are connected; set Rj3 is not connected, though it is composed

youtu.be/watch?v=iOweAD630CE

Figure 16.3.14 Computing a line inte-
gral over a piecewise smooth curve

Figure 16.3.16 The graph of 7(¢) in Ex-
ample 16.3.15

youtu.be/watch?v=NBkXSN614hU

Figure 16.3.17 Evaluating a line inte-
gral presented in differential form

youtu.be/watch?v=14LOByUGRXA

Figure 16.3.18 Introducing the Funda-
mental Theorem of Line Integrals


https://www.youtube.com/watch?v=iOweAD63oCE
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_livf4_3D.html
https://www.youtube.com/watch?v=NBkXSN614hU
https://www.youtube.com/watch?v=14LOByUGRXA
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of two connected subregions.

A region is simply connected if every simple closed curve that lies entirely
in the region can be continuously deformed (shrunk) to a single point without
leaving the region. (A curve is simple if it does not cross itself.) In Figure 16.3.19,
only set Ry is simply connected. Region R; is not simply connected as any closed
curve that goes around the “hole” in Ry cannot be continuously shrunk to a
single point. As R3 is not even connected, it cannot be simply connected, though
again it consists of two simply connected subregions.

We have applied these terms to regions of the plane, but they can be ex-
tended intuitively to domains in space (and hyperspace). In Figure 16.3.20(a),
the domain bounded by the sphere (at left) and the domain with a subsphere
removed (at right) are both simply connected. Any simple closed path that lies
entirely within these domains can be continuously deformed into a single point.
In Figure 16.3.20(a), neither domain is simply connected. A left, the ball has a
hole that extends its length and the pictured closed path cannot be deformed
to a point. At right, two paths are illustrated on the torus that cannot be shrunk
to a point.

We will use the terms connected and simply connected in subsequent defi-
nitions and theorems.

(b)

Figure 16.3.20 The domains in (a) are simply connected, while the domains in
(b) are not

Recall how in Example 16.3.7 particles moved from A = (—1,1) to B =
(1,1) along two different paths, wherein the same amount of work was per-
formed along each path. It turns out that regardless of the choice of path from
A to B, the amount of work performed under the field F' = (y, x) is the same.
Since our expectation is that differing amounts of work are performed along dif-
ferent paths, we give such special fields a name.

Definition 16.3.21 Conservative Field, Path Independent.

Let F be a vector field defined on an open, connected domain D in the
plane or in space containing points A and B. If the line integral fc F.
dr has the same value for all choices of paths C' starting at A and ending
at B, then

e F'is a conservative field and

e The line integral fC F . difis path independent and can be written

as
— B‘#
/F~dF:/ F - dr.
@ A

When F is a conservative field, the line integral from points A to B is some-
times written as ff F.di'to emphasize the independence of its value from the
choice of path; all that matters are the beginning and ending points of the path.

How can we tell if a field is conservative? To show a field F is conservative

R
OO0

Figure 16.3.19 R; is simply con-
nected; R is connected, but not sim-
ply connected; Rj3 is not connected


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_simply_connected_spacea_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_simply_connected_spaceb_3D.html
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using the definition, we need to show that all line integrals from points A to B
have the same value. It is equivalent to show that all line integrals over closed
paths C' are 0. Each of these tasks are generally nontrivial.

There is a simpler method. Consider the surface defined by z = f(z,y) =
xy. We can compute the gradient of this function: Vf = (f., f,) = (y,z).
Note that this is the field from Example 16.3.7, which we have claimed is con-
servative. We will soon give a theorem that states that a field F is conservative
if, and only if, it is the gradient of some scalar function f. To show Fis con-
servative, we need to determine whether or not F = V f for some function
f. (We'll later see that there is a yet simpler method). To recognize the special
relationship between F and £ in this situation, f is given a name.

Definition 16.3.22 Potential Function.

Let f be a differentiable function defined on a domain D in the plane
or in space (i.e.,, z = f(x,y) orw = f(x,y,2)) and let FF = Vf, the

—

gradient of f. Then f is a potential function of F'

We now state the Fundamental Theorem of Line Integrals, which connects
conservative fields and path independence to fields with potential functions.

Theorem 16.3.23 Fundamental Theorem of Line Integrals.

Let F be a vector field whose components are continuous on a connected
domain D in the plane or in space, let A and B be any points in D, and
let C be any path in D starting at A and ending at B.

1. Fis conservaﬁh've if and only if there exists a differentiable function
fsuchthat FF = Vf.

2. If Fis conservative, then

J.

Once again considering Example 16.3.7, we have A = (—1,1), B = (1,1)
and F = (y,z). In that example, we evaluated two line integrals from A to
B and found the value of each was 2. Note that f(z,y) = zy is a potential
function for F. Following the Fundamental Theorem of Line Integrals, consider

f(B) = f(A):
fB)=fA) =) - f(-1,1)=1-(-1)=2,

the same value given by the line integrals.
We practice using this theorem again in the next example.

Tl
Q.
=3
I
—
oy}
M,
Q.
=
I
=
=
|
=
=

Example 16.3.24 Using the Fundamental Theorem of Line Integrals.

let F = (32%y +2z,2% +1), A = (0,1) and B = (1,4). Use the
first part of the Fundamental Theorem of Line Integrals to show that
Fis conservative, then choose any path from A to B and confirm the
second part of the theorem.

Solution. To show F' is conservative, we need to find z = f(x,y) such

that F = Vf = (fz, fy). Thatis, we need to find f such that f, =
3z%y + 2z and f, = 23 + 1. As all we know about f are its partial
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derivatives, we recover f by integration:

[ s = fa) + o)

Note how the constant of integration is more than “just a constant”: it
is anything that acts as a constant when taking a derivative with respect
to z. Any function that is a function of y (containing no x’s) acts as a
constant when deriving with respect to .

Integrating f, in this example gives:

/%d$=/(3x2y+2x) de = 2%y +a* + Ci(y).

Likewise, integrating f,, with respect to y gives:

/%dy:/(ﬁ—kl)dy::L'3y+y+C'2(w).

These two results should be equal with appropriate choices of C4 (y) and
Cg (:ZJ)

By + 22+ 01(y) = 22y +y+ Co(x) = Co(x) = 2% and C1(y) = v.

We find f(z,y) = 2%y + 22 + y, a potential function of F. (If F were
not conservative, no choice of Cy(z) and C (y) would give equality.)
By the Fundamental Theorem of Line Integrals, regardless of the path
from A to B,

B -
| Far=gm) - pa)

JA
:f(1’4)_f(071)
=9—-1=28.

To illustrate the validity of the Fundamental Theorem, we pick a path
from A to B. The line between these two points would be simple to
construct; we choose a slightly more complicated path by choosing the
parabola y = 22 + 2z + 1. This leads to the parametrization 7(¢) =
(t, 12 +2t+1),0 < ¢ < 1, with 7/(t) = (¢, 2t + 2). Thus

Lﬁ-dﬁzéﬁ(ﬂt))f’(t)dt

1
:/ Bt)(t* + 2t +1) + 26,43 +1) - (t,2t +2) dt
0

1
(5t + 8% +3t> + 4t + 2) dt

0

(7 4 20" 4 £ 4 26 4 20)|

1
0

8a

| which matches our previous result.

The Fundamental Theorem of Line Integrals states that we cangetermine
whether or not F' is conservative by determining whether or not F' has a po- youtu.be/watch?v=urwjnmsPXhQ
Figure 16.3.25 Further examples with

the Fundamental Theorem (4 videos)


https://www.youtube.com/watch?v=urwjnm5PXhQ
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tential function. This can be difficult. A simpler method exists if the domain of
Fis simply connected (not just connected as needed in the Fundamental Theo-
rem of Line Integrals), which is a reasonable requirement. We state this simpler
method as a theorem.

Theorem 16.3.26 Curl of Conservative Fields.

Let F be a vector field whose components have continuous partial deriv-
atives on a simply connected domain D in the plane or in space. Then F’
is conservative if and only if curl F = 0 or 0, in 2D or 3D, respectively.

In Example 16.3.24, we showed that ' = (32%y+ 2z, 234 1) is conservative

by finding a potential function for F. Using the above theorem, we can show
that I’ is conservative much more easily by computing its curl:

curl F = N, — M, = 32% — 32> = 0.

youtu.be/watch?v=140af3ArIr8

Figure 16.3.27 Discussing conserva-
tive vector fields and path indepen-
dence


https://www.youtube.com/watch?v=I4Oaf3ArIr8
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16.3.4 Exercises

Terms and Concepts

1.  T/F:In practice, the evaluation of line integrals over vector fields involves computing the magnitude of a vector-
valued function.

2. Let F(z,y) be a vector field in the plane and let 7(¢) be a two-dimensional vector-valued function. Why is
“F(7(t))” an “abuse of notation”?

3.  T/F: The orientation of a curve C' matters when computing a line integral over a vector field.

4.  T/F: The orientation of a curve C' matters when computing a line integral over a scalar field.

5. Under “reasonable conditions,” if curl £ = 0, what can we conclude about the vector field F'?

6. Let F' be a conservative field and let C be a closed curve. Why are we able to conclude that fc F . di =0?
Problems

Exercise Group. In the following exercises, a vector field F and a curve C are given. Evaluate / F.dr.

7. F= < 2); C'is the line segment from (0, 0) 8. F = (z,z+y); Cisthe portion of the parabola
to (3, y = 2% from (0,0) to (1, 1).

9. F = (y,z); Cis the top half of the unit circle, 10. F = (xy,x); C'is the portion of the curve
beginning at (1,0) and ending at (—1, 0). y=x3on—-1<z<1.

11. F= (z,22,y); C is the line segment from 12. F= (y+ z,x + z,x + y); Cis the helix
(1,2,3) to (4,3,2). 7(t) = (cost,sint,t/(2m)) on 0 < ¢t < 27.

Exercise Group. In the following exercises, find the work performed by the force field F moving a particle along the
path C.

13. F = (y,z2) N; C'is the segment of the line 14. F = (y,22) N; C'is the portion of y = /z from
y = x from (0, 0) to (1, 1), where distances are (0,0) to (1, 1), where distances are measured in
measured in meters. meters.

15. F = (2zy,22,1) Ibs; C is the path from (0,0,0)  16. F = (2zy, z2,1) Ibs; C is the path from (0,0, 0)
to (2,4,8) via7(t) = (t,t3,t3)on 0 < t < 2, to (2,4,8) via7(t) = (t,2t,4t)on 0 < t < 2,
where distance are measured in feet. where distance are measured in feet.

Exercise Group. In the following exercises, a conservative vector field F and a curve C are given.
(a) Find a potential function f for F.

(b) Compute curl F.

(c) Evaluate/ F. dr directly, i.e., using Key Idea 16.3.4.
c

(d) Evaluate / F. d7 using the Fundamental Theorem of Line Integrals.

c

17. F = (y+ 1,2), C'is the line segment from 18. F = (2z +y,2y + z), C is curve parametrized
(0,1) to (1,0). by 7(t) = (t? —t,t> —t)on 0 < t < 1.

19. F = (2zyz, 222, 2%y), C'is curve parametrized 20. F = (2z,2y,2z), C'is curve parametrized by
by #(t) = (2t + 1,3t — 1,t)on 0 < ¢t < 2. 7(t) = (cost,sint,sin(2¢)) on 0 < t < 2.

21.  Prove part of Theorem 16.3.26: let ' = (M, N, P) be a conservative vector field. Show that curl F=o.
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16.4 Flow, Flux, Green’s Theorem and the Divergence
Theorem

16.4.1 Flow and Flux

Line integrals over vector fields have the natural interpretation of computing
work when F represents a force field. It is also common to use vector fields to
represent velocities. In these cases, the line integral fc F.diissaidto represent
flow.

Let the vector field F = (1,0) represent the velocity of water as it moves
across a smooth surface, depicted in Figure 16.4.1. A line integral over C will
compute “how much water is moving along the path C.”

In the figure, “all” of the water above C'; is moving along that curve, whereas
“none” of the water above C5 is moving along that curve (the curve and the flow
of water are at right angles to each other). Because C3 has nonzero horizontal
and vertical components, “some” of the water above that curve is moving along
the curve.

When C'is a closed curve, we call flow circulation, represented by fc F.dr.

The “opposite” of flow is flux, a measure of “how much water is moving
across the path C.” If a curve represents a filter in flowing water, flux measures
how much water will pass through the filter. Considering again Figure 16.4.1,
we see that a screen along C will not filter any water as no water passes across
that curve. Because of the nature of this field, Cy and C5 each filter the same
amount of water per second.

The terms “flow” and “flux” are used apart from velocity fields, too. Flow is
measured by [, F - d7, which is the same as [, F - T ds by Definition 16.3.2.

That is, flow is a summation of the amount of F thatis tangent to the curve C.

By contrast, flux is a summation of the amount of Fthatis orthogonal to the
direction of travel. To capture this orthogonal amount of F, we use Jo Fiids
to measure flux, where 7i is a unit vector orthogonal to the curve C. (Later, we'll
measure flux across surfaces, too. For example, in physics it is useful to measure
the amount of a magnetic field that passes through a surface.)

How is 77 determined? We'll later see that if C'is a closed curve, we'll want 77
to point to the outside of the curve (measuring how much is “going out”). We'll
also adopt the convention that closed curves should be traversed counterclock-
wise.

(If C'is a complicated closed curve, it can be difficult to determine what
“counterclockwise” means. Consider Figure 16.4.3. Seeing the curve as a whole,
we know which way “counterclockwise” is. If we zoom in on point A, one might
incorrectly choose to traverse the path in the wrong direction. So we offer this
definition: a closed curve is being traversed counterclockwise if the outside is to
the right of the path and the inside is to the left.)

When a curve C is traversed counterclockwise by #(t) = (f(t),g(t)), we
rotate 7' clockwise 90° to obtain 77:

W) g0 1)
T=rer or

Lettin N), we calculate flux as:

g F = (M,
i onas— [ 7.9~
[ Femas= [ F S O o) a

:LWw»mmﬁmwt
_ / (Mg’(t) - Nf’(t))dt
C

Figure 16.4.1 lllustrating the princi-
ples of flow and flux

youtu.be/watch?v=setRFQrigC4

Figure 16.4.2 Further terminology for
curves: closed, simple, positively ori-
ented

Figure 16.4.3 Determining “counter-
clockwise” is not always simple with-
out a good definition


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_flowfluxintro.html
https://www.youtube.com/watch?v=setRFQrIgC4
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_fluxcounterclockwise.html
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:/CMg’(t)dt—/CNf’(t)dt.

As the z and y components of 7(¢) are f(t) and g(t) respectively, the differentials
of z and y are dz = f'(t)dt and dy = ¢'(¢)dt. We can then write the above

integrals as:
:/ Mdy—/ N dzx.
c c

This is often written as one integral (not incorrectly, though somewhat confus-
ingly, as this one integral has two “d 's”):

:/ Mdy — N dzx.
C

We summarize the above in the following definition.

Definition 16.4.4 Flow, Flux.

Let F = (M, N) be a vector field with continuous components defined
on a smooth curve C, parametrized by 7(t) = (f(t), g(t)), let T be the
unit tangent vector of 7(¢), and let 7i be the clockwise 90°degree rotation
of T.

e The flow of F along C'is

/ﬁ~fds=/ﬁ-dﬁ
C C

e The flux of F across C'is

/Cﬁ%ds:/chy—Ndx:/C(Mg’(t)—Nf’(t))dt.

This definition of flow also holds for curves in space, though it does not make
sense to measure “flux across a curve” in space.

Measuring flow is essentially the same as finding work performed by a force
as done in the previous examples. Therefore we practice finding only flux in the
following example.

Example 16.4.5 Finding flux across curves in the plane.

Curves C; and C; each start at (1,0) and end at (0, 1), where C; fol-
lows the line y = 1 — x and C; follows the unit circle, as shown in
Figure 16.4.6. Find the flux across both curves for the vector fields
Fy = (y,—z+1)and Fy = (—z,2y — z).
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(a) (b)

Figure 16.4.6 lllustrating the curves and vector fields in Example 16.4.5.
In (a) the vector field is I, and in (b) the vector field is F5.

Solution. We begin by finding parametrizations of C; and C5. As done
in Example 16.3.12, parametrize C; by creating the line that starts at
(1,0) and moves in the (—1,1) direction: 7 (¢t) = (1,0) + ¢ (—1,1) =
(1 —t,t), for0 < t < 1. We parametrize Cy with the familiar 7 (t) =
(cost,sint) on 0 < t < 7/2. For reference later, we give each function
and its derivative below:

r(t) = (1—t1) 7F/1(t) =(-1,1).
7o (t) = (cost,sint),75(t) = (—sint,cost).

When F = }_7"1 = (y,—x + 1) (as shown in Figure 16.4.6(a)), over C;
wehave M =y =tand N = —x+ 1= —(1—-1¢)+1 = t. Using
Definition 16.4.4, we compute the flux:

/Cl Fiids = /C (Mg’(t) . Nf’(t)) dt
1
:/0 (t0) = #(-1)) at
= /1 2t dt
0

=1.

Over Cy, we have M = y =sintand N = —z + 1 = 1 — cost. Thus
the flux across Cs is:

/Cl F.iids = /C (Mg’(t) —Nf’(t)) dt
= /Tr/2 ((sin t)(cost) — (1 — cost)(—sin t)) dt
0

w/2
:/ sintdt
0

=1.

Notice how the flux was the same across both curves. This won't hold
true when we change the vector field.


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_flux1a.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_flux1b.html
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When F = fg = (—x,2y — x) (as shown in Figure 16.4.6(b)), over C;
wehave M = —z =t—land N =2y —z =2t — (1 —t) =3t — 1.
Computing the flux across C';:

L Feds= [ (Moo - N pw)
1
:/0 (6= 1)) — @~ 1)(-1)) de
:/1(4t—2)dt
0
0.

Over Cy,wehave M = —x = —costand N = 2y —x = 2sint — cost.
Thus the flux across Cs is:

F-fids= Mg'(t)— N f'(t)) dt
L [ (oo - v r)
w/2
:/ ((—cost)(cost)—(25int—cost)(—sint)) dt
0

w/2
= / (2sin®t — sint cost — cos® t) dt
0

=7/4—1/2 ~ 0.285.

| We analyze the results of this example below.

In Example 16.4.5, we saw that the flux across the two curves was the same
when the vector field was Fy = (y,—x + 1). This is not a coincidence. We
show why they are equal in Example 16.4.23. In short, the reason is this: the
divergence of F1 is 0, and when div F' = 0, the flux across any two paths with
common beginning and ending points will be the same.

We also saw in the example that the flux across C; was 0 when the field
was Fy = (—,2y — ). Flux measures “how much” of the field crosses the
path from left to right (following the conventions established before). Positive
flux means most of the field is crossing from left to right; negative flux means
most of the field is crossing from right to left; zero flux means the same amount
crosses from each side. When we consider Figure 16.4.6(b), it seems plausible
that the same amount of FQ was crossing C'; from left to right as from right to
left.

16.4.2 Green’s Theorem

Thereis animportant connection between the circulation around a closed region
R and the curl of the vector field inside of R, as well as a connection between the
flux across the boundary of R and the divergence of the field inside R. These

connections are described by Green’s Theorem and the Divergence Theorem,

respectively. We'll explore each in turn.
Green’s Theorem states “the counterclockwise circulation around a closed
region R is equal to the sum of the curls over R."

youtu.be/watch?v=JOFBKUN5Dis

Figure 16.4.7 Introducing Green’s
Theorem


https://www.youtube.com/watch?v=JOFBkUN5Dis
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Theorem 16.4.8 Green'’s Theorem.

Let R be a closed, bounded region of the plane whose boundary C' is
composed of finitely many smooth curves, let 7(t) be a counterclockwise
parametrization of C, and let F = (M, N) where N, and M, are con-
tinuous over R. Then

fﬁ-d?z// curl F dA.
c R

We'll explore Green’s Theorem through an example.

Example 16.4.9 Confirming Green’s Theorem.

Let F = (—y,2% 4+ 1) and let R be the region of the plane bounded
by the triangle with vertices (—1,0), (1,0) and (0,2), shown in Fig-
ure 16.4.10. Verify Green’s Theorem; that is, find the circulation of F
around the boundary of R and show that is equal to the double integral
of curl F over R. -+

Solution. The curve C' that bounds R is composed of 3 lines. While
we need to traverse the boundary of R in a counterclockwise fashion,
we may start anywhere we choose. We arbitrarily choose to start at
(—1,0), move to (1,0), etc., with each line parametrized by 7 (), 7 (1)

and 75(t), respectively. 1 i
We leave it to the reader to confirm that the following parametrizations
of the three lines are accurate: Figure 16.4.10 The vector field and

N L planar region used in Example 16.4.9
71(t) = (2t — 1,0), for0 <t <1, with7(¢)=(2,0),

Ta(t) = (1 —t,2t), for0 <t <1, with7(t)=(-1,2),and
F(t) = (—t,2—2t), for0<t<1, withi}(t) = (—1,—-2).

The circulation around C' is found by summing the flow along each of
the sides of the triangle. We again leave it to the reader to confirm the
following computations:

1
/ﬁ-dﬂ:/ (0,(2t —1)*+1) - (2,0)dt = 0,
Cl 0
. 1
/ F- @:/ (=2t,(1—t)*+1)-(-1,2)dt = 11/3, and
C2 0

1
/ﬁ.dfgz/ (26— 2.2 1 1) (~1,-2)dt = —5/3.
JC3 0

The circulation is the sum of the flows: 2. .
We confirm Green’s Theorem by computing ffR curl FdA. We find

curl F = 2z + 1. The region R is bounded by the lines y = 2x + 2,
y = —2x + 2and y = 0. Integrating with the order dx dy is most
straightforward, leading to

1—y/2 2
/ / (2z+1) dxdy—/ (2—vy)dy =2,
y/2-1 0

which matches our previous measurement of circulation.

U

youtu.be/watch?v=K2IPAVWyH4Y

Figure 16.4.11 Verifying Green’s The-
orem with an example


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_green1.html
https://www.youtube.com/watch?v=K2lPAvWyH4Y
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Example 16.4.12 Using Green’s Theorem.

Let F = (sinz, cos y) and let R be the region enclosed by the curve C
parametrized by 7*(t) = (2 cost + 15 cos(10t), 2sint + 7 sin(10t)) on
0 <t < 2w, as shown in Figure 16.4.13. Find the circulation around C. ‘ 3
Solution. Computing the circulation directly using the line integral
looks difficult, as the integrand will include terms like “sin (2 cost +
1 n

15 cos(10%)). ) ) .

Green's Theorem states that §, F'-di = [ [}, curl F dA; sincecurl F' = 0
in this example, the double integral is simply 0 and hence the circulation

is 0. . Figure 16.4.13 The vector field
Since curl F' = 0, we can conclude that the circulation is 0 in two ways. and planar region used in Exam-
One method is to employ Green’s Theorem as done above. The second ple 16.4.12

way is to recognize that F' is a conservative field, hence there is a func-
tion f(z,y) wherein F = V. Let A be any point on the curve C; since
C'is closed, we can say that C' “begins” and “ends” at A. By the Funda-
mental Theorem of Line Integrals, ¢, Fdr = f(A) - f(A) =0.

Since Green’s Theorem is an important result, it’s worth taking a minute (or
12) to see why it’s true, in the video in Figure 16.4.14.

One can use Green’s Theorem to find the area of an enclosed region by in-
tegrating along its boundary. Let C be a closed curve, enclosing the region R,
parametrized by 7(t) = (f(t),g(t)). We know the area of R is computed by

the double integral [[,, dA, where the integrand is 1. By creating a field F youtu.be/watch?v=I9RaOCx4rlg
where curl F = 1, we can employ Green’s Theorem to compute the area of R Figure 16.4.14 Sketching the proof of
as ¢, F - dr. Green’s Theorem

One is free to choose any field F to use as long as curl F = 1. Common
choices are F' = (0,z), F = (—y,0) and F' = (—y/2,x/2). We demonstrate

this below.
Yy
Example 16.4.15 Using Green’s Theorem to find area.
1
Let C be the closed curve parametrized by 7(t) = (t — ¢3,¢*) on —1 <
t < 1, enclosing the region R, as shown in Figure 16.4.16. Find the area
of R. R
Solution. We can choose any field F, as long as curl F = 1. We choose
F = (—y,0). We also confirm (left to the reader) that 7*(¢) traverses the ; u
region R in a counterclockwise fashion. Thus -1 !
Areaof R = dA
//R Figure 16.4.16 The region R, whose
. area is found in Example 16.4.15
= T

_j,{ 7

C

:/ (—t%,0) - (1 —3t%,2t) dt
/1 (—t*)(1 — 3t%) dt

—1
8
L 15

Another interesting scenario that comes up is the case of multiply-connected
regions (as opposed to simply-connected). If a bounded region has a “hole”, its

youtu.be/watch?v=g8iULyP0alk

Figure 16.4.17 Using Green’s Theo-
rem to find the area under a cycloid


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_green2.html
https://www.youtube.com/watch?v=l9RaOCx4r1g
https://www.youtube.com/watch?v=g8iULyP0alk
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boundary will consist of more than one curve: the outer boundary, as well as
the boundary of the hole. Green’s Theorem applies in this situation as well, as
the video in Figure 16.4.19 explains.

16.4.3 The Divergence Theorem

Green’s Theorem makes a connection between the circulation around a closed
region R and the sum of the curls over R. The Divergence Theorem makes a
somewhat “opposite” connection: the total flux across the boundary of R is
equal to the sum of the divergences over R.

Theorem 16.4.20 The Divergence Theorem (in the plane).

Let R be a closed, bounded region of the plane whose boundary C' is
composed of finitely many smooth curves, let 7(t) be a counterclockwise
parametrization of C, and let F = (M, N) where M, and N, are con-
tinuous over R. Then

]{ﬁ-ﬁds:// div F dA.
C R

Example 16.4.21 Confirming the Divergence Theorem.

Let F = (x —y,x +y), let C be the circle of radius 2 centered at the
origin and define R to be the interior of that circle, as shown in Fig-
ure 16.4.22. Verify the Divergence Theorem; that is, find the flux across
C and show it is equal to the double integral of div Fover R.

Solution. We parametrize the circle in the usual way, with 7(t) =
(2cost,2sint), 0 <t < 2m. The flux across C'is

jéﬁ-ﬁds :]{ (Mg'(t) — Nf'(t)) dt
C C

2
= / ((2cost — 2sint)(2cost) — (2cost + 2sint)(—2sint)) dt
0

27
= / 4dt = 8.
0

We compute the divergence of F as div F' = M, + N, = 2. Since the
divergence is constant, we can compute the following double integral
easily:

// divﬁdA:// szzz// dA =2(areaof R) = 8,
JR R JJR

which matches our previous result.

Example 16.4.23 Flux when divF = 0.

Let F be any field where div F =0, and let C; and Cs be any two non-
intersecting paths, except that each begin at point A and end at point B
(see Figure 16.4.24). Show why the flux across C; and C5 is the same.

youtu.be/watch?v=x1bIGtNu-OM

Figure 16.4.18 Using Green’s Theo-
rem to derive a polygon area formula

youtu.be/watch?v=PaW_ZF-js-M

Figure 16.4.19 Green’s Theorem and
multiply-connected regions

Figure 16.4.22 The region R used in
Example 16.4.21


https://www.youtube.com/watch?v=x1bIGtNu-0M
https://www.youtube.com/watch?v=PaW_ZF-js-M
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_div1.html
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Solution. By referencing Figure 16.4.24, we see we can make a closed
path C that combines C; with Cs, where C is traversed with its oppo-
site orientation. We label the enclosed region R. Since divF = 0, the
Divergence Theorem states that

}[ﬁ-ﬁdSZ//divﬁdAz// 0dA = 0.
C R R

Using the properties and notation given in Theorem 16.3.10, consider:

(where C3 is the path C, traversed with opposite orientation)

:/ F~ﬁdsf/ F.iids.
Cl C12
/ﬁ~ﬁds:/ F.iids.

C2 Cl

Thus the flux across each path is equal.

In this section, we have investigated flow and flux, quantities that measure
interactions between a vector field and a planar curve. We can also measure
flow along spatial curves, though as mentioned before, it does not make sense
to measure flux across spatial curves.

It does, however, make sense to measure the amount of a vector field that
passes across a surface in space — i.e, the flux across a surface. We will study
this, though in the next section we first learn about a more powerful way to
describe surfaces than using functions of the form z = f(z, y).

Figure 16.4.24 As used in Exam-
ple 16.4.23, the vector field has a di-
vergence of 0 and the two paths only
intersect at their initial and terminal
points.


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_div2.html
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16.4.4 Exercises

Terms and Concepts

1. Let I be a vector field and let C be a curve. Flow is a measure of the amount of going C'; flux is
a measure of the amount of F going C.

2. Whatis circulation?

3.  Green’s Theorem states, informally, that the circulation around a closed curve that bounds a region R is equal
tothesumof across R.

4.  The Divergence Theorem states, informally, that the outward flux across a closed curve that bounds a region R
isequal tothesumof across R.

5. Let £ be a vector field and let C1 and (5 be any Qonintersech;ng Baths except that each starts at point A and
endsatpoint B.If =0,then [, F'-T'ds= [, F-Tds.

6. Let F be a vector field and let C1 and C5 be any nonintersecting paths except that each starts at point A and
endsatpoint B. If =0,then [, F'-fids = [, F-iids.

Problems

Exercise Group. In the following exercises, a vector field F and acurve C are given. Evaluate fc F - iids, the flux of

F over C.
7. F = (z+y,xz—y); Cis the curve with initial 8.
and terminal points (3, —2) and (3, 2),
respectively, parametrized by 7(¢) = (3t2, 2t)
on—-1<t<1.

9. F = (22,5 +1); Cisline segment from (0, 0) 10.

to (2,4).

11. F = (y,0); Cis the line segment from (0,0) to ~ 12.

0,1).

—

F = (x +y,z — y); Cis the curve with initial
and terminal points (3, —2) and (3, 2),
respectively, parametrized by 7(¢) = (3,¢) on
—2<t <2

F = (22, y + 1); C'is the portion of the
parabola y = 2 from (0, 0) to (2,4).

F = (y,0); C is the line segment from (0, 0) to

(1,1).

Exercise Group. In the following exercisgs, a vector field F gnd a closed curve C, enclosing a region R, are given.
Verify Green’s Theorem by evaluating §, F' - dand [, curl F'dA, showing they are equal.

13. F = (x —y,x +y); C'is the closed curve 14.

composed of the parabola y = z2on0 <z <2
followed by the line segment from (2, 4) to
(0,0).

15. F = (0,22); C the triangle with corners at 16.

07
(0,0), (2,0) and (1, 1).

Exercise Group.. ¢
computing fc F' - di for an appropriate choice of vector field F'.

17. C'is the ellipse parametrized by 18.

7(t) = (4cost,3sint)on0 < t < 2.

19. (C'is the curve parametrized by 20.

F(t) = (—t3+3t2 - 2t,2(t — 1)) on 0 < t < 2.

(
(

F = (—y, z); C'is the unit circle.

F = (x 4y, 2z); C the curve that starts at
0, 1), follows the parabolay = (z — 1)? to
3,4), then follows a line back to (0, 1).

In the following exercises, a closed curve C enclosing a region R is given. Find the area of R by

C'is the curve parametrized by

7(t) = (cost,sin(2t)) on —7/2 < t < 7/2.
C'is the curve parametrized by 7(t) =

(2cost 4+ 5 cos(10t), 2sint + 15 sin(10t)) on
0<t<2n.
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Exercise Group. In the following exercises, a vector field F and a cIo§ed curve C, enclosing a region R, are given.
Verify the Divergence Theorem by evaluating ¢, F' - 7ids and [}, div F' dA, showing they are equal.

21. F = (z—y,z+y); Cisthe closed curve 22. F = (—y,z); Cisthe unit circle.
composed of the parabola y = 22on0< <2
followed by the line segment from (2, 4) to
(0,0).

23.  F = (0,y%); C the triangle with corners at 24. F = (22/2,4%/2); C the curve that starts at
(0,0), (2,0) and (1,1). (0,1), follows the parabolay = (z — 1)? to
(

0,1
3,4), then follows a line back to (0, 1).

)



CHAPTER 16. VECTOR ANALYSIS 960

16.5 Parametrized Surfaces and Surface Area

Thus far we have focused mostly on 2-dimensional vector fields, measuring flow
and flux along/across curves in the plane. Both Green’s Theorem and the Di-
vergence Theorem make connections between planar regions and their bound-
aries. We now move our attention to 3-dimensional vector fields, considering
both curves and surfaces in space.

16.5.1 Parametrizing surfaces

We are accustomed to describing surfaces as functions of two variables, usu-
ally written as z = f(x,y). For our coming needs, this method of describing
surfaces will prove to be insufficient. Instead, we will parametrize our surfaces,
describing them as the set of terminal points of some vector-valued function
7(u,v) = (f(u,v), g(u,v), h(u,v)). The bulk of this section is spent practicing
the skill of describing a surface Susing a vector-valued function. Once this skill is
developed, we’ll show how to find the surface area .S of a parametrically-defined
surface S, a skill needed in the remaining sections of this chapter.

Definition 16.5.2 Parametrized Surface.

Let#(u,v) = { f(u,v), g(u,v), h(u,v)) be a vector-valued function that
is continuous and one to one on the interior of its domain R in the u-v
plane. The set of all terminal points of 7 (i.e., the range of 7) is the
surface S, and 7 along with its domain R form a parametrization of S.
This parametrization is smooth on R if 7, and 7, are continuous and
7, x 7, is never 0 on the interior of R.

Given a point (ug, vo) in the domain of a vector-valued function 7, the vec-
tors 77, (ug, vg) and 7, (ug, vo) are tangent to the surface S at #(ug, vg) (a proof
of this is developed later in this section). The definition of smoothness dictates
that 7, x 7, # 0; this ensures that neither 7, nor 7, are 0, nor are they ever
parallel. Therefore smoothness guarantees that 7, and r, determine a plane
that is tangent to S.

A surface S is said to be orientable if a field of normal vectors can be de-
fined on S that vary continuously along S. This definition may be hard to under-
stand; it may help to know that orientable surfaces are often called “two sided.”
A sphere is an orientable surface, and one can easily envision an “inside” and
“outside” of the sphere. A paraboloid is orientable, where again one can gener-
ally envision “inside” and “outside” sides (or “top” and “bottom” sides) to this
surface. Just about every surface that one can imagine is orientable, and we’'ll
assume all surfaces we deal with in this text are orientable.

It is enlightening to examine a classic non-orientable surface: the Mdbius
band, shown in Figure 16.5.3. Vectors normal to the surface are given, starting
at the point indicated in the figure. These normal vectors “vary continuously” as
they move along the surface. Letting each vector indicate the “top” side of the
band, we can easily see near any vector which side is the “top”.

However, if as we progress along the band, we recognize that we are labeling
“both sides” of the band as the top; in fact, there are not two “sides” to this band,
but one. The Mébius band is a non-orientable surface.

We now practice parametrizing surfaces.

youtu.be/watch?v=dPB3NGtuEhU

Figure 16.5.1 Introducing parame-
trized surfaces

We use the letter S to denote
Surface Area. This section begins
astudy into surfaces, anditis nat-
ural to label a surface with the
letter “S”. We distinguish a sur-
face from its surface area by us-
ing a calligraphic S to denote a
surface: S. When writing this
letter by hand, it may be useful
to add serifs to the letter, such

8

Recall that functionis one to one
onits domain if the function never
repeats an output value over the
domain. In the case of #(u, v), ¥
isonetooneif #(uy, v1) # 7(ug, va)
for all points (u1,v1) # (uz2,v2)

in the domain of 7.

cnd

Figure 16.5.3 A Mobius band, a non-
orientable surface


https://www.youtube.com/watch?v=dPB3NGtuEhU
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_mobius_3D.html
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Example 16.5.4 Parametrizing a surface over a rectangle.

Parametrize the surface z = 22 + 232 over the rectangular region R
definedby -3 <2 <3, -1 <y<1.

Solution. There is a straightforward way to parametrize a surface of the
form z = f(x,y) over a rectangular domain. We let x = wand y = v,
and let 7#(u,v) = (u,v, f(u,v)). In this instance, we have 7(u,v) =
(u,v,u? + 2v?), for =3 < u < 3, —1 < v < 1. This surface is graphed
in Figure 16.5.5.

Example 16.5.6 Parametrizing a surface over a circular disk.

Parametrize the surface z = 2242y over the circular region R enclosed
by the circle of radius 2 that is centered at the origin.

Solution. We can parametrize the circular boundary of R with the
vector-valued function (2 cos u, 2 sin u), where 0 < u < 27. We can
obtain the interior of R by scaling this function by a variable amount,
i.e., by multiplying by v: (2v cos u, 2v sinu), where 0 < v < 1.

It is important to understand the role of v in the above function. When
v = 1, we get the boundary of R, a circle of radius 2. When v = 0, we
simply get the point (0, 0), the center of R (which can be thought of as
a circle with radius of 0). When v = 1/2, we get the circle of radius 1
that is centered at the origin, which is the circle halfway between the
boundary and the center. As v varies from 0 to 1, we create a series of
concentric circles that fill out all of R.

Thus far, we have determined the = and y components of our parame-
trization of the surface: * = 2vcosw and y = 2vsinu. We find the 2
component simply by using z = f(z,y) = 22 + 2y>:

Figure 16.5.5 The surface parame-
trized in Example 16.5.4

z = (2ucosu)? + 2(2vsinu)? = 4v? cos? u + 8v? sin® u.

Thus 7(u, v) = (2v cos u, 2v sinu, 4v? cos? u + 8v? sin* u), 0 < u < 27,
0 < v < 1, which is graphed in Figure 16.5.7. The way that this graphic
was generated highlights how the surface was parametrized. When
viewing from above, one can see lines emanating from the origin; they
represent different values of u as u sweeps from an angle of 0 up to 2.
One can also see concentric circles, each corresponding to a different
value of v.

Examples 16.5.4 and 16.5.6 demonstrate an important principle when pa-  Figure 16.5.7 The surface parame-
rametrizing surfaces given in the form z = f(z,y) over a region R: if one can trized in Example 16.5.6
determine z and y in terms of u and v, then z follows directly as z = f(z,y).

In the following two examples, we parametrize the same surface over trian-
gular regions. Each will use v as a “scaling factor” as done in Example 16.5.6.

Example 16.5.8 Parametrizing a surface over a triangle.

Parametrize the surface z = 22 + 2y over the triangular region R en-
closed by the coordinate axes and the line y = 2 — 2x/3, as shown in
Figure 16.5.9(a).


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_parsurf1.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/fig_parsurf2_3D.html
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(a) (b)

Figure 16.5.9 Part (a) shows a graph of the region R, and part (b) shows
the surface over R, as defined in Example 16.5.8

Solution. We may begin by lettingz = 4,0 < u < 3,andy = 2—2u/3.
This gives only the line on the “upper” side of the triangle. To get all of
the region R, we can once again scale y by a variable factor, v.

Still lettingz = 4,0 < u < 3,welety = v(2—2u/3),0 < v < 1. When
v = 0, all y-values are 0, and we get the portion of the z-axis between
x = 0and x = 3. When v = 1, we get the upper side of the triangle.
When v = 1/2, we get the liney = 1/2(2 — 2u/3) = 1 — u/3, which
is the line “halfway up” the triangle, shown in the figure with a dashed
line.

Letting 2 = f(z,y) = 22 +2y2, we have #(u, v) = (u, v(2—2u/3),u®+
2(v(2 — 2u/3))2>, 0 < u < 3,0 < wv < 1. This surface is graphed in
Figure 16.5.9(b). Again, when one looks from above, we can see the
scaling effects of v: the series of lines that run to the point (3,0) each
represent a different value of v.

Another common way to parametrize the surface is to begin with y = «,
0 < u < 2. Solving the equation of the line y = 2 — 22:/3 for z, we
have x = 3 — 3y/2, leading to using z = v(3 — 3u/2),0 < v < 1. With
z = 22+2y%, we have 7(u, v) = (v(3—3u/2),u, (v(3—3u/2))2+21)2),
0<u<2,0<v<.

Example 16.5.10 Parametrizing a surface over a triangle.

Parametrize the surface z = x2 4 2y2 over the triangular region R en-
closed by the linesy = 3 — 2x/3,y = 1 and x = 0 as shown in Fig-
ure 16.5.11(a).


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_parsurf3b_3D.html
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(a) (b)

Figure 16.5.11 Part (a) shows a graph of the region R, and part (b) shows
the surface over R, as defined in Example 16.5.10

Solution. While the region R in this example is very similar to the region
Rinthe previous example, and our method of parametrizing the surface
is fundamentally the same, it will feel as though our answer is much
different than before.

We begin with letting z = u, 0 < u < 3. We may be tempted to let
y = v(3 —2u/3),0 < v < 1, but this is incorrect. When v = 1, we
obtain the upper line of the triangle as desired. However, when v = 0,
the y-value is 0, which does not lie in the region R.

We will describe the general method of proceeding following this ex-
ample. For now, consider y = 1 4+ v(2 — 2u/3),0 < v < 1. Note
that when v = 1, we have y = 3 — 2u/3, the upper line of the
boundary of R. Also, when v = 0, we have y = 1, which is the
lower boundary of R. With z = 22 + 2y?, we determine 7(u,v) =
(u, 1+ 0(2 —2u/3),u2 +2(1+v(2—2u/3))*),0<u < 3,0<v < L.
The surface is graphed in Figure 16.5.11(b).

Given a surface of the form z = f(x,y), one can often determine a pa-
rametrization of the surface over a region R in a manner similar to determining
bounds of integration over a region R. Using the techniques of Section 15.1,
suppose a region R can be described by a < = < b, g1(z) < y < g2(2), i.e.,
the area of R can be found using the iterated integral

b rg2(z)
/ / dy dzx.
a Jgi(z)

When parametrizing the surface, wecanlet z = u, a < u < b, and we
canlety = gi(u) + v(g2(v) — g1(u)), 0 < v < 1. The parametrization of
x is straightforward, but look closely at how y is determined. When v = 0,
y=g1(u) = g1(x). Whenv = 1,y = gs(u) = ga(z).

As a specific example, consider the triangular region R from Example 16.5.10,
shown in Figure 16.5.11(a). Using the techniques of Section 15.1, we can find

the area of R as
3 r3-2z/3
/ / dy dzx.
0 1

Following the above discussion, we can set x = u, where 0 < u < 3, and
sety =1+v(3—-2u/3—1) =1+4v(2—2u/3),0 < v < 1,asused in that
example.


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_parsurf4b_3D.html
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One can do a similar thing if Risboundedby ¢ <y < d, hi(y) < = < ha(y),
but for the sake of simplicity we leave it to the reader to flesh out those details.
The principles outlined above are given in the following Key Idea for reference.

,

Key Idea 16.5.12 Parametrizing Surfaces.

Let a surface S be the graph of a function f(z, y), where the domain of
f is a closed, bounded region R in the zy-plane. Let R be bounded by
a<z<bg(x) <y < ga(z),ie.,theareaof R canbefound using the

iterated integral f: fgﬁ(;)) dy dz, and let h(u,v) = g1(u) + v(g2(u) —
g1(u)).

S can be parametrized as

z

(u,v) = <u,h(u,v),f(u,h(u,v))> ,a<u<b 0<ov<l1.

Example 16.5.13 Parametrizing a cylindrical surface.

Find a parametrization of the cylinder #2422 /4 = 1,where —1 < y < 2,
as shown in Figure 16.5.14.

Solution. The equation 2% + 22 /4 = 1 can be envisioned to describe an
ellipse in the zz-plane; as the equation lacks a y-term, the equation de-
scribes a cylinder (recall Definition 12.1.18) that extends without bound
parallel to the y-axis. This ellipse has a vertical major axis of length 4, a
horizontal minor axis of length 2, and is centered at the origin. We can
parametrize this ellipse using sines and cosines; our parametrization can
begin with Figure 16.5.14 The cylinder parame-
trized in Example 16.5.13

7(u,v) = (cosu, ??? ,2sinu),0 < u < 2,

where we still need to determine the y component.

While the cylinder 22 + z2/4 = lis satisfied by any y value, the problem
states that all y values are to be between y = —1 and y = 2. Since the
value of y does not depend at all on the values of x or z, we can use
another variable, v, to describe y. Our final answer is

(u,v) = {cosu,v,2sinu) ,0 <u <21, —1<v <2

Example 16.5.15 Parametrizing an elliptic cone.
Find a parametrization of the elliptic cone 22 = %2 + %2, where —2 <
z < 3, as shown in Figure 16.5.16.

Solution. One way to parametrize this cone is to recognize that given
a z value, the cross section of the cone at that z value is an ellipse with
equation % + % = 1. Wecanlet z = v, for =2 < v < 3 and then
parametrize the above ellipses using sines, cosines and v.

We can parametrize the x component of our surface with x = 2z cosu

and the y component with y = 3z sinu, where 0 < u < 27. Putting all
components together, we have Figure 16.5.16 The elliptic cone as de-

scribed in Example 16.5.15

7(u,v) = (2vcosu, 3vsinu,v) ,0 < u < 27, —2 < v < 3.

When v takes on negative values, the radii of the cross-sectional ellipses
become “negative,” which can lead to some surprising results. Consider



https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_parsurf5_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_parsurf6a.html
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Figure 16.5.17, where the cone is graphed for 0 < u < 7. Because v
is negative below the zy-plane, the radii of the cross-sectional ellipses
are negative, and the opposite side of the cone is sketched below the
zy-plane.

Example 16.5.18 Parametrizing an ellipsoid.

Find a parametrization of the ellipsoid % +y? + z4—2 = 1 as shown in
Figure 16.5.19(a).

2 . Figure 16.5.17 The elliptic cone as de-
scribed in Example 16.5.15 with re-
stricted domain

(a) (b)

Figure 16.5.19 An ellipsoid in (a), drawn again in (b) with its domain re-
stricted, as described in Example 16.5.18

Solution. Recall Key Idea 12.2.25 from Section 12.2, which states that
all unit vectors in space have the form (sin 6 cos ¢, sin @ sin ¢, cos 6) for
some angles 6 and . If we choose our angles appropriately, this allows
us to draw the unit sphere. To get an ellipsoid, we need only scale each
component of the sphere appropriately.

The z-radius of the given ellipsoid is 5, the y-radius is 1 and the z-radius
is 2. Substituting u for 6§ and v for , we have

7(u,v) = (5sinucoswv,sinusinv, 2 cos u),

where we still need to determine the ranges of u and v.

Note how the x and y components of 7 have cos v and sin v terms, re-
spectively. This hints at the fact that ellipses are drawn parallel to the
xy-plane as v varies, which implies we should have v range from 0 to 2.
One may be tempted to let 0 < u < 27 as well, but note how the z
component is 2 cos u. We only need cos u to take on values between —1
and 1 once, therefore we can restrict uto 0 < u < 7.

The final parametrization is thus

(u,v) = (5sinucosv,sinusinv,2cosu),0 <u < 7,0 <v < 2.

In Figure 16.5.19(b), the ellipsoid is graphed on 7 < u < %’T, T<Sv<
37” to demonstrate how each variable affects the surface.

Parametrization is a powerful way to represent surfaces. One of the advan-
tages of the methods of parametrization described in this section is that the
domain of 7(u, v) is always a rectangle; that is, the bounds on « and v are con-
stants. This will make some of our future computations easier to evaluate.


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_parsurf6b_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_parsurf7a_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_parsurf7b_3D.html
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Just as we could parametrize curves in more than one way, there will always
be multiple ways to parametrize a surface. Some ways will be more “natural”
than others, but these other ways are not incorrect. Because technology is of-
ten readily available, it is often a good idea to check one’s work by graphing a
parametrization of a surface to check if it indeed represents what it was intended
to.

16.5.2 Surface Area

It will become important in the following sections to be able to compute the
surface area of a surface S given a smooth parametrization #(u,v), a < u <
b, ¢ < v < d. Following the principles given in the integration review at the
beginning of this chapter, we can say that

Surface Areaof S = S = // ds,
S

where dS represents a small amount of surface area. That is, to compute total
surface area S, add up lots of small amounts of surface area d.S across the entire
surface S. The key to finding surface area is knowing how to compute dS. We
begin by approximating.

In Section 15.5 we used the area of a plane to approximate the surface area
of a small portion of a surface. We will do the same here.

Let R be the region of the u-v plane bounded by a < u < b,c¢ < v < das
shown in Figure 16.5.21(a). Partition R into rectangles of width Au = b_T“ and
height Av = ‘i;c, for some n. Let p = (uo, vo) be the lower left corner of some
rectangle in the partition, and let m and ¢ be neighboring corners as shown.

The point p maps to a point P = 7(ug, vp) on the surface S, and the rectan-
gle with corners p, m and g maps to some region (probably not rectangular) on
the surface as shown in Figure 16.5.21(b), where M = #(m) and Q = 7"(q). We
wish to approximate the surface area of this mapped region.

Letit = M — P and ¥ = Q — P. These two vectors form a parallelogram,
illustrated in Figure 16.5.21(c), whose area approximates the surface area we
seek. In this particular illustration, we can see that parallelogram does not par-
ticularly match well the region we wish to approximate, but that is acceptable;
by increasing the number of partitions of R, Au and Awv shrink and our approx-
imations will become better.

0 up+ Au b

(a)
(b) (c)

Figure 16.5.21 lllustrating the process of finding surface area by approximating
with planes

From Section 12.4 we know the area of this parallelogram is || & x ¥'||. If
we repeat this approximation process for each rectangle in the partition of R,
we can sum the areas of all the parallelograms to get an approximation of the

youtu.be/watch?v=9TtJéxpuadQ

Figure 16.5.20 Tangent and normal
vectors for parametric surfaces


https://www.youtube.com/watch?v=9TtJ6xpuadQ
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_parsurfareab_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_parsurfareac_3D.html
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surface area S:

n n
Surfaceareaof S = S~ Y | ; x Ui ; ||,

j=1i=1

where ﬁi,j = F(ul + Au, ’Uj) - f’(uz, ’Uj) and 171‘,]‘ = f'(ui, v; + AU) — F(uz, Uj).

From our previous calculus experience, we expect that taking a limit as n —
oo will result in the exact surface area. However, the current form of the above
double sum makes it difficult to realize what the result of that limit is. The fol-
lowing rewriting of the double summation will be helpful:

n n
SO My x Tyl =

j=1i=1

DD i+ Awgvg) = #ui, v3)) % (7Hui 05+ Av) = Fug, 05)) || =
j=1i=1

ii mui + Au, vj) — #(ui, v;) o Tlui, v + Av) — lui, v;) AuAv
j=1i=1 Au A” |

We now take the limit as n — oo, forcing Au and Av to 0. As Au — 0,

(u; + Au, v;) — #(u;, v;)
Au

— Fu(uz, Uj) and

(i, vj + Av) — #(u;, vj)
Av
(This limit process also demonstrates that 77, (u, v) and 7, (u, v) are tangent
to the surface S at #(u, v). We don't need this fact now, but it will be important

in the next section.)
Thus, in the limit, the double sum leads to a double integral:

n n d b
nlemZZ\|ai7jxﬁi7j||=/c / 17 % 7 || dudo.

j=1i=1

— Fv(ui,vj).

Theorem 16.5.22 Surface Area of Parametrically Defined Surfaces.

Let 7(u,v) be a smooth parametrization of a surface S over a closed,
bounded region R of the u-v plane.

e The surface area differential dS is: dS = || 7, x 7 || dA.

e The surface area S of S is
S:// dS://HFuxFUHdA.
S R

Example 16.5.24 Finding the surface area of a parametrized surface.

youtu.be/watch?v=ezVITWIoEfA
Using the parametrization found in Example 16.5.6, find the surface area

of z = 22 + 2y? over the circular disk of radius 2, centered at the origin. Figure 16.5.23 Area of parametric sur-

faces
Solution. In Example 16.5.6, we parametrized the surface as 7#(u, v) =

(2v cos u, 2vsinu, 402 cos? u + 8v? sin? u),for0 <u<2m0<v<1.
To find the surface area using Theorem 16.5.22, we need || 7%, X 7% ||



https://www.youtube.com/watch?v=ezVITWloEfA
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We find:

7, = (—2vsinu, 2v cos u, 8v°® cos usinu)
7, = (2cosu, 2sinv, 8v cos® u + 16vsin® u)

7y X 7y = (160° cos u, 320° sinu, —4v)

|70 % 7y || = V25604 cos? u + 102404 sin® u + 1602

Thus the surface area is

S:// dS:// 17, x 7, || dA
S R
1

27
- / V25604 cos? 1 + 102404 sin u + 1602 du dv
0 0

~ 53.59.

There is a lot of tedious work in the above calculations and the final in-
tegral is nontrivial. The use of a computer-algebra system is highly rec-
L ommended.

In Section 16.1, we recalled the arc length differential ds = || 7/(t) || dt.
In subsequent sections, we used that differential, but in most applications the
“I|7'(¢)||” part of the differential canceled out of the integrand (to our bene-
fit, as integrating the square roots of functions is generally difficult). We will
find a similar thing happens when we use the surface area differential dS in the
following sections. That is, our main goal is not to be able to compute surface
area; rather, surface area is a tool to obtain other quantities that are more im-
portant and useful. In our applications, we will use dS, but most of the time
the “|| 7, x 7, ||” part will cancel out of the integrand, making the subsequent
integration easier to compute.

youtu.be/watch?v=9tIGTOpQ5WE

Figure 16.5.25 Surface area of a
sphere


https://www.youtube.com/watch?v=9tIGTOpQ5WE
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16.5.3 Exercises

Terms and Concepts

1. In your own words, describe what an orientable surface is.
2.  Give an example of a non-orientable surface.

Problems

Exercise Group. In the following exercises, parametrize the surface defined by the function z = f(z, y) over each of
the given regions R of the xy-plane.

3. z= 3x2y; 4. z=4x + 2y2;
(a) R isthe rectangle bounded by (a) Risthe rectangle boundedby 1 <z <4
—1<z<land0 <y <2 and5 <y < 7.
(b) R is the circle of radius 3, centered at (b) R is the ellipse with major axis of length 8
(1,2). parallel to the z-axis, and minor axis of
length 6 parallel to the y-axis, centered at

(c) Ris the triangle with vertices (0, 0), (1,0) the origin.
and (0,2).

. . . (c) Ris the triangle with vertices (0, 0), (2, 2)
(d) Risthe region bounded by the z-axis and and (0,4).

the graphof y = 1 — 2.
(d) R isthe annulus bounded between the
circles, centered at the origin, with radius
2 and radius 5.

Exercise Group. In the following exercises, a surface S in space is described that cannot be defined as the graph of
a function f(z,y). Give a parametrization of S.

5.  Sistherectangle in space with corners at 6.  Sisthe triangle in space with corners at
(0,0,0), (0,2,0), (0,2,1) and (0,0, 1). (1,0,0), (1,0,1) and (0,0, 1).
7. Sistheelli SOidijrf 2—2*1 8.  Sisthe elliptic cone y? = 2+Z—2 for
' e I T ‘ P T
-1<y <.

Exercise Group. In the following exercises, a domain D in space is given. Parametrize each of the bounding surfaces
of D.
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9. D is the domain bounded by the planes 10. D is the domain bounded by the planes
z=3(B-2z),z=1y=0,y=2andz =0. z=2rx+4y—4,x=2y=1andz=0.
. z
[
4—
z=2r+4y -4
2—
Y
>
2
x
11. D isthe domain bounded by z = 2y, 12. D isthe domain bounded by y = 1 — 22,
y=4—z?andz = 0. y=1-2?z=0,y=0andz = 0.

zZ
\:=2v N

x 1 5 1 Y
- y=1—=zx

13. D is the domain bounded by the cylinder 14. D is the domain bounded by the cone
22 4+ 4?/9 = 1 and the planes z = 1 and z = 3. 22 + y? = (2 — 1)? and the plane z = 0.
z VA



https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_05_ex_09_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_05_ex_10_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_05_ex_11_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_05_ex_12_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_05_ex_21_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_05_ex_22_3D.html
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15. D is the domain bounded by the cylinder 16. D is the domain bounded by the paraboloid
z=1—2z?and theplanesy = —1,y = 2 and 2z =4 — 2% — 4y? and the plane z = 0.
z=0. 2

z

2

Exercise Group. In the following exercises, find the surface area S of the given surface S. (The associated integrals
are computable without the assistance of technology.)

17. Sisthe plane z = 2z + 3y over the rectangle 18. Sisthe plane z = = + 2y over the triangle with

—-1<x<1,2<y<3. vertices at (0, 0), (1,0) and (0,1).
19. Sisthe plane z = = + y over the circular disk, 20. Sisthe plane z = x + y over the annulus
centered at the origin, with radius 2. bounded by the circles, centered at the origin,

with radius 1 and radius 2.

Exercise Group. Inthe following exercises, set up the double integral that finds the surface area S of the given surface
S, then use technology to approximate its value.

21. Sisthe paraboloid z = 22 4 32 over the 22. Sisthe paraboloid z = 22 + 32 over the
circular disk of radius 3 centered at the origin. triangle with vertices at (0,0), (0,1) and (1, 1).

23. Sistheplane z = 5z — y over the region 24. S is the hyperbolic paraboloid z = 22 — y? over
enclosed by the parabola y = 1 — 22 and the the circular disk of radius 1 centered at the

T-axis. origin.


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_05_ex_23_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_05_ex_24_3D.html
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16.6 Surface Integrals

Consider a smooth surface S that represents a thin sheet of metal. How could
we find the mass of this metallic object?

If the density of this object is constant, then we can find mass via “mass=
density x surface area,” and we could compute the surface area using the tech-
niques of the previous section.

What if the density were not constant, but variable, described by a function
d(x,y,2)? We can describe the mass using our general integration techniques

as i
mass = // dm,
S

where dm represents “a little bit of mass.” That is, to find the total mass of the
object, sum up lots of little masses over the surface.

How do we find the “little bit of mass” dm? On a small portion of the sur-
face with surface area AS, the density is approximately constant, hence dm ~
§(z,y,2)AS. As we use limits to shrink the size of AS to 0, we get dm =
0(z,y, 2)dS; thatis, a little bit of mass is equal to a density times a small amount
of surface area. Thus the total mass of the thin sheet is

mass :// 0(x,y,z)dS. (16.6.1)
S

To evaluate the above integral, we would seek 7(u,v), a smooth parame-
trization of S over a region R of the u-v plane. The density would become a
function of u and v, and we would integrate [ [}, 6(u,v) || 7y X 7 || dA.

The integral in Equation (16.6.1) is a specific example of a more general con-
struction defined below.

16.6.1 Surface integrals of scalar fields

Definition 16.6.2 Surface Integral.

Let G(x, y, z) be a continuous function defined on a surface S. The sur-
face integral of Gon S'is

//S G(z,y,z)dS.

Surface integrals can be used to measure a variety of quantities beyond mass.
If G(x,y, z) measures the static charge density at a point, then the surface inte-
gral will compute the total static charge of the sheet. If G measures the amount
of fluid passing through a screen (represented by S) at a point, then the surface
integral gives the total amount of fluid going through the screen.

Example 16.6.3 Finding the mass of a thin sheet.

Find the mass of a thin sheet modeled by the plane 2z +y + z = 3
over the triangular region of the zy-plane bounded by the coordinate
axes and the line y = 2 — 2z, as shown in Figure 16.6.4, with density
function 6(z,y, 2) = x2 + 5y + z, where all distances are measured in
cm and the density is given as gm/cm?.

Solution. We begin by parametrizing the planar surface S. Using the
techniques of the previous section, we canlet x = wand y = v(2 — 2u),
where 0 < u < 1and 0 < v < 1. Solving for z in the equation of the

youtu.be/watch?v=-1NgI5Xts6E

Figure 16.6.1 The surface integral of a
scalar field (function)

w

xr

Figure 16.6.4 The surface whose mass
is computed in Example 16.6.3


https://www.youtube.com/watch?v=-1NgI5Xts6E
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_surfint1_3D.html
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plane, we have z = 3 — 2z — y, hence z = 3 — 2u — v(2 — 2u), giving
the parametrization 7(u, v) = (u,v(2 — 2u),3 — 2u — v(2 — 2u)).

We need dS = || 7, X 7 || dA, so we need to compute 7, 7, and the
norm of their cross product. We leave it to the reader to confirm the
following:

7y = (1, =20, 20 — 2), 7, = (0,2 — 2u, 2u — 2),

Py X Ty = (4—4u,2 — 2u,2 — 2u) and || 7y X 7 || = 2v6+/(u — 1)2.

We need to be careful to not “simplify” || 7, x 7, || = 2v/6+/(u — 1)2 as
21/6(u—1); rather, itis 2/6|u—1|. In this example,  is bounded by 0 <
u < 1, and on thisinterval [u — 1| = 1 — u. Thus dS = 2v/6(1 — u)dA.
The density is given as a function of z, y and z, for which we’ll substitute
the corresponding components of 7 (with the slight abuse of notation
that we used in previous sections):

5($,y,2) = 5(7?(“’1}))
=u? +50(2 — 2u) + 3 — 2u — v(2 — 2u)
=u? — 8uv — 2u + 8v + 3.

Thus the mass of the sheet is:

y= [[ am

://Ré(F(u,v))HFuXFdeA

:/1/1(u2—8uv—2u+8v+3)(2\/6(1—u))dudv
o Jo

= ﬂ ~~ 12.66 gm.

V6

16.6.2 Flux

Let a surface S lie within a vector field F. One is often interested in measuring
the flux of F across S; that is, measuring “how much of the vector field passes
across S.” For instance, if F represents the velocity field of moving air and S
represents the shape of an air filter, the flux will measure how much air is passing
through the filter per unit time.

As flux measures the amount of £ passing across S, we need to find the
“amount of F orthogonal to S.” Similar to our measure of flux in the plane, this
isequal to ﬁ-ﬁ, where 7i is a unit vector normal to S at a point. We now consider
how to find 7.

Given a smooth parametrization 7(u, v) of S, the work in the previous sec-
tion showing the development of our method of computing surface area also
shows that 7, (u, v) and 7, (u,v) are tangent to S at #(u,v). Thus 7, X 7, is
orthogonal to S, and we let
Tu X Ty

n=—-———-f,
[ 7 X 7 ]

which is a unit vector normal to S at #(u, v).

e

[=]

youtu.be/watch?v=ISowVEDVEzM

Figure 16.6.5 Introducing surface in-
tegrals of vector fields


https://www.youtube.com/watch?v=ISowVEDVEzM
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The measurement of flux across a surface is a surface integral; that is, to
measure total flux we sum the product of F . i times a small amount of surface
area: F - i dS.

A nice thing happens with the actual computation of flux: the || 7, X 7 ||
terms go away. Consider:

Flux _/ F.idS

// P X T || 7 X 7 || dA
Hruxrvﬂ
// (Fy X Ty) dA.

The above only makes sense if S is orientable; the normal vectors 77 must
vary continuously across S. We assume that 77 does vary continuously. (If the
parametrization 7 of S is smooth, then our above definition of 7 will vary con-
tinuously.)

Definition 16.6.6 Flux over a surface.

Let  be a vector field with continuous componentsqdeﬁned on an ori-
entable surface S with normal vector 7i. The flux of F" across S is

Flux :/ F.idS.
S

If S is parametrized by 7(u, v), which is smooth on its domain R, then

Flux = // (Fu X T) dA.

Since S is orientable, we adopt the convention of saying one passes from
the “back” side of S to the “front” side when moving across the surface parallel
to the direction of 1. Also, when S is closed, it is natural to speak of the regions
of space “inside” and “outside” S. We also adopt the convention that when S is
a closed surface, 77 should point to the outside of S. If 7i = 7, X 7, points inside
S,use it = 7, X 7, instead.

When the computation of flux is positive, it means that the field is moving
from the back side of S to the front side; when flux is negative, it means the
field is moving opposite the direction of 7, and is moving from the front of S
to the back. When S is not closed, there is not a “right” and “wrong” direction
in which 77 should point, but one should be mindful of its direction to make full
sense of the flux computation.

We demonstrate the computation of flux, and its interpretation, in the fol-
lowing examples.

Example 16.6.7 Finding flux across a surface.

Let S be the surface given in Example 16.6.3, where S is parametrized by
(u,v) = (u,v(2—2u),3 —2u—v(2—-2u))on0<u<1,0<v <1,
and let F = (1, z,—y), as shown in Figure 16.6.8. Find the flux of F
across S.

Solution. Using our work from the previous example we have 7 = 7, X
7y = (4—4u, 2—2u, 2—2u). We also need F( F(u,v)) = (1,u, —v(2—
2u)).

34
‘l I/ /
Y W
xy ;//
f o /;”/ /
i "ﬂ ‘I
"i l(‘l( 4/
\\J\\
1
2 Yy

&

Figure 16.6.8 The surface and vector
field used in Example 16.6.7


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_surfflux1_3D.html
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Thus the flux of F across S is:

Flux ://ﬁ.ﬁds
S

:// (Liu,—v(2 —2u)) - (4 —4u,2 — 2u,2 — 2u) dA
R

1 1

://(—4u2U—2u2—|—8uv—2u—4v+4)dUdU
0o Jo

= 5/3.

To make full use of this numeric answer, we need to know the direction
in which the field is passing across S. The graph in Figure 16.6.8 helps,
but we need a method that is not dependent on a graph.

Pick a point (u, v) in the interior of R and consider 7i(u, v). For instance,
choose (1/2,1/2) and look at 7(1/2,1/2) = (2,1,1)/+/6. This vector
has positive z, y and z components. Generally speaking, one has some
idea of what the surface S looks like, as that surface is for some reason
important. In our case, we know S is a plane with z-intercept of z = 3.
Knowing 7 and the flux measurement of positive 5/3, we know that the
field must be passing from “behind” S, i.e., the side the origin is on, to
the “front” of S.

Example 16.6.10 Flux across surfaces with shared boundaries.

Let S; be the unit disk in the xy-plane, and let Sy be the paraboloid
z =1—x2—192 for z > 0, as graphed in Figure 16.6.11. Note how
these two surfaces each have the unit circle as a boundary.

Let F; = (0,0,1) and F, = (0,0, z). Using normal vectors for each
surface that point “upward,” i.e., with a positive z-component, find the
flux of each field across each surface.

Solution. We begin by parametrizing each surface.

The boundary of the unit disk in the xy-plane is the unit circle, which can
be described with (cosu,sinu,0), 0 < u < 27. To obtain the interior
of the circle as well, we can scale by v, giving

71(u,v) = (veosu,vsinu,0),0 <u <270 < v < 1.

As the boundary of S, is also the unit circle, the = and y components of
7 will be the same as those of 7 ; we just need a different 2 component.
With z = 1 — 22 — 42, we have

7 (u, v) = (vcosu, vsinu, 1—v? cos® u—v? sin® u) = (vcosu, v sinu, 1—v?),

where) <u <2rand0 <wv < 1.
We now compute the normal vectors 7i; and 7i5.
For fiy: 71, = (—vsinu,v cosu, 0), 1, = {cosu, sinu, 0}, so

ﬁl = T1y X Flv = <0,0, —U>.
As this vector has a negative z-component, we instead use

ﬁl = T1p X Flu = <0,0,’U>.

975

youtu.be/watch?v=5XEt-DZedNM

Figure 16.6.9 Computing a surface in-
tegral over part of a paraboloid

1

Figure 16.6.11 The surfaces used in
Example 16.6.10


https://www.youtube.com/watch?v=5XEt-DZedNM
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_surfflux2_3D.html
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Similarly, @ia: 7, = (—vsinu, v cosu, 0), 7, = (cos u, sinu, —2v), so
- - 2 2 .
Tig = Tay X Tay = {(—20° cos u, —20° sinu, —v).
Again, this normal vector has a negative z-component so we use
- — _ 2 2 .
Tlg = Tay X Tay = (207 cOS u, 207 Sinu, v).

We are now set to compute flux. Over field F; = (0,0, 1):

Flux across S; = // ﬁl <111 dS
S

://Rl<o,o,1> (0,0, 0) dA

= /01 /Ozﬂ(v)dudv

Flux across S; = // ﬁl - 1o dS
S

2
= // (0,0,1) - (202 cosu, 2v% sinu, v) dA
R

= /01 /OQW(U) du dv

These two results are equal and positive. Each are positive because both
normal vectors are pointing in the positive z-directions, as does ﬁl. As
the field passes through each surface in the direction of their normal
vectors, the flux is measured as positive.

We can also intuitively understand why the results are equal. Consider
ﬁl to represent the flow of air, and let each surface represent a filter.
Since ﬁl is constant, and moving “straight up,” it makes sense that all air
passing through S; also passes through Ss, and vice-versa.

If we treated the surfaces as creating one piecewise-smooth surface S,
we would find the total flux across S by finding the flux across each piece,
being sure that each normal vector pointed to the outside of the closed
surface. Above, 77; does not point outside the surface, though 775 does.
We would instead want to use —7i; in our computation. We would then
find that the flux across S; is —m, and hence the total flux across S is
—7 +m = 0. (As 0 is a special number, we should wonder if this answer
has special significance. It does, which is briefly discussed following this
example and will be more fully developed in the next section.)

We now compute the flux across each surface with £ = (0,0, z):

Flux across §; = // fg - 711 dS.
S

over Sy, Fy = Iy (72(u,v)) = (0,0,0). Therefore,

://R<o,0,0>~<0,0,v>dz4
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Flux across S; = / ﬁg -1 dS.
Sa

Over Sy, Iy = Fy (72(u,v)) = (0,0,1 — v?). Therefore,

= // (0,0,1 — v?) - (2v% cos u, 2v% sinu, v) dA
R
1 2m
:/ / (v —v) dudv
o Jo
=7/2.
This time the measurements of flux differ. Over Sy, the field FQ is just 0,

hence there is no flux. Over S, the flux is again positive as F5 points in
| the positive z direction over Ss, as does 7is.

In the previous example, the surfaces S; and Ss form a closed surface that
is piecewise smooth. That the measurement of flux across each surface was
the same for some fields (and not for others) is reminiscent of a result from
Section 16.4, where we measured flux across curves. The quick answer to why
the flux was the same when considering ﬁl is that div ﬁl = 0. In the next
section, we'll see the second part of the Divergence Theorem, which will more
fully explain this occurrence. We will also explore Stokes’ Theorem, the spatial
analogue to Green’s Theorem.

The videos in Figure 16.6.12-16.6.13 present some additional examples in-
volving surface integrals of vector fields. Note that computing flux a cross a cube
requires us to consider all six faces. This is a case where the Divergence Theo-
rem can greatly simplify matters. For integrals over spheres, there are often
simplifications possible, especially for “radial” vector fields (those parallel to the
position vector 7(z,y, 2) = (x,y, 2)).

youtu.be/watch?v=u59S_E8VCM8

Figure 16.6.12 Computing flux across
acube

youtu.be/watch?v=xdtbrzLRtBY

Figure 16.6.13 Some surface integrals
over spheres


https://www.youtube.com/watch?v=u59S_E8VCM8
https://www.youtube.com/watch?v=xdtbrzLRtBY
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16.6.3 Exercises

Terms and Concepts

1.  Inthe plane, flux is a measurement of how much of the vector field passes acrossa ; in space, flux
is a measurement of how much of the vector field passesacrossa

2.  When computing flux, what does it mean when the result is a negative number?
When S is a closed surface, we choose the normal vector so that it pointstothe of the surface.

4. If Sis a plane, and Fis always parallel to S, then the flux of F across S will be

Problems

Exercise Group. In the following exercises, a surface S that represents a thin sheet of material with density ¢ is given.
Find the mass of each thin sheet.
5. Sistheplanez =z +yon -2 <z < 2, 6. S is the unit sphere, with
-3 <y < 3,with(x,y,2) = z + 10. Nz, y,2) =z +y+ 2+ 10.

Exercise Group. In the following exercises, a surface S and a vector field F are given. Compute the flux of F across
S. (If S is not a closed surface, choose 7 so that it has a positive z-component, unless otherwise indicated.)

7. Sisthe pIan_g z=3rx+yon0 <z <1, 8. Sistheplane z = 8 — x — y over the triangle
1<y<4F = (2 —22). with vertices at (0, 0), (1,0) and (1, 5);
F=(3,1,2).
9.  Sisthe paraboloid z = 22 + y? over the unit 10. Sisthe unit sphere; F = (y — 2,2 — x, @ — y).

disk; F = (1,0,0).
11. Sisthe square in space with corners at (0,0,0), 12. S'is the disk in the yz-plane with radius 1,

(1,0,0), (1,0,1) and (0,0, 1) (choose i such centered at (0, 1, 1) (choose 77 such that it has a
that it has a positive y-component); positive z-component); F' = (y, z, ).
F=(0,—z1y).

13. Sis the closed surface composed of S;, whose 14. Sis the closed surface composed of Sy, part of
boundary is the ellipse in the zy-plane the unit sphere and 82_: part of the plane
described by % + %2 =1 and Sy, part of the z = 1/2 (see graph); FZ: (z, =y, z).

elliptical paraboloid f(z,y) =1 — % - %2 (see
graph); F = (5,2,3).
z



https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_06_ex_13_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_06_ex_14_3D.html
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16.7 The Divergence Theorem and Stokes’ Theorem

16.7.1 The Divergence Theorem

Theorem 16.4.20 gives the Divergence Theorem in the plane, which states that
the flux of a vector field across a closed curve equals the sum of the divergences
over the region enclosed by the curve. Recall that the flux was measured via a
line integral, and the sum of the divergences was measured through a double
integral.

We now consider the three-dimensional version of the Divergence Theorem.
It states, in words, that the flux across a closed surface equals the sum of the
divergences over the domain enclosed by the surface. Since we are in space
(versus the plane), we measure flux via a surface integral, and the sums of diver-
gences will be measured through a triple integral.

Theorem 16.7.2 The Divergence Theorem (in space).

Let D be a closed domain in space whose boundary is an orientable,
piecewise smooth surface S with outer unit normal vector 1i, and let F’
be a vector field whose components are differentiable on D. Then

//Sﬁ~ﬁd5:///[)divﬁdv.

Example 16.7.3 Using the Divergence Theorem in space.

Let D be the domain in space bounded by the planes z = 0 and z = 2z,
along with the cylinder x = 1 — 2, as graphed in Figure 16.7.4, let S be
the boundary of D, and let F' = (z + y, 2, 22).

Verify the Divergence Theorem by finding the total outward flux of F
across S, and show this is equal to fffD divF dVv.

Solution. The surface S is piecewise smooth, comprising surfaces S,
which is part of the plane z = 2z, surface S,, which is part of the cylinder
x = 1 — 42, and surface S3, which is part of the plane z = 0. To find
the total outward flux across S, we need to compute the outward flux
across each of these three surfaces.

We leave it to the reader to confirm that surfaces S;, Sy and Ss3 can be
parametrized by 7, 75 and 3 respectively as

7 (u,v) = <v(1 —u?),u, 20(1 — u2)> ,
o (u,v) = (1 —u?),u,20(1 — u?)),
73(u,v) = <v(1 —u?),u, 0>,

where —1 < u < 1and 0 < v < 1 for all three functions.
We compute a unit normal vector 73 for each as ZuXlu

TR though recall
that as we are integrating F-iidS, we actually only use 77, X 7%,. Finally, in
previous flux computations, it did not matter which direction 77 pointed
as long as we made note of its direction. When using the Divergence
Theorem, we need 7i to point to the outside of the closed surface, so in
practice this means we'll either use 7, x 7, or 7%, X 7, depending on
which points outside of the closed surface S.

We leave it to the reader to confirm the following cross products and
integrations are correct.

For S, we need to use 71, X 71, = (2(u? — 1),0,1 — u?). (Note the 2-
component is nonnegative as u < 1, therefore this vector always points

youtu.be/watch?v=RaébxrTj5xU

Figure 16.7.1 Introducing the Diver-
genge Theorem

Note: the term “outer unit nor-
mal vector” used in Theorem 16.7.2
means 77 points to the outside of
S.

Figure 16.7.4 The surfaces used in Ex-
ample 16.7.3


https://www.youtube.com/watch?v=Ra6bxrTj5xU
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_divthm_space2_3D.html
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up, meaning to the outside, of S.) The flux across S is:

Flux across S : = // ﬁ-ﬁl ds
S1
1o
= / / F(r_’l(u,v)) . (FM, X Flu) dudv
// o(1 = u?) +u,u?, dv(1 — u?)) - (2(w? = 1),0,1 — v®) dudv

= / / (2u4u +2ud — 4w — 2u+ 211) du dv
0
16

:B'

For So, we use 7, X 7, = (2(1 — u?),4u(l — u?),0). (Note the -
component is always nonnegative, meaning this vector points outside
S.) The flux across S, is:

Flux across Sy : = // F. 7o dS
Sa
11
= / / F(Fg(u,v)) . (Fgu X ng) du dv
0o J-1

= /01 /_11 <1 —ui U, u2’4’v(1 — u2)> . <2(1 _ UQ),4U(1 _ u2)70> dudv

1,1
:// (4u5—2u4—2u3—|—4u2—2u—2)dudv
0o J-1

32

=15

For S3, we use 73, X 73, = (0,0,u? — 1). (Note the z-component is
never positive, meaning this vector points down, outside of S.) The flux
across Sg is:

Flux across S5 : = // ﬁ-ﬁg ds
S3
I
= / / F(73(u,v)) - (Fu X 73y) dudv

// 17u +uu 0> <0,0,u2—1>dudv

:/ / 0dudv
0o J-1

Thus the total outward flux, measured by surface integrals across all
three component surfaces of S, is 16/15 + 32/15 + 0 = 48/15 =

16/5 = 3.2. We now find the total outward flux by integrating div F
over D.

Following the steps outlined in Section 15.6, we see the bounds of x, y

and z can be set as (thinking “surface to surface, curve to curve, point
to point”):

0<z<2z;0<z<1l-¢y*%-1<y<l.
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With div F' = 1 + 2y + 2 = 2y + 3, we find the total outward flux of F'
over S as:

. 1 pl—y? 2z
Flux = /// dideV:/ / / (2y + 3) dzdx dy = 16/5,
D —-1J0 0

| the same result we obtained previously.

In Example 16.7.3 we see that the total outward flux of a vector field across a
closed surface can be found two different ways because of the Divergence Theo-
rem. One computation took far less work to obtain. In that particular case, since
S was comprised of three separate surfaces, it was far simpler to compute one
triple integral than three surface integrals (each of which required partial deriv-
atives and a cross product). In practice, if outward flux needs to be measured,
one would choose only one method. We will use both methods in this section
simply to reinforce the truth of the Divergence Theorem.

We practice again in the following example.

Example 16.7.5 Using the Divergence Theorem in space.

Let S be the surface formed by the paraboloid z = 1 — 22 — 32, 2 >
0, and the unit disk centered at the origin in the xy-plane, graphed in
Figure 16.7.6, and let F = (0,0, z). (This surface and vector field were
used in Example 16.6.10.)

Verify the Divergence Theorem; find the total outward flux across S and
evaluate the triple integral of div F, showing that these two quantities
are equal.

Solution. We find the flux across S first. As S is piecewise-smooth, we
decompose it into smooth components Sy, the disk, and S, the parab-
oloid, and find the flux across each.

In Example 16.6.10, we found the flux across S; is 0. We also found that Figure 16.7.6 The surfaces used in Ex-
the flux across S is /2. (In that example, the normal vector had a pos- ample 16.7.5

itive z component hence was an outer normal.) Thus the total outward

fluxis 0 + /2 = /2.

We now compute [, divF'dV. We can describe D as the domain

bounded by (think “surface to surface, curve to curve, point to point”):

0<z<1l-a?—3? -V1-22<y<y1-22-1<z<1.

This description of D is not very easy to integrate. With polar, we can
do better. Let R represent the unit disk, which can be described in polar
simply as 7, where 0 < r < 1and0 < 6 < 27. Withx = rcosé and
y = rsin 6, the surface Sy becomes

1

z=1—-2%—y?>=1—(rcosf)?® — (rsinf)? =1 —r%
Thus D can be described as the domain bounded by:
0<2<1-7r20<r<1,0<60<2n.

With div F = 1, we can integrate, recalling that dV' = r dz dr df:

21 1 pl—1?
// divﬁdvz/ / / rdzdrdf = =,
D 0 0 0 2

which matches our flux computation above.



https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_divthm_space1_3D.html
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Example 16.7.7 A “paradox” of the Divergence Theorem and Gauss'’s
Law.

The magnitude of many physical quantities (such as light intensity or
electromagnetic and gravitational forces) follow an “inverse square law”:
the magnitude of the quantity at a point is inversely proportional to the
square of the distance to the source of the quantity.

Let a point light source be placed at the origin and let F be the vector
field which describes the intensity and direction of the emanating light.
At a point (x, y, z), the unit vector describing the direction of the light
passing through that point is (z,y, z) /1/2? + y? + z2. As the intensity
of light follows the inverse square law, the magnitude of Fat (z,y,2)is
k/(z* + y? + 2?2) for some constant k. Taken together,

- k
F(z,y,2) = (22 + y2 + 22)3/2

(z,y, 2).

Consider the cube, centered at the origin, with sides of length 2a for
some a > 0 (hence corners of the cube lie at (a,a,a), (—a, —a, —a),
etc., as shown in Figure 16.7.8). Find the flux across the six faces of the
cube and compare this to [, div Fav.

Solution. Let S; be the “top” face of the cube, which can be parame-
trized by #(u, v) = (u,v,a) for —a < u < a, —a < v < a. We leave it
to the reader to confirm that 7, x 7, = (0,0, 1), which points outside
of the cube.

The flux across this face is:

Flux = // F.idS Figure 16.7.8 The cube used in Exam-
S1

ple 16.7.7
T e txrg

a a ka
:/_a/—a (u2 + v2 + a2)3/2 du dv.

This double integral is not trivial to compute, requiring multiple trigono-
metric substitutions. This example is not meant to stress integration
techniques, so we leave it to the reader to confirm the result is

_ 2k
o

Note how the result is independent of a; no matter the size of the cube,
the flux through the top surface is always 2k /3.

An argument of symmetry shows that the flux through each of the six
faces is 2k /3, thus the total flux through the faces of the cube is 6 x
2km/3 = 4k

It takes a bit of algebra, but we can show that divE = 0. Thus the
Divergence Theorem would seem to imply that the total flux through
the faces of the cube should be

Flux :///Ddivﬁdvz///DOdV:O,

but clearly this does not match the result from above. What went
wrong?



https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_divthm_space3_3D.html
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Revisit the statement of the Divergence Theorem. One of the condi-
tions is that the components of F must be differentiable on the do-
main enclosed by the surface. In our case, F is not differentiable at the
origin — it is not even defined! As F does not satisfy the conditions
of the Divergence Theorem, it does not apply, and we cannot expect
[[F-@dA= [[[, divFav.

Since F is differentiable everywhere except the origin, the Divergence
Theorem does apply over any domain that does not include the origin.
Let Sy be any surface that encloses the cube used before, and let D be
the domain between the cube and Ss; note how D does not include the
origin and so the Divergence Theorem does apply over this domain. The
total outward flux over D is thus I/5 div F dV = 0, which means the
amount of flux coming out of S, is the same as the amount of flux coming
out of the cube. The conclusion: the flux across any surface enclosing
the origin will be 4k.

This has an important consequence in electrodynamics. Let ¢ be a point
charge at the origin. The electric field generated by this point charge is

q (z,y,2)

E = ,
dmeg (22 + y2 + 22)3/2

i.e., itis F with k = q/(4ep), where ¢ is a physical constant (the “per-
mittivity of free space”). Gauss’s Law states that the outward flux of E
across any surface enclosing the origin is ¢/¢.

Our interest in the Divergence Theorem is twofold. First, its truth alone is
interesting: to study the behavior of a vector field across a closed surface, one
can examine properties of that field within the surface. Secondly, it offers an
alternative way of computing flux. When there are multiple methods of com-
puting a desired quantity, one has power to select the easiest computation as
illustrated next.

Example 16.7.10 Using the Divergence Theorem to compute flux.
Let S be the cube bounded by the planes z = +1, y = £1, z = +1,

and let F' = (x2y, 2yz, 2223). Compute the outward flux of F over S.

Solution. We compute div F= 2xy + 2z + 32222, By the Divergence
Theorem, the outward flux is the triple integral over the domain D en-
closed by S:

1,1 1

8

Outward flux: / / / (22y + 22 4 3222%) dz dy dox = 3
—1J-1J

The direct flux computation requires six surface integrals, one for each
face of the cube. The Divergence Theorem offers a much more simple
computation.

16.7.2 Stokes’ Theorem

Just as the spatial Divergence Theorem of this section is an extension of the
planar Divergence Theorem, Stokes’ Theorem is the spatial extension of Green’s
Theorem. Recall that Green’s Theorem states that the circulation of a vector
field around a closed curve in the plane is equal to the sum of the curl of the

youtu.be/watch?v=Zc_OAF_CRIQ

Figure 16.7.9 Exploring Gauss’s Law


https://www.youtube.com/watch?v=Zc_OAF_CRIQ
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field over the region enclosed by the curve. Stokes’ Theorem effectively makes
the same statement: given a closed curve that lies on a surface S, the circulation
of a vector field around that curve is the same as the sum of “the curl of the
field” across the enclosed surface. We use quotes around “the curl of the field”
to signify that this statement is not quite correct, as we do not sum curl F, but
curl F - 71, where 71 is a unit vector normal to S. That is, we sum the portion of
curl F thatis orthogonal to S at a point.

Green’s Theorem dictated that the curve was to be traversed counterclock-
wise when measuring circulation. Stokes’ Theorem will follow a right hand rule:
when the thumb of one’s right hand points in the direction of 77, the path C will
be traversed in the direction of the curling fingers of the hand (this is equivalent
to traversing counterclockwise in the plane).

Theorem 16.7.12 Stokes’ Theorem.

Let S be a piecewise smooth, orientable surface whose boundary is a
piecewise smooth curve C, let i be a unit vector normal to S, let C' be
traversed with respect to 1 according to the right hand rule, and let the
components of F have continuous first partial derivatives over S. Then

fﬁ- dF://(curIﬁ)ﬂdS.
C S

In general, the best approach to evaluating the surface integral in Stokes’
Theorem is to parametrize the surface S with a function #(u, v). We can find a
unit normal vector 7 as L.

- Ty X Ty
n—=———-5-—-.
|| 70 X 7% ||

Since dS = || 7, X 7y || dA, the surface integral in practice is evaluated as

/ /3 (curl F) - (7, x 7)) dA,

where 7, x 7, may be replaced by 7, x 7, to properly match the direction of
this vector with the orientation of the parametrization of C.

Example 16.7.13 Verifying Stokes’ Theorem.

Considering the planar surface f(z,y) = 7 — 2z — 2y, let C be the
curve in space that lies on this surface above the circle of radius 1 and
centered at (1,1) in the xy-plane, let S be the planar region enclosed
by C, as illustrated in Figure 16.7.14, and let F= (x +vy,2y,y%). Verify
Stoke’s Theorem by showing §,, F - di" = [[(curl F) - i dS.

Solution. We begin by parametrizing C' and then find the circulation.
A unit circle centered at (1,1) can be parametrized with x = cost +
1,y =sint+1on0 < ¢t < 2m; to put this curve on the surface f,
make the z component equal f(z,y): z = 7 — 2(cost + 1) — 2(sint +
1) = 3 — 2cost — 2sint. All together, we parametrize C with 7(t) =
(cost +1,sint + 1,3 —2cost — 2sint).

The circulation of F around C'is

jéﬁ- a7 /O% F(7(t)) -7 (t) dt

27
:/ (25in3t—2costsin2t+3sin2t—3costsint) dt
0

youtu.be/watch?v=WzrQbtC7ZiU

Figure 16.7.11 Introducing Stokes’
Theorem

Figure 16.7.14 As given in Exam-
ple 16.7.13, the surface S is the por-
tion of the plane bounded by the
curve


https://www.youtube.com/watch?v=WzrQbtC7ZiU
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/fig_stokes1_3D.html
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= 3.

We now parametrize S. (We reuse the letter “r” for our surface as this is
our custom.) Based on the parametrization of C above, we describe S
with #(u, v) = (vcosu + 1,vsinu + 1,3 — 2v cosu — 2v sin u), where
0<u<2rand0<wv<1.

We leave it to the reader to confirm that 7, x 7, = (2v,2v,v). As
0 < v < 1, this vector always has a non-negative z-component, which
the right-hand rule requires given the orientation of C used above. We
also leave it to the reader to confirm curl F' = (2y, 0, —1).

The surface integral of Stokes’ Theorem is thus

//S(curlﬁ) 7dS = //S(curlﬁ) (T X 7y) dA

1 2
= / / (2usinu +2,0,—1) - (2v, 2v,v) dudv
o Jo

= 3,

which matches our previous result.

One of the interesting results of Stokes’ Theorem is that if two surfaces S;
and S share the same boundary, then [/ (curl F)-iidS = /s, (curl F)-itds.
That is, the value of these two surface integrals is somehow independent of the
interior of the surface. We demonstrate this principle in the next example. Figure 16.7.15 An example with

Stokes’ Theorem

youtu.be/watch?v=IxDa_2_Eric

Example 16.7.16 Stokes’ Theorem and surfaces that share a boundary.

Let C' be the curve given in Example 16.7.13 and note that it lies on the
surface z = 6 — 22 — y2. Let S be the region of this surface bounded
by C, and let F= (x +v,2y, y2> as in the previous example. Compute
JJs(curl F) - iidS to show it equals the result found in the previous
example.

(b)

Figure 16.7.17 As given in Example 16.7.16, the surface S is the portion
of the plane bounded by the curve

Solution. We begin by demonstrating that C lies on the surface z =
6 — 2 — y2. We can parametrize the = and y components of C with
x =cost+ 1,y = sint + 1 as before. Lifting these components to the
surface z = 6 — 22 — y? gives the z component as z = 6 — 22 — 3% =



https://www.youtube.com/watch?v=IxDa_2_Eric
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_stokes2a_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_stokes2b_3D.html
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6 — (cost+1)% — (sint + 1)> = 3 — 2cost — 2sint, which is the same
z component as found in Example 16.7.13. Thus the curve C' lies on the
surface z = 6 — 22 — 42, as illustrated in Figure 16.7.17.

Since C' and F are the same as in the previous example, we already
know that fc F . dF = 3m. We confirm that this is also the value of
JJs(curl F)-iids.

We parametrize S with

#(u,v) = (veosu+ 1,vsinu+1,6 — (vcosu+ 1)? — (vsinu + 1)?),

where 0 < u < 2w and 0 < v < 1, and leave it to the reader to confirm
that
Ty X Ty = <2v(vcosu—|— 1),2v(vsinu—|— 1),v>,

which also confoims to the right-hand rule with regard to the orientation
of C. With curl F' = (2y, 0, —1) as before, we have

//S(curl F)-idS

= 3.

Even though the surfaces used in this example and in Example 16.7.13
are very different, because they share the same boundary, Stokes’ The-
orem guarantees they have equal “sum of curls” across their respective
surfaces.

16.7.3 A Common Thread of Calculus

We have threefold interest in each of the major theorems of this chapter: the
Fundamental Theorem of Line Integrals, Green’s, Stokes’ and the Divergence
Theorems. First, we find the beauty of their truth interesting. Second, each
provides two methods of computing a desired quantity, sometimes offering a
simpler method of computation.

There is yet one more reason of interest in the major theorems of this chap-
ter. These important theorems also all share an important principle with the
Fundamental Theorem of Calculus, introduced in Chapter 5.

Revisit this fundamental theorem, adopting the notation used heavily in this
chapter. Let I be the interval [a, b] and let y = F(x) be differentiable on I, with
F'(x) = f(x). The Fundamental Theorem of Calculus states that

/1 F@)dz = F(b) — F(a).

That is, the sum of the rates of change of a function F' over an interval I can
also be calculated with a certain sum of F' itself on the boundary of I (in this
case, at the points z = a and = = b).

Each of the named theorems above can be expressed in similar terms. Con-
sider the Fundamental Theorem of Line Integrals: given a function f(x,y), the
gradient V f is a type of rate of change of f. Given a curve C with initial and
terminal points A and B, respectively, this fundamental theorem states that

/ Vfds = [(B) - f(A),
C

1 2w
:/ / <2vsinu+2,07—1>~<2v(vcosu+1),2v(vsinu+1),v> du dv
0o Jo

youtu.be/watch?v=sIgNIkmYPiE

Figure 16.7.18 Another example with
Stokes’ Theorem


https://www.youtube.com/watch?v=sIqNIkmYPiE
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where again the sum of a rate of change of f along a curve C can also be evalu-
ated by a certain sum of f at the boundary of C (i.e., the points A and B).

Green’s Theorem is essentially a special case of Stokes’ Theorem, so we con-
sider just Stokes’ Theorem here. Recalling that the curl of a vector field Fisa
measure of a rate of change of f, Stokes’ Theorem states that over a surface S
bounded by a closed curve C,

// (cunﬁ)-ﬁdszf Fdr,
S C

i.e., the sum of a rate of change of F can be calculated with a certain sum of £
itself over the boundary of S. In this case, the latter sum is also an infinite sum,
requiring an integral.

Finally, the Divergence Theorems state that the sum of divergences of a vec-
tor field (another measure of a rate of change of ﬁ) over a region can also be
computed with a certain sum of F over the boundary of that region. When the
region is planar, the latter sum of Fisan integral; when the region is spatial, the
latter sum of F is a double integral.

The common thread among these theorems: the sum of a rate of change of
a function over a region can be computed as another sum of the function itself
on the boundary of the region. While very general, this is a very powerful and
important statement.
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16.7.4 Exercises

Terms and Concepts

1.  What are the differences between the Divergence Theorems of Section 16.4 and this section?
2.  What property of a vector field does the Divergence Theorem relate to flux?

3.  What property of a vector field does Stokes’ Theorem relate to circulation?

4.  Stokes’ Theorem is the spatial version of what other theorem?

Problems

Exercise Group. In the following exercises, a closed surﬁace S enclosing a dgmain D and a vector field F are given.
Verify the Divergence Theorem on S; that is, show ffs F-ndS = fffD divF dV.

5.  Sisthe surface bounding the domain D 6. S isthe surface bounding the domain D
enclosed by the plane z = 2 — x/2 — 2y/3 and enclosed by the cylinder 22 + y2 = 1 and the
the coordinate planes in the first octant; planes z = —3 and z = 3; F= (—z,y,2).

F = (a2, % ). £

T Y
T 4 Y
7.  Sisthe surface bounding the domain D 8.  Sisthe surface composed of S, the paraboloid
enclosed by z = zy(3 — z)(3 — y) and the z=4—2%—y%forz > 0,and S,, the disk of

plane z = 0; F = (3z,4y, 5z + 1). radius 2 centered at the origin; F = (x,y, 22).
2 2



https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_07_ex_05_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_07_ex_06_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_07_ex_07_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_07_ex_08_3D.html
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Exercise Group. In the following exercises, a closed curve C' thj\t is the boundary gf a surface S is given along with a
vector field F. Verify Stokes’ Theorem on C; that is, show §, F'- di = [[s (curl F') - i dS.

9.  (C'is the curve parametrized by 10.

7(t) = (cost,sint, 1) and S is the portion of
2z =% +y?enclosed by C; F = (z, —x,y).
z

x Y

11. C'is the curve that follows the triangle with 12.

vertices at (0, 0, 2), (4,0,0) and (0, 3,0),
traversing the the vertices in that order and
returning to (0, 0, 2), and S is the portion of the
plane z = 2 — /2 — 2y/3 enclosed by C;

F= <y) —z,y).

C'is the curve parametrized by
7(t) = (cost,sint,e~!) and S is the portion of
z=e %"~ enclosed by C; F = (—y, z,1).

Z

x
C'is the curve whose = and y coordinates follow
the parabolay =1 — z2 fromz = 1tox = —1,
then follow the line from (—1, 0) back to (1, 0),
where the z coordinates of C' are determined
by f(x,y) = 222 + 42, and S is the portion of
z = 222 + y? enclosed by C;
ﬁ: <y2 +Z,.’E,.’E2 _y>

z

24

x

Exercise Group. In the following exercises, a closed surface S and a vector field F are given. Find the outward flux
of F' over S either through direct computation or through the Divergence Theorem.


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_07_ex_09_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_07_ex_10_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_07_ex_11_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_07_ex_12_3D.html
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13.

15.

S is the surface formed by the intersections of 14. S is the surface formed by the intersections of
z=0andz = (2% - 1)(y* - 1); theplanesz = (3 —z),z =1,y =0,y =2
F = <Z2+1,y27$22>. andzzo;ﬁ: <;r,’y2’z>_

Z

z

S is the surface formed by the intersections of 16. S is the surface formed by the intersections of
the planes z =2y, y =4 — 22 and z = 0; the cylinder z = 1 — 22 and the planes y = —2,
F = (22,0,z2). y=2andz=0; F = (0,4°,0).
zZ A
2=2

)

2

Exercise Group. In the following exercises, a closed curve C' that is the boundary of a surface S is given along with a
vector field F'. Find the circulation of F' around C either through direct computation or through Stokes’ Theorem.


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_07_ex_13_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_07_ex_14_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_07_ex_15_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_07_ex_16_3D.html
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17.

19.

C'is the curve whose z- and y-values are
determined by the three sides of a triangle with
vertices at (—1,0), (1,0) and (0, 1), traversed
in that order, and the z-values are determined
by the function z = zy; F = (z — %, z, 2).

z

|

~0.25

C' is the curve whose z- and y-values are given
by #(t) = (cost,3sint) and the z-values are
determined by the function z = 5 — 2z — y;
F = (—%y, 3z, 2y — 3z).

z

18.

20.

991

C'is the curve whose z- and y-values are given
by 7(t) = (2cost,2sint) and the z-values are
determined by the function

z=a24+ P —3y+ 1, F = (—y,x,2).

P 2

C'is the curve whose z- and y-values are sides
of the square with vertices at (1,1), (—1,1),
(—=1,-1) and (1, —1), traversed in that order,
and the z-values are determined by the
function z = 10 — 5z — 2y; F = (512, 2%, y%).

1 1
T Yy

Exercise Group. The following exercises are designed to challenge your understanding and require no computation.


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_07_ex_17_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_07_ex_18_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_07_ex_19_3D.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_07_ex_20_3D.html
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21.

23.

Let S be any closed surface enclosing a domain 22.

D. Consider Fy = (z,0,0) and
Fy = (y, 9%, 2 — 2yz).

These fields are clearly very different. Why
is it that the total outward flux of each field
across S is the same?

The Divergence Theorem establishes equality 24,

between a particular double integral and a
particular triple integral. What types of
circumstances would lead one to choose to
evaluate the triple integral over the double
integral?

992

(a) Green’s Theorem can be used to find the
area of a region enclosed by a curve by
evaluating a line integral with the
appropriate choice of vector field F.
What condition on F' makes this possible?

(b) Likewise, Stokes’ Theorem can be used to
find the surface area of a region enclosed
by a curve in space by evaluating a line
integral with the appropriate choice of
vector field F. What condition on F
makes this possible?

Stokes’ Theorem establishes equality between a
particular line integral and a particular double
integral. What types of circumstances would
lead one to choose to evaluate the double
integral over the line integral?
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lll - Math 2575: Accelerated Calculus IlI
12 . Vectors . . .
12.1 - Introduction to Cartesian Coordinates in Space

12.1 - Exercises

Terms and Concepts

12.1.2. (a). line
(b). plane

Problems

12.1.9. (a). (4,—1,0)
(b). 3
12.1.10. (a). (-2,1,2)
(b). V5

12.1.15. 12.1.16.



https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_10_01_ex_15_3DX.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_10_01_ex_16_3DX.html
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12.1.17. 12.1.18.

12.1.20. 42 + 22 = 2*

2
12.1.19. 22 4 2% = ( 1 )

1+y2
12.1.21. 22 4+ y° = 2 12.1.22. 22 + 4% = &
’ 12.1.24. (b) 2% — 4% + 22 = 0
12.1.23. (a)x = y% + % (b) 22 — y* + 2
> 2 12.1.26. (3) y2 — 22 — 22 = 1
12.1.25. (b) 22+ L + 2 —1 (@y?—a? -z
9 "4
12.1.27. 12.1.28.



https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_10_01_ex_17_3DX.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_10_01_ex_18_3DX.html
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12.1.29. 12.1.30.

12.1.31. 12.1.32.

12.2 - An Introduction to Vectors
12.2 - Exercises

Terms and Concepts

12.2.4. Direction


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_10_01_ex_23_3DX.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_10_01_ex_27_3DX.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_10_01_ex_26_3DX.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_10_01_ex_25_3DX.html
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Problems

12.2.7.
(a) (1,6)

(b) 7+ 65
12.2.9.

(a) <63 717 6>
(b) 6i — j + 6k
12.2.11.

12.2.8.
(a) (4,—4)

(b) 4 — 45
12.2.10.

(a) (2,2,0)

(b) 2i + 2j

(@) i+ 7= (2,—1); i — 7 = (0, —3); 2 — 30 = (—1,—7).

() 7= (1/2,2).
12.2.12.

(@) “+7=(3,2,1);d—0=(-1,0,-3); mii — V20 = (m — 2V2, 7 — V2, -7 — 2V/2).

(c) Z=(—1,0,-3).
12.2.17. (a). /5

(b). V13
(c). V26
(d). V10
12.2.19. (a). /5
(b). 3v5
(). 2V5
(d). 4v5

12.2.26. {cos(3%x) ,sin(30r))

12.2.27. <—1 —3>

12.3 - The Dot Product
12.3 - Exercises

Terms and Concepts

12.3.1. Scalar

Problems

12.3.5. —22
12.3.7. 3
12.3.9. not defined

12.2.18. (a).
(b). V3
(c). V14
(d). V26
12.2.20. (a).
(b). 35

(c). 42

(d). 28

12.2.23. (0.6,0.8)

12.2.25. <L

\/§7

12.3.6. 33
12.3.8. 0
12.3.10. 0

Sl
S
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12.3.11. Answers will vary.

12.3.12. Answers will vary.
—1(_3
12.3.13. cos <ﬁ>
12.3.15. §

12.3.17. (a). (—7,4)

(b). (4,7)
12.3.19. (a). (1,0,—1)
(b). (1,1,1)

12.3.27. (a). (52,13)
(). (15: 75)
12.3.29. (a). (3, 5H)
k). (3.3)

12.3.31. (a). (1.8, 8)

14> 14> 14
(b). <0 42 ;%>

140 140 14

12.3.33. 1.96lb
12.3.34. 5lb
12.3.35. 141.42ft-Ib
12.3.36. 196.96ft-Ib
12.3.37. 500ft-1b
12.3.39. 500ft-Ib

12.4 - The Cross Product
12.4 - Exercises

Terms and Concepts

12.4.1. vector

12.4.2. right hand rule

12.4.3. “Perpendicular” is one answer.
12.4.4. True

12.4.5. Torque

124.6.T

Problems

12.4.7. (12,-15,3)
12.4.9. (—5,—31,27)
12.4.11. (0, —2,0)
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—1( -1
12.3.14. cos (\/ﬁ)
12.3.16. 3

12.3.18. (a). (5,3)
(b). (=3,5)
12.3.20. (a). (2,1,0)
(b). (1,-2,3)
12.3.22. (3, %8)
12.3.24. (5, 3%)
2

12.3.26. (2 12 5}

=

0
9
12.3.28. (a). (20, 60)
(b). (35, 5%
12.3.30. (a). (&, 2)
(b). (522,28)

(b). (3. =% 5)

12.4.8. (11,1,-17)
12.4.10. (47, —36, —44)
12.4.12. (0,0,0)
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12.4.13. @ x 7 = (0,0, ad — bc) 12.4.14. k
12.4.15. —j 12.4.16. i

12.4.17. Answers will vary.

12.4.18. Answers will vary.

12.4.19. 5 12.4.20. 21
12.4.21. 0 12.4.22. 5
12.4.23. /14 12.4.24. /230
12.4.25. 3 12.4.26. 6
12.4.27. % 12.4.28. 3/30
12.4.29. 1 12.4.30. 2
12.4.31. 7 12.4.32. 41/14
12.4.33. 2 12.4.34. 15

12.4.35. (0.408248, 0.408248, —0.816497) or (—0.408248, —0.408248,0.816497)
12.4.36. (—0.436436,0.218218,0.872872) or (0.436436, —0.218218, —0.872872)

12.4.37. <0,17O> or <O,71,0> 12.4.38. < 2 7L570>

S

12.4.39. 87.5ft-1b

12.4.40. 43.75\/3 ~ 75.78ft-1b
12.4.41. 200/3 = 66.67ft-Ib
12.4.42. 11.58ft-1b

12.5 - Lines
12.5 - Exercises

Terms and Concepts

12.5.1. A point on the line and the direction of the line.
12.5.2. parallel
12.5.3. parallel, skew

12.5.4. Answers will vary

Problems
12.5.6. (a). (6,1,7)+t(—3,2,5) 12.5.8. (a). (1,-2,3) +t(4,7,2)
(b), z=6-3t,y=1+2t,2=7+5t (b), z=1+4t,y=-2+7t,z2=3+2t
@ ==t =5 (). o3t =t =550
12.5.10. (a). (5,1,9) + (0, —1,0) 12.5.11. (a). (7,2, —1) + (1, —1,2)
(b), z=5,y=1—¢t,2=9 (b), z=7T+t,y=2—t,z=-1+2t

(c). DNE (€. z—7T=2—y=2=2
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12.5.12. (a). (2,2,3) +£(5,—1,—3)
(b), z=2+45t,y=2—t,2=3—-3t

(0 22=—(y—2) =52

12.5.15. parallel

12.5.18. same
12.5.20. parallel

12.5.23. \/41/3
12.5.25. 51/2/2

12.5.27. 3//2

12.6 - Planes
12.6 - Exercises

Terms and Concepts
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12.5.14. (a). (=2,5) + (0, 1)
(b), z=-2y=5+t¢
(c). DNE

12.5.16. (12,3,7)
12.5.19. skew
12.5.22. skew

12.5.24. 3v/2
12.5.26. 5

12.5.28. 2

12.6.1. A point in the plane and a normal vector (i.e., a direction orthogonal to the plane).

12.6.2. A normal vector is orthogonal to the plane.

Problems

12.6.3. Answers will vary.
12.6.5. Answers will vary.

12.6.8.(a). 2(y—3)+4(z—5)=0

(b). 2y+4z =26

12.6.12. (a). 3(z—5)+3(z—3)=0

(b). 3x+3z=24

12.6.16. (a). 4(x—5)—2(y—7)—2(2—3)=0
(b). 4x—2y—22=0

12.6.18.(a). 4(z—4)+y—-14+2—-1=0

(b). 4z +y+z=18

12.6.20.(a). z—1=0

(b), z=1

12.6.22. (1,3,3.5) + (20,2, —26)

12.6.24. (3,1,1)

12.6.27. \/5/7

12.6.29.1/v/3

13 - Vector Valued Functions
13.1 - Vector-Valued Functions

13.1 - Exercises

12.6.4. (—2,9,0),(2,9,3)
12.6.6. (0, —2,6), (1, —2,6)

12.6.10. (a). —5(z—5)+3(y—3)+2(z—8) =0
(b). —b5x+3y+22=0

12.6.14.(a). 2(z—1)+y—-1-3(z—1)=0

(b), 224+y—32=0

12.6.17.(a). z—-5+y—7+2—-3=0

(b), z4+y+2=15

12.6.19. (a). 3(z+4)+8(y—7) —10(z—2)=0
(b). 3z +8y—10z=24

12.6.26. the entire line

8
12.6.28. et

12.6.30. 3
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Terms and Concepts

13.1.1. parametric equations
13.1.2. vectors
13.1.3. displacement

13.1.4. displacement

Problems
13.1.14.
z
2]
1
-1
x >y
13.1.16.

13.1.17. |t] VI + 2

13.1.21. (2cos(t) + 1, 2sin(t) + 2)

13.1.27. Specific forms may vary, though most direct
solutions are

7(t) = (1,2,3) + ¢ (3,3,3) and

7(t) = (3t + 1,3t + 2,3t + 3).
13.1.29. (2cos(t), 2sin(t) , 2t)
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13.1.15.

13.1.19. V4 + 12

13.1.25. (t + 2,5t + 3)
13.1.28. Specific forms may vary, though most direct
solutions are

7(t) = (1,2) + ¢ (3,2) and

7(t) = (3t + 1,2t + 2).
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13.1.31. (1,0) 13.1.33. (0,0, 1)

13.2 - Calculus and Vector-Valued Functions
13.2 - Exercises

Terms and Concepts

13.2.1. component
13.2.2. displacement
13.2.4. A scalar-vector product, a dot product and a cross product.

Problems
13.2.5. (11, 74,sin(5)) 13.2.6. (¢3,0)
13.2.7. {1,¢€) 13.2.8. (2t,1,0)
13.2.9. (—00,0) U (0, o0) 13.2.10. (0, c0)
13.2.11. (—sin(t) €', 1 13.2.12. 7 (t) = (—1/t%,5/(3t + 1)%,sec®(t))
13.2.13. (2¢sin(t) + t* cos(t) , 6t + 10t) 13.2.14. (t* + 1) cos(t) + 2t sin(t) + 4t + 3
13.2.15. 13.2.16. 7' (t) = (sinh ¢, cosh )

(=1, cos(t) — 2t,6t% + 10t + 2 + cos(t) — sin(t) — t cos(t))

13.2.21. (2 + 31, 1 2 -

(2+3,1) 13.2.22. (32, 2) +4( =32, )
13.2.23. ((t) = (~3,0,7) + ¢ (0,3, 1) 13.2.24. (1,0,0) + £(1,1,1)
13.2.26. 1 13.2.28. 1,1

13.2.32. Both derivatives return (6t°, 3t%,0)

—

13.2.33. (1t4,sin(t), te! — ') + C 13.2.34. (tan"'(t),tan(t)) + C
13.2.35. (—2,0) 13.2.36. (4, —4)
fz t4 tS t2
13.2.37. (5 +2,— cos(t) +3) 13.239. (5 +1+4,5 +20455 +3t+6)
13.2.41. 2 - 3.605557 13.2.42. 107
13.2.43. L (22% - 8) 13.2.44. V2(1 —e™)

13.3 - The Calculus of Motion
13.3 - Exercises

Terms and Concepts

13.3.4. arc length
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Problems

13.3.7. 7(t) = (2,5,0), @(t) = (0,0,0)

13.3.10. (a). (15, sin(t), cos(t))
(b). (0,cos(t),—sin(¢))

13.3.16. (a). [t| /912 — 12t + 8
(b). O

(c). —1

13.3.22. (a). V/8t2 43

(b). O

(c). 1

2 3> 5
13.3.30. (2 —t+5, % —1-3)

13.3.34. (a). (—10,0)
(b). 57

©. (220)

(d). 5

13.3.38.

(a) t =sin"*(3/20)/(87) + n/4 ~ 0.006 + n/4,

where n is an integer
(b) ||7'(t)|| = 247 ~ 51.4 ft/s
(c) 0.27 radians, or 15.69°

13.4 - Unit Tangent and Normal Vectors

13.4 - Exercises
Terms and Concepts

13.4.1.1
13.4.2. 0

13.4.3. T(t) and N(2).
13.4.4. the speed

Problems

13.4.5. T(t):< at 21 >;

20t2—4t+17 /20t2—4t+1

(1) = (4/V17,1/VT7)

13.4.8. (a). (—sin(t),cos(t))
(b) <07 _1>
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13.38. (a). (6t—2,—2t+1)

13.3.19. (a). [sec(t)| v/tan?(t) + sec?(t)
(b). ©

(). %

13.3.32. (10¢, —16t + 50t)

13.3.36. (a). (10,20, —10)
(b). 10v6

(c). (1,2,-1)

(d. V6

13.3.39.

(a) 0.013 radians

(b) 11.7ft

1 — sin(t)
13.4.6. (a). < T’ Vo +W(t)>
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13.49. (2,0) + 1 =, o= ) 13410 (3,2) +1(,/2,54)
13.4.12. (—1,0) + £(0, —1)

134.1 T( t) = (=sin(t), cos(t)); 13.4.14. T(t) = < viErrd ﬁitw>'
N():< os(t), —sin(t)) -
N(t) - < \/1+4t2’ \/1+4t2>
13.4.15. . et )
T’(t) _ sin(t) 2 cos(t) . 13.4.16. T( ) <\/e2t+e 2t e2tte—2t >’
- \/4C052 Jsin? (1) /4 cos? (1) +sin? (1) ﬁ(t) = <\/e2(ti:e—2t’ \/€2te—ii€*2t>

Z\‘]’(t) _ <_ 2cos(t). — ?In(t) : >

\/4 cos? (t)+sin?(t) \/4 cos2 (t)+sin?(t)

13.4.22. (—cos(t), 22 sin(t) , = sin(t)) 13.4.24. (— cos(at) , —sin(at) , 0)
13.4.26. (a). —2 13.4.28. (a). 2
i (b). 42
(b). ©. 2
° (d). 27
(). —Vv2 ). 2
@. vz (f). 4rm
(e). i%?
(f). \/%
13.4.30. (a). 0
(b). 5
(c). O
(d. 5
(e). 0
(f). 5

13.5 - The Arc Length Parameter and Curvature
13.5 - Exercises

Terms and Concepts

13.5.1. time and/or distance
13.5.2. curvature
13.5.3. Answers may include lines, circles, helixes

13.5.4. Answers will vary; they should mention the circle is tangent to the curve and has the same curvature as the
curve at that point.

13.5.5. Kk
13.5.6. ay is not affected by curvature; the greater the curvature, the larger ay becomes.
Problems

13.5.8. (a). Tt 13.5.10. (a). 13t
(b). (7cos(%),7sin(£)) (b). (5cos(%),13sin(%),12cos(5))
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13.5.12. (a). greater than 13.5.15. (a). less than
6222 (b) |2 cos(t) cos(2t)+4 sin(t) 5|n(2t)\

(b). E)°| ' (4cos?(21) +sin? (1)) 2

(i) - 5
(c). 2 (d). 8

2750
(). 6413
13.5.18. (a). greater than 13.5.20. (a). greater than
(b) [sec? (1)] (b). 2V18t4+15¢2+1

’ (sec (t)+sec?(t) tanQ(t))% (18t —2t2+1)2

(0. 1 (). 2
(@). 24 (d). 22
13.5.22. (a). equalto
(b). &
(). &
(d). 1—13
13.5.23. Y2, 22 13.5.25. 1
13.5.26. /5, —/5
13.5.28. 51/10 13.5.30. =
13532 (- 8)° 442 = 135.34. (z - 1)+ (y - 1)’ =1

14 - Functions of Several Variables, Continued
14.2 - The Multivariable Chain Rule

14.2 - Exercises
Terms and Concepts

14.2.2. ¢'(z)

14.24. T
14.2.5. F
14.2.6. partial

Problems

14.2.7. 14.2.8. (a). 2z — 4yt
(a) % =3(2t) +4(2) = 6t + 8. (b). 2

(b) Att =1, % =14,

14.2.9. — sin(t) 2xy cos(t)
14.2.10. (a). ) — 2oy

N|—=

(a) % = 5(—2sin(t)) 4 2(cos(t)) = (b). —
—10sin(t) + 2 cos(t)

(b) Att=m/4, & = —4v/2.

1064
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14.2.11.
dz
(a) 7= 2x(cos(t)) + 4y(3 cos(t)).

(b) Att =7/4,z =+/2/2,y = 3v/2/2, and

dz __
S =19

3 3
14.2.14. —\@, 0, \/;

14.2.18. 0, L tan (v/5) , 1 — L tan~*(V/5) , 1,1 +

Ltan1(v/5),2 — Ltan~! (V)

14.2.20.
(). —mwsin(mz + )2 — Lrsin(ma + 52) - 2st
(b). —7 sin(ﬂ'x + %) - 2st — %w sin(ﬂ'x + %) s2
(c). 27
(@. o

14.2.22. (a). —2yt2e—(a"+v7)

(b). —oge= (=) _ 4styef(m2+y2)
(). =2

(d). =¢

14.2.24. =%
Y

14.2.28. 0

14.3 - Directional Derivatives
14.3 - Exercises

Terms and Concepts

14.3.2. i
14.3.3. j

14.3.4. orthogonal
14.3.6. dot

Problems
14.3.8. (cos(r) cos(y) , — sin(z) sin(y))

14.3.12. (22y° — 2,32%y?)

14.3.13.
(a) 2/5
(b) —2/V5
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14.2.12. (a). —sin(x)sin(y) 7 + cos(x) cos(y) - 2w
(b). ©

14.2.16. 0, 7

14.2.21. (a). 2z cos(t) + 2ysin(t)
(b). —2zssin(t) + 2yscos(t)

(c). 4

(d. 0

—(2z+y)
14.2.26. =270

14.2.30. (a). —2
(b). 5

14.3.10. (—4,3)

14.3.14.
@ 1(1-V3)

4+/3-3
(b) 10v/2
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14.3.15. 14.3.16.
(a) 0 (a) JT%
(b) 2v/2/9 (b) 2L
14.3.17. 14.3.18.
(@) 0 (a) 75
(b) 0 (b) 3
14.3.19. 14.3.20.
@ VF@21)=(-2,2) @ (54 3/3)
(b) V8 (b) %
(c) (2,-2)
(d) @ = (1/v2,1/v2) @ (s 3/3)
@ (3y/33%5)
14.3.21. 14.3.22.
(@) Vf(1,1) =(-2/9,-2/9) (@) (—4,3)
(b) 21/2/9 (b) 5
(c) (2/9,2/9) (c) (4,-3)
(d) @=(1/v2,-1/V2) (d) (3,4)
14.3.23. 14.3.24.
(a) No such direction (a) (0,3)
(b) O (b) 3
(c) No such direction (c) (0,-3)
(d) All directions (d) (1,0)
14.3.25. 14.3.26.
(@) VF(z,y,2) = (6x2° + 4y, 4z, 92%2* — 62) (a)
b) 113/v3 (cos(x) cos(y) e*, — sin(x) sin(y) e*, sin(x) cos(y) e*)
(b) 2
14.3.27. 14.3.28.
(@) VF(r,y.2) = (202, 2y(a® — 22), ~2y%2) @) (it it )
(b) 0 (b) 0

14.4 - Tangent Lines, Normal Lines, and Tangent Planes
14.4 - Exercises

Terms and Concepts
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14.4.3. True
Problems
W46 @) w=F+ty=F2=F- 2 1:'4.8. (a)-l x:;ﬂ’y:;’z:?,
. = = t =
b w=Fy=F+tz=3+2% ;c)) :-ffi +—’;—|—Lz—3
(c) =4ty :£+£Z:§+3\/§t . vy Vol
. sT YT e T st T AT T

144100 =1 - 3¢ =1 33y, =3y 14402 0 =Ly =2,2=3-1

14.4.18. 1.29904y — 1.29904z — z = —1.43017 14.4.20. z = 3
14.4.22. 14.4.24.

(a). x:4—2t,y:—3+§t,z:\/5—|—2\/5t (a). z=2+ fty—ﬁ V3t z=4— f
(b). 0.666667y — 2x + 4.472142 =0 (b). 0.226725x — 1.73205y — 0.2267252 = —0.9069

14.5 - Extreme Values
14.5 - Exercises

Terms and Concepts

14.5.1. False

14.5.2. True

14.5.3. True

Problems
14.5.6. (a). NONE 14.5.8. (a). (0,0)
(b). NONE (b). NONE
(c). (7,—6) (c). NONE
(d). NONE (d). NONE
14.5.10. (a). (—1,-2) 14.5.12. (a). (0,-3)
(b). (1,2) (b). (-1,3),(1,3)
(. (1,-2),(-1,2) (c). (-1,-3),(0,3),(1,-3)
(d). NONE (d). NONE
14.5.14. (a). NONE
(b). NONE
(c). NONE
(d). (0,0)
14.5.15. (a). 3 14.5.16. (a). 22
(b). (0,1) (b). (& =)

(c). 3 (c). —12
0. 5) (d). (~1,1)
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15 - Multiple Integration
15.1 - Iterated Integrals and Area

15.1 - Exercises
Terms and Concepts

15.1.2. iterated integration
15.1.3. curve to curve, then from point to point
15.1.4. area

Problems

15.1.5.
(a) 1822 4422 — 117

(b) —108
15.1.7.

(@) z%/2 — 2% + 22— 3/2

(b) 23/15
15.1.9.

(a) sinZ(y)
(b) /2
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15.1.6.
(a) 2+ 7% cos(y)

(b) ™2+ 7
15.1.8.

(a) ¥
(b) £
15.1.10.

2
_y3+%

T
(@) %

) 1in(3)

15.3 - Double Integration with Polar Coordinates

15.3 - Exercises

Problems

15.3.3. 47
15.38. T

15.3.12. 128

15.5 - Surface Area
15.5 - Exercises

Problems

1 + cos?(x) cos?(y) + sin*(z) sin*(y) dedy g4 — /3 /
-3

15.3.5. 167

15.5.8.

Vo—a? 472 + 4y
g drdy

Vo= (1422 +y?)

Polar offers simpler bounds:

27 3 4,),,2
A= 1+ ——drdf
9 / / RS
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15.5.9. SA =

11
/ / V14422 + 4y?2 dx dy
—1J-1

1069

15.6 - Volume Between Surfaces and Triple Integration
15.6 - Exercises

Problems

15.6.6. 52

3 pl—z/3 p2—2z/3-2y
15.6.9. dzdydx:// / dz dy dx
0

dz dx dy:
dy dz dx:
dydzdz:
dx dz dy:

drdydz:

(=)

3—3y 27238/37234
/ / dz dx dy

0 1—z/3—2/2
/ dydzdz
0

1—z/3—2/2
dydrdz

5 pl
4 2,2x

15.5.10. SA:/ / T yda

-5 Jo 14 e®?
15.6.8. 3°

3 2 p(3-3)/2
15.6.10. dz dy dx: / / dzdydx
1 Jo

3 1(37‘%)/2 2
dydzdx:// / dydzdx
1.Jo 0
17 p3-22 42
dydzdz:/ / / dydrdz
o_J1 0
2701 3222
dxdzdy:/ / / dx dz dy

o Jo_J1

1702 p3-22
drdydz: / / dxdydz
o Jo J1

\Vy2—9z2
15.6.12. dz dy dzx: / / / dzdydz
3r

y/3
dz dx dy: / / / dz dx dy
V81—9x2
dy dz dx: / / / dydz dx
2_;'_912
2/9
dydzdz: / / / dydrdz
V224922
Viy2—22
dx dz dy: / / / dxdzdy
V222
dxdydz: / / / dx dydz
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2 1 2x+4y—4
15.6.13. dzdydx:/ / / dz dy dx
! éEw/JQrﬁlu 4
dz dx dy: / / / dz dx dy
2—2y
2 2z pl
dydzdx.// / dydzdx
0 Jo z/4—x/2+1
4 2 e
dydxdz:// / dydzxdz
0 Jz/2Jz/4—x/24+1
1 4y 2
dxdzdy'// dx dz dy
o Jo z /2-2y+2

4
dx dydz: / / drdydz
0 Jz/4Jz/2—2y+2

V:/ / / dx dydz = 4/3.

0 Jz/4Jz/2—2y—2
1 pl—z? p/I—y

15.6.15. dz dy dx:/ / / dz dy dx
o Jo 0

L VI=my pVI-y
dz dx dy: / / / dzdx dy
0o Jo 0

dy dz dx:

///1zdydzdx+///1zdydzda:

dydx dz:

1—22 1—2?
/// dydxdz—l—/// dy dz dz
o Jo Jo 0 Jz Jo

dx dz dy

1 pVI-y pvI-y
dx dz dy: / / /
o Jo 0
1 p1-2? -
drxdydz: / /
o Jo

0
will vary. Neither order is particularly “hard.” The

dx dy dz Answers

order dz dy dx requires integrating a square root, so

powers can be messy; the order dy dz dx requires

two triple integrals, but each uses only polynomials.

15.6.18. I
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2 4—z? 2y
15.6.14. dz dy dx: / / dz dy dx
0

2 0
dz dx dy: / /

Tﬁ

2z+4y—4
/ dz dx dy

dydzdx/ / /
4 2/2
dydxdz// /
4— z/2
2y
dmdzdy:// /
0o Jo JoyiTy
8 4 /Aoy
dxdydz:// /
0 Jzp2J iy
2 4—2? 2y
V:/ / dzdydx = 512/15.
—2.Jo 0
15.6.16. dz dy dx:

1 3z pl—z 1 3 pl-y/3
// / dzdydx—l—/// dz dy dx
o Jo Jo 0 J3zJo
3 pry/3 pl-y/3
dzd:rdy:// / dz dy dx +
o Jo 0
3 1 1—x
// / dz dx dy
y/3
1—x 3—3z
dydzdx// / dydzdz

1 11—z 3—3z
dydzdz: / dydxrdz
0 0

03 1-y/3 pl—=z
dx dz dy: / / dx dz dy
o Jo

dy dz dx

dy dz dz

dr dzdy

drdydz

1 3—3z —z
drdydz / dxdydz
1ol 4. 0
V= / / dedydz =1
o Jo 0
15.6.20. 0

15.7 - Triple Integration with Cylindrical and Spherical Coordinates

15.7 - Exercises

Problems

02 pra 2o
15.7.11. / / / h(r, 8, 2)r dz dr df
01 T1 zZ1

15.7.19. Describes the portion of the unit ball that
resides in the first octant.

16 - Vector Analysis

w2 02 ppo
15.7.12. / / / h(p, 0, )p*sin(p) dpdd dp
$1

01 Jp1

15.7.20. Describes half of a spherical shell (i.e., y > 0)
with inner radius of 1 and outer radius of 1.1 centered
at the origin.
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16.1 - Introduction to Line Integrals
16.1 - Exercises

Terms and Concepts

16.1.1. When C'is a curve in the plane and f is a function defined over C, then [, f(s) ds describes the area under
the spatial curve that lies on f, over C.

16.1.2. The evaluation is the same. The f notation signifies that the curve C'is a closed curve, though the evaluation
is the same.

16.1.3. The variable s denotes the arc-length parameter, which is generally difficult to use. The Key Idea allows one
to parametrize a curve using another, ideally easier-to-use, parameter.

16.1.4. Answers will vary.

Problems
16.1.5. 12¢/2 16.1.6. 41/10/2
16.1.7. 407 16.1.8. 1072

16.1.9. Over the first subcurve of C, the line integral
has a value of 3/2; over the second subcurve, the line
integral has a value of 4/3. The total value of the line
integral is thus 17/6.

16.1.10. Over the first subcurve of C, the line integral
has a value of 2\/5/3; over the second subcurve, the
line integral has a value of ™ — 2. The total value of
the line integral is thus 7 + 21/2/3 — 2.

16.1.11. 16.1.12. [ tv/T + cos?t dt ~ 6.001

Jo (5t 42t +2)/(4t +1)2 4+ 1dt ~ 17.071

16.1.13. , . 16.1.14. [ (3% + 2t +5)v/0t% + 1dt ~ 15.479
o (10 — 4cos?t —sin® t)\/cos? t + 4sin” t dt ~

74.986

16.1.15. 71/26/3 16.1.16. 27

16.1.17. 873 16.1.18. 5/2

16.1.20. M = 0.237; center of mass is approximately
(0.173,0.099,0.065).

16.1.19. M = 8+v/272; center of mass is
(0,—1/(2m),87/3).

16.2 - Vector Fields
16.2 - Exercises

Terms and Concepts

16.2.1. Answers will vary. Appropriate answers include velocities of moving particles (air, water, etc.); gravitational or
electromagnetic forces.

16.2.2. Specific answers will vary, though should relate to the idea that “more of the vector field is moving into that
point than out of that point.”

16.2.3. Specific answers will vary, though should relate to the idea that the vector field is spinning clockwise at that
point.

16.2.4. No; to be incompressible, the divergence needs to be 0 everywhere, not just at one point.
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Problems

16.2.5. Correct answers should look similar to

16.2.6. Correct answers should look similar to

1072

- - 2 — —_— ¢ 2 —
- - — —_— ¢

| |

I I

-2 2 2
- - — —_— ¢
- - 2 — —_— ¢ -2

16.2.7. Correct answers should look similar to

Y

16.2.8. Correct answers should look similar to

Y

2t T 7
o ‘
T /

16.2.9. divF =1+ 2y
curl F =0

16.2.11. div F' = z cos(zy) — y sin(zy)
curl F = ycos(zy) + z sin(zy)

16.2.13. divF = 3
curl F = (—-1,-1,-1)

16.2.15. divF = 1 + 2y

curl F =0
16.2.17. div F = 2y — sin z
curl F =0

16.2.10. divF = 0
curl F =142y

16.2.12. flivﬁ = ey
curl F =0

16.2.14. div F = 22 + 2y + 22

curl F = (2y, 2z, 2)

16.2.16. div F = 2y
curlF =0

16.2.18. div F' = ATy

curl F =0


https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_02_ex_05.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_02_ex_06.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_02_ex_07.html
https://opentext.uleth.ca/apex-accelerated/generated/asymptote/img_14_02_ex_08.html
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16.3 - Line Integrals over Vector Fields

16.3 - Exercises

Terms and Concepts
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16.3.1. False. It is true for line integrals over scalar fields, though.

16.3.2. The input of F should be a point in the plane, not a two dimensional vector.

16.3.3. True.
16.3.4. False.

16.3.5. We can conclude that F is conservative.

16.3.6. By the Fundamental Theorem of Line Integrals, since F is conservative, $c F.dF = f(B) — f(A), where fis
a potential function for F and A and B are the initial and terminal points of C, respectively. Since C'is a closed curve,

A = B, and hence f(B) — f(A4) = 0.

Problems

16.3.7. 11/6. (One parametrization for C' is
7(t) = (3t,t)on 0 <t < 1.)

16.3.9. 0. (One parametrization for C'is
7(t) = (cost,sint)on 0 < ¢t < 7.)

16.3.11. 12. (One parametrization for C'is
7(t) =(1,2,3) +t(3,1,-1)on0 <t < 1.)

16.3.13. 5/6 joules. (One parametrization for C' is
7(t) = (t,tyon0 <t < 1.)
16.3.15. 24 ft-Ibs.

16.3.17.
@ f(z,y) =zy+u
(b) curl F=0.

(c) 1. (One parametrization for C'is
F(t) = (t,t —1)on0 <t < 1.)

(d) 1(with A= (0,1)and B = (1,0),
f(B)—f(A)=1)
16.3.19.

(@) f(z,y) =a"yz
(b) curl F = 0.
(c) 250.

(d) 250 (with A = (1,—1,0) and B = (5,5, 2),
f(B) — f(A) = 250.)

16.3.8. 5/3. (One parametrization for C'is
Ft) = (t,t*) on0 <t < 1)

16.3.10. 2/5. (One parametrization for C'is
7(t) = (t,t3)on —1 <t < 1.)

16.3.12. 1.

16.3.14. 13/15 joules. (One parametrization for C'is
7(t) = (t,V/tyon0 < t < 1.)
16.3.16. 24 ft-Ibs.
16.3.18.
(@) f(z,y) =2® +ay+y°
(b) curl F=o.
(c) 0.
(d) O (with A =(0,0)and B = (0,0),
f(B) - f(4)=0)
16.3.20.
@ f(z,y) =2 +y* +2°
(b) curl F=0.
(c) 0.

(d) 0 (with A = (1,0,0) and B = (1,0,0),
f(B) = f(4)=0)

16.4 - Flow, Flux, Green’s Theorem and the Divergence Theorem

16.4 - Exercises
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Terms and Concepts

16.4.1. along, across
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16.4.2. It is the measure of flow around the entirety of a closed curve C.

16.4.3. the curl of 13, orcurl F
16.4.4. the divergence of }_7", ordivE

16.4.5. curl F
16.4.6. div I

Problems

16.4.7. 12
16.4.9. —2/3

16.4.11. 1/2

16.4.13. The line integral fc F. dr, over the parabola,
is 38/3; over the line, it is —10. The total line integral
is thus 38/3 — 10 = 8/3. The double integral of

curl F = 2 over R also has value 8/3.

16.4.15. Three line integrals need to be computed to
compute ¢, F - dF. It does not matter which corner
one starts from first, but be sure to proceed around
the triangle in a counterclockwise fashion.

From (0, 0) to (2, 0), the line integral has a value
of 0. From (2, 0) to (1, 1) the integral has a value of
7/3. From (1,1) to (0, 0) the line integral has a value
of —1/3. Total value is 2.

The double integral of curl F over R also has
value 2.

16.4.17. Any choiceﬂof Fis appropriate as long as
curl ' = 1. When F = (—y/2,x/2), the integrand of
the line integral is simply 6. The area of R is 12.

16.4.19. Any choice of Fis appropriate as long as
curl F = 1. The choices of F' = (—y,0), (0,z) and
(—y/2,2/2) each lead to reasonable integrands. The
areaof Ris 16/15.

16.4.21. The line integral §,, F - i ds, over the
parabola, is —22/3; over the line, it is 10. The total
line integral is thus —22/3 + 10 = 8/3. The double
integral of div F' = 2 over R also has value 8/3.

16.4.8. 12
16.4.10. 10/3

16.4.12. 1/2

16.4.14. Both the line integral and double integral
have value of 27.

16.4.16. Two line integrals need to be computed to
compute fc F.dr. Along the parabola, the line
integral has value 25.5. Along the line, the line
integral has value —21. Together, the total value is 4.5

The double integral of curl F over R also has
value 4.5.

16.4.}8. Any choice of Fis appropriate as long as
curl F' = 1. The choices of F' = (—y,0) and (0, z)
each lead to reasonable integrands. The area of R is
4/3.

16.4.20. Any choice of Fis appropriate as long as
curl F = 1. The choice of F' = (—y /2, 2/2) leads to a
reasonable integrand after simplification. The area of
Ris 41x/10.

16.4.22. Both the line integral and double integral
have value of 0.
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16.4.23. Three line integrals need to be computed to
compute ¢, F - fi ds. It does not matter which corner
one starts from first, but be sure to proceed around
the triangle in a counterclockwise fashion.

From (0, 0) to (2, 0), the line integral has a value
of 0. From (2, 0) to (1, 1) the integral has a value of
1/3. From (1, 1) to (0, 0) the line integral has a value
of 1/3. Total value is 2/3.

The double integral of div F over R also has value
2/3.
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16.4.24. Two line integrals need to be computed to
compute fc F . iids. Along the parabola, the line
integral has value 159/20. Along the line, the line
integral has value 6. Together, the total value is
279/20.

The double integral of div F over R also has value
279/20.

16.5 - Parametrized Surfaces and Surface Area

16.5 - Exercises

Terms and Concepts

16.5.1. Answers will vary, though generally should meaningfully include terms like “two sided”.

16.5.2. Many possible answers exist; the one given by the book is the Mobius band.

Problems

16.5.3.

(@) #(u,v) = (u,v,3u?v)on -1 <u <1,
0<v<2

(b) #(u,v) = (Bvcosu + 1,3vsinu +
2,3(3vcosu + 1)%(3vsinu + 2)), on
0<u<2m0<v<l.

(©) #(u,v) = (u,v(2 — 2u), 3u?v(2 — 2u)) on
0<u,v< 1.

(d) 7(u,v) = (u,v(1 —u?),3u?v(1l — u?)) on
-1<u<1,0<v <1

16.5.5. 7(u,v) = (0,u,v) with0 <u < 2,0 <v < 1.

16.5.7. 7(u,v) = (3sinu cos v, 2 sin usin v, 4 cos u)
with)0 <u<m0<v<2m.

16.5.4.

(@) 7(u,v) = (u,v,4u+2u?)on1 < u < 4,
5<v<T.

(b) #(u,v) =
(4v cosu, 3v sinu, 16v cosu + 2(3vsinu)?), on
0<u<2m,0<v<1.

(c) 7(u,v) =
<u,u+v(4f2u),4u+2(u+v(4*2u))2>On
0<u<20<v<1.

(d) #(u,v) =
{(vcosu,vsinu, 4vcosu + 2(vsinu)?) on
0<u<2m2<wv<5h.

16.5.6. 7(u,v) = (4,0,1 —u 4+ vuy with0 < u < 1,
0<v<l.

16.5.8. Answers may vary; one solution is

7(u,v) = (veosu,v,4vsinu) with 0 < u < 27,

-1 <v <5,
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16.5.9. Answers may vary.
Forz = (3 — 2): 7(u,v) = (u,v, (3 — u)),
withl <u<3and0<wv <2.
Forz = 1: #(u,v) = (1,u,v), with 0 < u < 2,
0<v<l1
Fory = 0: #(u
1<u<3,0<w
Fory = 2: r(u,
1§u§30§v§

(u,0,v/2(3

v) =
1
v) = (u,2,v/2(3
1
v) =

(u,v,0), with1 < u < 3,

—u)), with

I/\”

—u)), with

16.5.11. Answers may vary.

For z = 2y : 7#(u,v) = (u,v(4 — u?),2v(4 — u?))

with =2 <y <2and0 < v < 1.
Fory =4 —22: 7(u,v)

with 2 <u<2and0<ov <1.
For z = 0: #(u,v) = (u,v(4 —

—2<wu<2and0<v<1.

u2),0) with

16.5.13. Answers may vary.

For 2% +y?/9 = 1: #(u,v) =
with0 <u <2mand1l <wv <3.

For z = 1: 7(u,v) = (vcosu, 3vsinu, 1) with
0<u<2rand0 <wv < 1.

For z = 3: 7(u,v) = (vcosu, 3vsin u, 3) with
0<u<2rand0<wv < 1.
16.5.15. Answers may vary.

Forz =1— 22 #(u,v) =
—1<u<land-1<wv <2

Fory = —1: #(u,v) = (u, —1,v(1 — u?)) with
—-1<u<land0<v <1,

Fory = 2: #(u,v) = (u,2,v(1 — u?)) with
—1<u<land0<v <1

For z = 0: 7(u,v) = (u,v,0) with =1 <wu <1
and -1 <o <2,

(cosu, 3sinu, v)

(u,v,1 — u?) with

16.5.17. S = 2/14.
16.5.19. S = 4/3.

16.5.21. S = [ [Z7 /02 1 4ot dudv =
(37V/37 — 1)7/6 ~ 117.319.

165.23.

S= [y [oV/Bu?=5)2+2(1 —u?)2dudv =
4/3 ~ 6.9282.

16.6 - Surface Integrals
16.6 - Exercises

= (u,4 —u?,2v(4 —u?))
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16.5.10. Answers may vary.

For z = 2z + 4y — 4: #(u,v) =
(u, 1 —u/2+uv/2,2u+ 4(1 — u/2 + uv/2) — 4),
with0<u<20<v<1.

For x = 2: 7(u,v) = (2, u, duv), with0 < u <1,
0<v<l1

Fory = 1: #(u,v) =
0<v<l1

For z = 0: 7(u,
0<u<20<v<

(u, 1, 2uv), with 0 < u < 2,

v) = (u,1 —u/2+uv/2,0), with
1

16.5.12. Answers may vary.
Fory =1— 2%
(u,v) = (u,v(1 — u?),
0<u<land0<wv <1
Fory =1 — 22 #(u,v) =
0<u<landO<wv <.
Forz = 0: 7(u,v) = (0,v(1 — u?),u) with
0<u<landO<wv <l
Fory = 0: #(u,v) = (u, 0,v) with 0 < u < 1 and
0<wv<l.
For z = 0: #(u,v) = (u,v(1 — u?
0<u<land0<ov<1.
16.5.14. Answers may vary.
Forz? +y? = (z — 1)%
(u,v) = (veosu,vsinu,1 —v) with0 < u < 27
and0 <wv <1.
For z = 0: 7"(u,v) = (vcosu,vsinu,0) with
0<u<2rand 0 <wv <1.

1 —v(1 —w?)) with

{(u,1 —u?, uv) with

), Orangle with

16.5.16. Answers may vary.
Forz =4 — 2?2 — 4y?: #(u,v) =
(2v cosu,vsinu, 4 — (2vcosu)?
0<u<2rand0<ov <1.
For z = 0: 7(u, v) = (2v cosu, v sinu, 0) with
0<u<2rand0<wv <1.

— 4(vsinu)?) with

16.5.18. S = /6/2.
16.5.20. S = 3/37.

16.5.22.
S= [ i Vor+ 4o + 4l dudv = 0.931.

16.5.24. S = fol OQF Vo2 +4vidudo =
(5v/5 — 1)7/6 ~ 5.330.
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Terms and Concepts

16.6.1. curve; surface

16.6.2. Answers will vary; in general, it means that more of the vector field passes through the surface opposite the
direction of the normal vector than in the same direction of the normal vector.

16.6.3. outside

16.6.4.
Problems
16.6.5. 240v/3 16.6.6. 407
16.6.7. 24 16.6.8. 15
16.6.9. 0 16.6.10. 0
16.6.11. —1/2 16.6.12. 7
16.6.13. 0; the flux over S; is —457 and the flux over 16.6.14. 970/8; the flux over Sy is 37/4 (use
Sy is 457 7(u,v) = {sinwucos v, sinusin v, cosu) on

/3 <u <m0 <wv<27)and the flux over Sy is
37 /8 (use

#(u,v) = (vv/3cos(u)/2,vv/3sin(u)/2,1/2) for
0<u<L2rm,0<v< 1.

16.7 - The Divergence Theorem and Stokes’ Theorem
16.7 - Exercises

Terms and Concepts

16.7.1. Answers will vary; in Section 16.4, the Divergence Theorem connects outward flux over a closed curve in the
plane to the divergence of the vector field, whereas in this section the Divergence Theorem connects outward flux
over a closed surface in space to the divergence of the vector field.

16.7.2. Divergence.

16.7.3. Curl.
16.7.4. Green’s Theorem.

Problems

16.7.5. Outward flux across the plane
z =2 —1x/2— 2y/3is 14; across the plane z = 0 the
outward flux is —8; across the planesz = 0andy =0
the outward flux is 0.

Total outward flux: 14.

[[,divFdV =
fo 8-3z/4 2 w127203 (90 4+ 2y) dz dy dx = 14.

16.7.7. Outward flux across the surface
z = zy(3 — x)(3 — y) is 252; across the plane z = 0
the outward flux is —9.
Total outward flux: 243.
[f,divFav =
JE 2 DG 19 g2 dy de = 243,

16.7.6. Outward flux across the cylinder 2% + y% = 1
is 0; across the plane z = 3 the outward flux is 3;
across the plane z = —3 the outward flux is 3.
Total outward flux: 67r
[, divEav = [77 [} [°, rdzdrdf = 6m.

16.7.8. Outward flux across the paraboloid is 1127/3;
across the disk the outward flux is 0.

Total outward flux: 1127/3.

f 1y div ﬁ v =

fo 2z+2)rdzdrd9— 1127 /3.
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16.7.9. Circulation on C: §,, F.di=n

[ (curlﬁ) -ndS = .
16.7.11. Circulation on C": The flow along the line
from (0,0, 2) to (4,0, 0) is O; from (4,0, 0) to (0, 3,0)
it is —6, and from (0, 3,0) to (0,0, 2) it is 6. The total
circulationis 0 + (—6) + 6 = 0.

[fs (curl F) - 7idS = [[,0dS = 0.

16.7.13. 128/225
16.7.15. 8192/105 ~ 78.019

16.7.17.5/3
16.7.19. 237

16.7.21. Each field has a divergence of 1; by the
Divergence Theorem, the total outward flux across S
is [/, 1dS for each field.

16.7.23. Answers will vary. Often the closed surface S
is composed of several smooth surfaces. To measure
total outward flux, this may require evaluating
multiple double integrals. Each double integral
requires the parametrization of a surface and the
computation of the cross product of partial
derivatives. One triple integral may require less work,
especially as the divergence of a vector field is
generally easy to compute.
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16.7.10. Circulation on C: §,, F.-di=m

[fs (curl F) - idS = .
16.7.12. Circulation on C': The flow along the
parabola is —32/15; the flow along the line is 4/3.
The total circulation is 4/3 — 32/15 = —4/5.

[fs (curl F) - idS = —4/5.

16.7.14. 8
16.7.16. 64/3

16.7.18. 87
16.7.20. 0

16.7.22.
(a) curl F = 1.

(b) curl F . = 1, where 7 is a unit vector normal
to S.

16.7.24. Answers will vary. Often the closed curve C'
is composed of several smooth curves. To measure
the total circulation, one may have to evaluate line
integrals along each curve. Each line integral requires
the parametrization of its curve. It may be less work
to evaluate one single double (i.e., surface) integral.



Appendix B

Quick Reference

B.1 Differentiation Formulas

List B.1.1 Derivative Rules

d d
1. %(cx) =c 5. %(u(v)) = (v)v
d !/ !/
2. —(utv)=u +wv
dz d
6. —(c)=0
3 i(uw):uvuru’v de
" dx
d u vu' —uv’ d
4, —(N= ———— 7. —(z) =1
d:c( ) v2 dx ()
List B.1.2 Derivatives of Elementary Functions
d d
1. %(x”) =na"! 10. %(tan r) = sec’ x
d
xr p— xT d
2. %(e )=e 11. @(cot:c):—cs@x
d .
3. —(@®)=Ina-a” d
dx 12. d—(cosh r) = sinhz
x

4 d (Inx) !

. —(nz) =~
d

du ‘T 13. —(sinhz) = coshz

d 11 dx
5. —(log, ) = — - —
dz Ina =z d
14. —(sechx) = —sechz tanh
d . - dx
6. —(sinz) = cosx
dz d
. 15. —(tanhz) = sech?
7. —(cosz) = —sinz dx
dz
d 6. Liescha) = hz coth
8. d—(cscx):—cscxcotx 16. ﬁ(csc x) = —cschz cothx
X
9 i(sec x) =secztanz 17 i(coth z) = —csch? z
" dx N " dx B

1079



APPENDIX B. QUICK REFERENCE 1080

List B.1.3 Derivatives of Inverse Functions

1. %(sin*1 x) = \/1%7 7. %(cosh*1 x) = x21— :
2. %(cos’1 T) = \/%7%2 8. %(sinh_1 T) = $21+ -
3. %(csc’1 x) = |$|\/Z‘127—1 9. %(sech_1 x) = 30\/%7902
4., %(sec’1 x) = Wjﬁ 10. %(csch_1 x) = ™ \/_114—7902
5. %(tan’1 x) = 1—&—#332 11. %(tanh_1 x) = 1%552
6. %(cot’1 z) = . 122 12. %(coth_1 r) = 1_71332
B.2 Integration Formulas
List B.2.1 Basic Rules
1./c-f(x)da::c/f(ac)dx 3./Od;v:C
2. /(f(x)ig(x))dx:/f(x)dxi/g(x)dm 4. /1dm=x+C’
List B.2.2 Integrals of Elementary (non-Trig) Functions
1./exdx=ex+C 4./%dx:|n|x\+0
2./Ina:da:=x|na:—x—|—0 5. /xndxzix"HJrC’n#fl
n+1

1
3. /amdl‘:maz‘FO

List B.2.3 Integrals Involving Trigonometric Functions
1. /cosxdm =sinz+C
2. /sinxdaz =—cosz+C
3. /tan:cdx = —In|cosz| + C

secxdx = In|secx +tanz| + C

5. /cscxda: = —In|cscz + cotz| + C
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6. /cotxd:c:In|sinx\+C’
7. /secQ:cd:c:tanx—kC

8. /cch:cdx:—cotaH—C
secrtanz dr =secx + C
10.

cscxcotrdr = —cscx +C

12.

1
11. /coszxdx = %z + Zsin (2z) + C
/ 1

1
13. /ﬁdx: Ztan~! (E) rC
T+ a a a

List B.2.4 Integrals Involving Hyperbolic Functions

1. /coshxdm =sinhz + C
2. /sinhxdm = coshx + C
3. /tanh;z:d:z: = In(coshz) + C

4. /cothxdm =In|sinhz| 4+ C

1
5. 7dx:|n‘x+\/x2—a2’—|—6'
/\/:102—(12
1
6. 7dlen‘x+\/w2+a2’+0
/\/x2+a2
1 1 a+x
1 1 T
8. ——dr=-In| ———— | + C
/x\/aQ—xQ a (a+\/a2—x2>
9/ L L2 |ic
' V2 4 a? a |a+vVz2+a?
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B.3 Trigonometry Reference

The Unit Circle.

B.3.1 Definitions of the Trigonometric Functions

Unit Circle Definition.

Y sind=y cosf ==z
A
1 1
0=~ 0=—
(:U,y) csc " sec -
|
| _Y _Z
y: \9 tand . cotd "
|

A
4
8
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Right Triangle Definition.

9)iIsoddQ

Adjacent

o
sinf = —
H
A
cosf = —
H
o
tanf = —
A

csch =

secl =

cotf =

ol>» >»IxT O|lT

B.3.2 Common Trigonometric Identities

1. sinz+cos’x =1

2. tan’z + 1 =sec’z 2.

3. 1+ cot?z =csc®z

List B.3.1 Pythagorean Identities

3.

cos 2z = cos’ x — sin’ z

1. sin2x = 2sinxz cosx

=2cos’z — 1
=1-2sin’z
2tanx
tan2r = ————
1—tan“z

List B.3.2 Double Angle Formulas

5. sec

in(5 ) :
1. sin|= —x) =cosx
2
2.
™
2. cos (— —w) =sinx
2 3
s
3. tan (5 —a:) =cotzx 4
m 5.
4, csc(i—x =secx
6
(E
2

. sin(—z) = —sinx

cos(—x) = cos x

tan(—z) = —tanz
. ¢sc(—x) = —cscx
sec(—x) = secx
. cot(—z) = —cotx

List B.3.4 Even/Odd Identities

™

6. cot (— — x) =tanz
2

List B.3.3 Cofunction Identities
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) 1 — cos2x —
1. sinfz = ——— 1. sinz +siny = 2sin Tty cos [ Y
2 2 2
14 cos?2
2. cos?y = LT OS2 . N T4y
2 2. sinz —siny = 2sin — cos 5
9 1—cos2z
.tan"x = ———— 3. cosz + cosy =
1+ cos2x
r+vy r—y
2 cos (2) cos (2)
List B.3.5 Power-Reducing Formulas

4. cosx — cosy =
(Y . (T—Y
—=2sin|{ —— ) sin | ——
() (72")

List B.3.6 Sum to Product Formulas

List B.3.7 Product to Sum Formulas

1
1. sinzsiny = g(cos(x —y) —cos(z +y))

2. coszcosy = - (cos(z — y) + cos(z + y))

3. sinzcosy = = (sin(z + y) + sin(z — y))

1
2
1
2
List B.3.8 Angle Sum/Difference Formulas
1. sin(xz £ y) = sinxz cosy + cos x siny

2. cos(x +y) = cosxzcosy Fsinzsiny

3. tan(z + 1) tanz L+ tany
. x ==
4 1Ftanxtany

B.4 Areas and Volumes

Triangles | Right Circular Cone
. ¢ I 19
h=asinf h, a Volume = 37rh
1
Area = Lbh , 0 Surface  Area =
b 7ry/r2 + h? + nr?

Law of Cosines:

= a®+b*>—2abcos b

Parallelograms Right Circular Cylinder
Area = bh Volume = 712 h
b Surface Area = 2mrh + h

2mr?
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Trapezoids

Area=1(a+b)h

-

Sphere

Volume = 377®

Surface Area =472

b

Circles General Cone

Area = 772 Area of Base = A

Circumference = 27r Volume = %Ah
Sectors of Circles General Right Cylinder

0 in radians S Areaof Base= A

Area = 10r? Volume = Ah

0 h
s=rl ¢
r

B.5 Algebra

Factors and Zeros of Polynomials.

Let p(z) = apa™ + ap_12"" ' + -+ + a1z + ap be a polynomial. If p(a) = 0, then a is a zero of the
polynomial and a solution of the equation p(z) = 0. Furthermore, (z — a) is a factor of the polynomial.

Fundamental Theorem of Algebra.

An nth degree polynomial has n (not necessarily distinct) zeros. Although all of these zeros may be imagi-
nary, a real polynomial of odd degree must have at least one real zero.

Quadratic Formula.

If p(x) = ax® + bz + ¢, and 0 < b? — dac, then the real zeros of p are z = (—b £ Vb2 — 4ac) /2a

Special Factors.

2?2 —a® = (z — a)(z + a)

23 —a® = (z — a)(2? + az + a?)
23+ ad = (z+a)(z? — azx + a?)
zt —a* = (2% — a?)(2? + d?)
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n(n—1
(z+y)" =a" + na" 1y+7( 51 )x” 22 4y 4y
nn—1) , n -
(z—y)" =2" — nz™ 1y+7( 51 )x 22 — k"l Fy

Binomial Theorem.

(z+y)? =2+ 22y + ¢

(z—y)® =2 - 22y + ¢

(z +y)® = 2% + 322y + 3zy? + o3

(z —y)® = 2° = 2%y + 3ay® — ¢°

(x +y)?* = 2* + 423y + 622y% + 4oy + o2
(x —y)* = z* — 423y + 622y% — day® + o2

Rational Zero Theorem.

If p(z) = ana™ + ap_12" "1 + -+ + a1 + ag has integer coefficients, then every rational zero of p is
of the form x = r /s, where r is a factor of ag and s is a factor of a,.

Factoring by Grouping.
acr? + adz? + bex + bd = ax?*(cx + d) + b(cx + d) = (az? + b)(cx + d)

Arithmetic Operations.

ab+ac=a(b+c)

() _

(f) b/ \ e be c  be () 7
d
(0)-% =S =
Exponents and Radicals.
a® = 1,a#0 (ab)® = a™b” a®aV = gty Va = al/?
== Wab= Yaib (@)Y = o /2 - g
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B.6 Additional Formulas

Summation Formulas:.

Trapezoidal Rule:.

b
[ @) do = SE[1(0) + 27(e1) +26(02) + -+ 2 (@nr) + S o)
(b —ay

. 1
with Error < ~—o—— [max|f" (z)|]

Simpson’s Rule:.

b
[ @) do ~ SE[1(0) + 47 (1) + 2f(22) + 41 (3) + -+ + 2f(0-2) + 4] (Bn-1) + F(zn)]

(b—a)

with Error < ——
180n4

[max‘f(‘l)(m)“

Arc Length:.

b
L:/ V14 f'(x)?dx

Surface of Revolution:.

b
27r/ f@)\/1+ f/(x)%dx

(where f(x) > 0)

b
S:27T/ x\/1+ f/(x)?dx

(where a,b > 0)

Work Done by a Variable Force:.

W = /abF(z)dx
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Force Exerted by a Fluid:.

Taylor Series Expansion for f(z):.

f "¢ f (n) c .
po@) = 1@+ 1@~ + 5@ —ep 1 LD gy
Maclaurin Series Expansion for f(x), where ¢ = 0:.
an "o (n)
2! 3! n!
B.7 Summary of Tests for Series
Table B.7.1
Test Series Condition(s) of CQndlhon(s) of Comment
Convergence Divergence
nth-Term Z a lim a, 0 Cannot be used to show
— n—00 convergence.
Geometric Series Zr" Ir] <1 |r] > 1 Sum = 1
n=0 L—r
Telescoping Series z:l (b, — brta) nILmOO b, =1L sum — (Z bn> iy
n= n=1
-Series i L >1 <1
p — (an + b)p p p=
no_o =
dn o0 ayn, = a(n) must be
Integral Test On a(n) / a(n) dn diverges .
nz::o bnverges . (n) 8 continuous
Direct Comparison Z a Z b,, converges and Z b, diverges and
n=0 n=0
n=0 Ogangbn Ogbngan
> b,, converges and b,, diverges and i i
Limit Comparison Z an, Z Vere Z Vers AI'so dtllverges if
n=0 n=0 lim =00
n=0 lim ¢= >0 lim 7= >0 n—oo Un
n—oo “n n—oo on
[ee]
Ratio Test Z an lim 2t g lim 2t o g {a,,} must be positive
o n—oo QA n—0o0 QA
Also diverges if lim “22 = oo
n—,oo n
Root Test Z an lim (an)l/n <1 lim (an)l/n >1 {a,} must be positive
n—0 n—oo n—oo

Also diverges if

lim (a,)Y" =
n—o
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1,459
Absolute Convergence Theorem,
513

absolute maximum, 131
absolute minimum, 131
Absolute Value Theorem, 464
acceleration, 80, 717
accumulated error

using Euler’s method, 431
Alternating Harmonic Series, 483,

512,524

Alternating Series Test, 508
an, 734, 745
analytic function, 532
angle of elevation, 722
antiderivative, 222

of vector-valued function, 712
approximation

linear, 194

tangent line, 194
arc length, 396, 571, 595, 714, 739
arc length parameter, 739, 741
asymptote

horizontal, 53

vertical, 52
ar, 734,745
average rate of change, 703
average value of a function, 833
average value of function, 268
average velocity, 7

bacterial growth, 449
Binomial Series, 532
Bisection Method, 45
boundary point, 609
bounded

interval, 40
bounded sequence, 466

convergence, 467
bounded set, 609

1089

carrying capacity, 429
center of mass, 848, 849, 851, 852,
880
Chain Rule, 104
multivariable, 759, 762
notation, 110
chain rule
as matrix multiplication, 802
change of variables, 898
circle of curvature, 743
circulation, 950
closed, 609
closed disk, 609
concave down, 154
concave up, 154
concavity, 154, 569
inflection point, 156
test for, 156
conic sections, 543
degenerate, 543
ellipse, 546
hyperbola, 549
parabola, 543
connected, 944
simply, 945
conservative field, 945, 946, 948
Constant Multiple Rule
of derivatives, 87
of integration, 226
of series, 482
constrained optimization, 791
continuity
of exponential functions, 20
of logarithmic functions, 20
of polynomial functions, 19
of rational functions, 19
of trigonometric functions, 20
continuous
at a point, 39
everywhere, 39
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on an interval, 39
continuous function, 39, 614
properties, 42, 615
vector-valued, 706
continuously differentiable, 751
contour lines, 603
convergence
absolute, 512, 513
Alternating Series Test, 508
conditional, 512
Direct Comparison Test, 493
for integration, 361
Integral Test, 490
interval of, 519
Limit Comparison Test, 495
for integration, 362
nth-term test, 485
of geometric series, 477
of improper int., 356, 361,
362
of monotonic sequences, 470
of p-series, 479
of power series, 519
of sequence, 462, 467
of series, 474
radius of, 519
Ratio Comparison Test, 501
Root Comparison Test, 503
coordinates
cylindrical, 886
polar, 576
spherical, 889
critical number, 133
critical point, 133, 787, 789
critical value
of a function of two variables,
807
cross product
and derivatives, 709
applications, 675
area of parallelogram, 676
torque, 678
volume of parallelepiped,
678
definition, 672
properties, 674
curl, 934
of conservative fields, 948
curvature, 741
and motion, 745
equations for, 742
of circle, 743
radius of, 743
curve

1090

parametrically defined, 556
rectangular equation, 556
smooth, 562

curve sketching, 163

cusp, 562

cycloid, 702

cylinder, 634

cylindrical coordinates, 886

decreasing function, 146
finding intervals, 147
definite integral, 233
and substitution, 298
of vector-valued function, 712
properties, 234
del operator, 933
derivative
acceleration, 80
as a function, 68
at a point, 64
basic rules, 85
Chain Rule, 104, 110, 759, 762
Constant Multiple Rule, 87
Constant Rule, 85
differential, 194
directional, 768, 769, 771, 774
exponential functions, 110
First Deriv. Test, 149
general, 801
Generalized Power Rule, 105
higher order, 88
interpretation, 89
hyperbolic funct., 307
implicit, 113, 763
interpretation, 78
inverse function, 124
inverse hyper., 311
inverse trig., 127
logarithmic, 119
Mean Value Theorem, 141
mixed partial, 623
motion, 80
multivariable differentiability,
750, 755
normal line, 66
notation, 68, 88
parametric equations, 566
partial, 618, 626
Power Rule, 85, 99, 118
power series, 522
Product Rule, 93
Quotient Rule, 96
Second Deriv. Test, 159
Sum/Difference Rule, 86
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tangent line, 64
trigonometric functions, 97
vector-valued functions, 707,
709
velocity, 80
difference quotient, 7
differentiability
functions of several variables,
799
differentiable, 64, 750, 755
general functions, 797
on a closed interval, 73
differential, 194
notation, 194
differential equation
definition, 423
first order linear, 441
general solution, 424
graphical solution, 427
implicit soution, 426
integrating factor, 442
logistic, 428, 452
modeling, 449
numerical solution, 429
order of, 423
particular solution, 424
separable, 435
Direct Comparison Test
for integration, 361
for series, 493
direction field, see slope field
directional derivative, 768, 769,
771,774
directrix, 543, 634
discontinuity
infinite, 43
jump, 43
removable, 43
Disk Method, 377
displacement, 262, 702, 714
distance
between lines, 687
between point and line, 687
between point and plane, 695
between points in space, 632
traveled, 724
divergence, 933, 934
Alternating Series Test, 508
Direct Comparison Test, 493
for integration, 361
Integral Test, 490
Limit Comparison Test, 495
for integration, 362
nth-term test, 485
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of geometric series, 477
of improper int., 356, 361,
362

of p-series, 479

of sequence, 462

of series, 474

Ratio Comparison Test, 501

Root Comparison Test, 503
Divergence Theorem

in space, 979

in the plane, 956
dot product

and derivatives, 709

definition, 660

properties, 660, 661
double integral, 827, 828

in polar, 838

properties, 830

eccentricity, 548, 550
elementary function, 272
ellipse
definition, 546
eccentricity, 548
parametric equations, 561
reflective property, 548
standard equation, 546
Euler’s Method, 430
Euler’s method
accumulated error, 431
everywhere continuous, 39
exponential function
continuity of, 20
extrema
absolute, 131, 787
and First Deriv. Test, 149
and Second Deriv. Test, 159
finding, 134
relative, 132, 787
Extreme Value Theorem, 132, 791
extreme values, 131

factorial, 459
First Derivative Test, 149
first octant, 632
floor function, 39
flow, 950, 951
fluid pressure/force, 415, 416
flux, 950, 951, 973, 974
focus, 543, 546, 549
Fubini’s Theorem, 828
function
continuous, 39
floor, 39
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of three variables, 605
of two variables, 601
vector-valued, 699
Fundamental Theorem of Calculus,
259, 260
and Chain Rule, 264
Fundamental Theorem of Line
Integrals, 944, 946

Gabriel's Horn, 401
Gauss’s Law, 982
general solution

of a differential equation, 424
Generalized Power Rule, 105
geometric series, 476, 477
gradient, 769, 771, 774, 784

and level curves, 771

and level surfaces, 784
Green’s Theorem, 953, 954

half life, 457
Harmonic Series, 483
Head To Tail Rule, 650
Hooke's Law, 408
hyperbola
definition, 549
eccentricity, 550
parametric equations, 561
reflective property, 551
standard equation, 549
hyperbolic function
definition, 304
derivatives, 307
identities, 307
integrals, 307
inverse, 309
derivative, 311
integration, 312
logarithmic def., 310

image

of a point, 900

of a subset, 900
implicit differentiation, 113, 763
improper integration, 356, 359
incompressible vector field, 933
increasing function, 146

finding intervals, 147
indefinite integral, 222

of vector-valued function, 712
indeterminate form, 3, 52, 215,

217

inflection point, 156
initial condition, 424
initial point, 647
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initial value problem, 227
for differential equations, 424
Integral Test, 490
integration
arc length, 396
area, 233, 820
area between curves, 265,
368
average value, 268
by parts, 319
by substitution, 287
definite, 233
and substitution, 298
properties, 234
Riemann Sums, 254
displacement, 262
distance traveled, 724
double, 827
fluid force, 415, 416
Fun. Thm. of Calc., 259, 260
general application technique,
366
hyperbolic funct., 307
improper, 356, 359, 361, 362
indefinite, 222
inverse hyperbolic, 312
iterated, 819
Mean Value Theorem, 267
multiple, 819
notation, 223, 233, 260, 819
numerical, 272
Left/Right Hand Rule, 272,
280
Simpson’s Rule, 278, 280,
281
Trapezoidal Rule, 275, 280,
281
of multivariable functions,
817
of power series, 522
of trig. functions, 292
of trig. powers, 329, 333
of vector-valued function, 712
of vector-valued functions,
712
partial fraction decomp., 348
Power Rule, 226
Sum/Difference Rule, 226
surface area, 399, 572, 596
trig. subst., 340
triple, 866, 877, 879
volume
cross-sectional area, 376
Disk Method, 377
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Shell Method, 387, 391
Washer Method, 380, 391
with cylindrical coordinates,
887
with spherical coordinates,
891
work, 405
interior point, 609
Intermediate Value Theorem, 44
interval of convergence, 519
inverse
of a transformation, 911
iterated integration, 819, 827, 828,
866, 877,879
changing order, 822
properties, 830, 872

Jacobian
of a transformation, 902
Jacobian matrix, 801

I’Hospital’s Rule
infinity over infinity, 214
zero over zero, 213
Lagrange multipliers, 806
lamina, 845
Left Hand Rule, 243, 247, 272
Left/Right Hand Rule, 280
level curves, 603, 771
level surface, 606, 784
limit
Absolute Value Theorem, 464
at infinity, 53
definition, 11
difference quotient, 7
does not exist, 5, 32
indeterminate form, 3, 24, 52,
215, 217
I'Hospital’s Rule, 213, 214
left-handed, 30
of exponential functions, 20
of infinity, 50
of logarithmic functions, 20
of multivariable function, 610,
611, 616
of polynomial functions, 19
of rational functions, 19
of sequence, 462
of trigonometric functions, 20
of vector-valued functions,
705
one-sided, 30
properties, 18, 611
pseudo-definition, 3
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right-handed, 30
Squeeze Theorem, 22
Limit Comparison Test
for integration, 362
for series, 495
line integral
Fundamental Theorem, 944,
946
over scalar field, 922, 923,
940
over vector field, 941
path independent, 945, 946
properties over a scalar field,
927
properties over a vector field,
943
linear function, 797
linearization, 194, 796
functions of several variables,
798
lines, 682
distances between, 687
equations for, 683
intersecting, 684
parallel, 684
skew, 684
logarithmic differentiation, 119
logarithmic function
continuity of, 20

Maclaurin Polynomial
definition, 203
Maclaurin Polynomial | see{Taylor
Polynomial}, 203
Maclaurin Series
definition, 529
Maclaurin Series|see{Taylor
Series}, 529
magnitude of vector, 647
mass, 845, 846, 880, 927
center of, 848, 927
matrix
Jacobian, 801
maximum
absolute, 131, 787
and First Deriv. Test, 149
and Second Deriv. Test, 159
relative/local, 132, 787, 790
Mean Value Theorem
of differentiation, 141
of integration, 267
Midpoint Rule, 243, 247
minimum
absolute, 131, 787
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and First Deriv. Test, 149, 159
relative/local, 132, 787, 790
moment, 850, 852, 880
monotonic sequence, 467
multi-index notation, 813
multiple integration | seef{iterated
integration}, 819
multivariable function, 601, 605
continuity, 614-616, 751, 756
differentiability, 750, 751,
755,756
domain, 601, 605
level curves, 603
level surface, 606
limit, 610, 611, 616
range, 601, 605
Mobius band, 960

Newton'’s Law of Cooling, 450
Newton’s Method, 172
norm, 647
normal line, 66, 566, 780
normal vector, 691
nth-term test, 485
numerical integration, 272
Left/Right Hand Rule, 272,
280
Simpson’s Rule, 278, 280
error bounds, 281
Trapezoidal Rule, 275, 280
error bounds, 281

octant
first, 632
one to one, 960
one-to-one, 900
onto, 900
open, 609
open ball, 616
open disk, 609
optimization, 186
constrained, 791
with Lagrange multipliers, 806
order
of a differential equation, 423
orientable, 960
orientation, 906
orthogonal, 663, 780
decomposition, 667
orthogonal decomposition of
vectors, 667
orthogonal projection, 665
osculating circle, 743
outer unit normal vector, 979

1094

p-series, 479
parabola
definition, 543
general equation, 544
reflective property, 545
parallel vectors, 653
Parallelogram Law, 650
parametric equations
arc length, 571
concavity, 569
definition, 556
. e d2
finding 5%, 569
finding 2, 566
normal line, 566
of a surface, 960
surface area, 572
tangent line, 566
parametrized surface, 960
partial derivative, 618, 626
high order, 627
meaning, 620
mixed, 623
second derivative, 623
total differential, 749, 755
partition, 249
size of, 249
path independent, 945, 946
perpendicular | see{orthogonal},
663
piecewise smooth curve, 926
planes
coordinate plane, 633
distance between point and
plane, 695
equations of, 691
introduction, 633
normal vector, 691
tangent, 783
point of inflection, 156
polar
coordinates, 576
function
arc length, 595
gallery of graphs, 582
surface area, 596
functions, 579
area, 592
area between curves, 594
finding %, 590
graphing, 579
polar coordinates, 576
plotting points, 576
polynomial function
continuity of, 19
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potential function, 938, 946
Power Rule
differentiation, 85, 93, 99, 118
integration, 226
power series, 518
algebra of, 534
convergence, 519
derivatives and integrals, 522
projectile motion, 722, 735

quadric surface
definition, 638
ellipsoid, 640
elliptic cone, 640
elliptic paraboloid, 639
gallery, 639, 641
hyperbolic paraboloid, 641
hyperboloid of one sheet, 640
hyperboloid of two sheets,

641

sphere, 640
trace, 638

Quotient Rule, 96

R, 647
radius of convergence, 519
radius of curvature, 743
Ratio Comparison Test
for series, 501
rational function
continuity of, 19
rearrangements of series, 513
reduction formula
trigonometric integral, 336
regular value, 807
Related Rates, 177
related rates, 177
Riemann Sum, 243, 246, 249
and definite integral, 254
Right Hand Rule, 243, 247, 272
right hand rule
of Cartesian coordinates, 631
of the cross product, 675
Rolle’s Theorem, 141
Root Comparison Test
for series, 503

saddle point, 789, 790
Second Derivative Test, 159, 790
sensitivity analysis, 754
separation of variables, 435
sequence
Absolute Value Theorem, 464
positive, 493
sequences
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boundedness, 466
convergent, 462, 467, 470
definition, 459
divergent, 462
limit, 462
limit properties, 465
monotonic, 467
series
absolute convergence, 512
Absolute Convergence
Theorem, 513
alternating, 508
Approximation Theorem,
510
Alternating Series Test, 508
Binomial, 532
conditional convergence, 512
convergent, 474
definition, 474
Direct Comparison Test, 493
divergent, 474
geometric, 476, 477
Integral Test, 490
interval of convergence, 519
Limit Comparison Test, 495
Maclaurin, 529
nth-term test, 485
p-series, 479
partial sums, 474
power, 518, 519
derivatives and integrals,
522
properties, 482
radius of convergence, 519
Ratio Comparison Test, 501
rearrangements, 513
Root Comparison Test, 503
Taylor, 529
telescoping, 480
Shell Method, 387, 391
signed area, 233
signed volume, 827, 828
simple curve, 945
simply connected, 945
Simpson’s Rule, 278, 280
error bounds, 281
slope field, 428
smooth, 709
curve, 562
surface, 960
smooth curve
piecewise, 926
speed, 717
sphere, 632
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spherical coordinates, 889
Squeeze Theorem, 22
Stokes’ Theorem, 984
Sum/Difference Rule
of derivatives, 86
of integration, 226
of series, 482
summation
notation, 244
properties, 246
surface, 960
smooth, 960
surface area, 858
of parametrized surface, 966,
967
solid of revolution, 399, 572,
596
surface integral, 972
surface of revolution, 636, 637

tangent line, 64, 566, 590, 708
directional, 778
tangent plane, 622, 783
to a graph, 622
Taylor polynimial
of several variables, 813
Taylor Polynomial
definition, 203
Taylor’s Theorem, 206
Taylor Series
common series, 534
definition, 529
equality with generating
function, 531
Taylor’s Theorem, 206
in several variables, 813
telescoping series, 480
terminal point, 647
theorem
Intermediate Value, 44
torque, 678
total differential, 749, 755
sensitivity analysis, 754
total signed area, 233
trace, 638
transformation, 898, 904
Trapezoidal Rule, 275, 280
error bounds, 281
trigonometric function
continuity of, 20
triple integral, 866, 877, 879
properties, 872

unbounded sequence, 466
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unbounded set, 609

unit normal vector
an, 734
and acceleration, 733, 734
and curvature, 745
definition, 731
in R?, 733

unit tangent vector
and acceleration, 733, 734
and curvature, 741, 745
ar, 734
definition, 730
in R2, 733

unit vector, 651
properties, 653
standard unit vector, 654
unit normal vector, 731
unit tangent vector, 730

vector field, 931
conservative, 945, 946
curl of, 934
divergence of, 933, 934
over vector field, 941
potential function of, 938, 946

vector-valued function
algebra of, 701
arc length, 714
average rate of change, 703
continuity, 706
definition, 699
derivatives, 707, 709
describing motion, 717
displacement, 702
distance traveled, 724
graphing, 699
integration, 712
limits, 705
of constant length, 711, 721,

722,731
projectile motion, 722
smooth, 709
tangent line, 708

vectors, 647
algebra of, 649
algebraic properties, 651
component form, 648
cross product, 672, 674
definition, 647
dot product, 660, 661
Head To Tail Rule, 650
magnitude, 647
norm, 647
normal vector, 691
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orthogonal, 663

orthogonal decomposition,
667

orthogonal projection, 665

parallel, 653

Parallelogram Law, 650

resultant, 650

standard unit vector, 654
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unit vector, 651, 653

zero vector, 650
velocity, 80, 717

average velocity, 7
volume, 827, 828, 864

Washer Method, 380, 391
work, 405, 669
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