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Chapter 1

The Real and Complex Numbers

We begin with some basic set theory terminology that may pop up from time to
time, followed by a reminder on the rules for arithmetic with real numbers, and
a tour of the Cartesian coordinate plane. Students who are already comfortable
with these topics can feel free to jump ahead to Section 1.4, where we introduce
the complex numbers.

1.1 Some Basic Set Theory Notions

Definition 1.1.1 Set.

A set is a well-defined collection of objects which are called the “ele-
ments” of the set. Here, “well-defined” means that it is possible to de-
termine if something belongs to the collection or not, without prejudice.

For example, the collection of letters that make up the word “pronghorns”
is well-defined and is a set, but the collection of the worst math teachers in the
world is not well-defined, and so is not a set. In general, there are three ways to
describe sets.

One thing that student evalua-
tions teach us is that any given
Mathematics instructor can be si-
multaneously the best and worst
teacher ever, depending on who
1. The Verbal Method: Use a sentence to define a set. is completing the evaluation.

Key Idea 1.1.2 Ways to Describe Sets.

2. The Roster Method: Begin with a left brace “{”, list each element
of the set only once and then end with a right brace “}".

3. The Set-Builder Method: A combination of the verbal and roster
methods using a “dummy variable” such as .

For example, let S be the set described verbally as the set of letters that
make up the word “pronghorns”. Aroster description of S would be {p, r,0,n, g, h, s}.
Note that we listed “r”, “0”, and “n” only once, even though they appear twice in
“pronghorns.” Also, the order of the elements doesn’t matter, so {o, n, p,, g, s, h}
is also a roster description of S. A set-builder description of S is:

{z |z is a letter in the word pronghorns}.

The way to read this is: “The set of elements x such that x is a letter in the
word ‘pronghorns.’”” We define to sets to be equal if they have exactly the same



The notation z € A can be read
as“xisin A”, or “xis an element
of A”, or “x belongs to A”, with
similar readings for © ¢ A.
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elements, and denote this using the familiar equals sign “=". Thus, we may
write S = {p,r,0,n,g,h,s} or S = {x|zis a letter in the word pronghorns}.
Clearly r is an element of S and ¢ is not an element S. We express these senti-
ments mathematically by writingr € Sand ¢ ¢ S.

More precisely, we have the following.

Definition 1.1.3 Notation for set inclusion.

Let A be a set.

® |f zis an element of A then we write z € A, which isread “z is in
A",

® If z is not an element of A then we write z ¢ A, which is read “x
isnotin A"

Now let’s consider the set
C = {x | z is a consonant in the word “pronghorns’}.

A roster description of C'is C = {p,r,n, g, h,s}. Note that by construction,
every element of C'is also in .S. We express this relationship by stating that the
set C'is a subset of the set .S, which is written in symbols as C C S. The more
formal definition is given below.

Definition 1.1.4 Subset.

Given sets A and B, we say that the set A is a subset of the set B and
write “A C B” if every element in A is also an element of B.

Note that in our example above C' C S, but not vice-versa, since o € S but
o ¢ C. Additionally, the set of vowels V' = {a, e, %, 0, u}, while it does have an
element in common with S, is not a subset of S. (As an added note, S is not a
subset of V, either.) We could, however, build a set which contains both S and
V' as subsets by gathering all of the elements in both S and V' together into a
single set, say U = {p,r,0,n,g,h,s,a,e,i,u}. Then S C U andV C U. The
set U we have built is called the union of the sets .S and V and is denoted SU V.
Furthermore, S and V' aren’t completely different sets since they both contain
the letter “0.” (Since the word “different” could be ambiguous, mathematicians
use the word disjoint to refer to two sets that have no elements in common.)
The intersection of two sets is the set of elements (if any) the two sets have in
common. In this case, the intersection of S and V' is {o}, written SNV = {o}.
We formalize these ideas below.

Definition 1.1.5 Intersection and Union.
Suppose A and B are sets.
® The intersection of Aand Bis ANB = {z|z € Aand x € B}.

® Theunionof Aand Bis AUB = {z|x € Aor x € B (or both)}.

The key words in Definition 1.1.5 to focus on are the conjunctions: “intersec-
tion” corresponds to “and” meaning the elements have to be in both sets to be
in the intersection, whereas “union” corresponds to “or” meaning the elements
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have to be in one set, or the other set (or both). In other words, to belong to
the union of two sets an element must belong to at least one of them.

Returning to the sets C' and V above, CUV = {p,r,n, g, h,s,a,e,i,0,u}.
When it comes to their intersection, however, we run into a bit of notational
awkwardness since C and V' have no elements in common. While we could
write C NV = {}, this sort of thing happens often enough that we give the set
with no elements a name.

Definition 1.1.6 Empty set.

The Empty Set () is the set which contains no elements. That is,

0={}={e]z#a}.

As promised, the empty set is the set containing no elements since no matter
what “z” is, “x = x.” Like the number “0,” the empty set plays a vital role in
mathematics. We introduce it here more as a symbol of convenience as opposed
to a contrivance.

Using this new bit of notation, we have for the sets C' and V' above that
C NV = (. A nice way to visualize relationships between sets and set oper-
ations is to draw a Venn Diagram (en.wikipedia.org/wiki/Venn_diagram) . A
Venn Diagram for the sets .S, C and V' is drawn in Figure 1.1.7.

In Figure 1.1.7 we have three circles - one for each of the sets C, S and
V. We visualize the area enclosed by each of these circles as the elements of
each set. Here, we've spelled out the elements for definitiveness. Notice that
the circle representing the set C is completely inside the circle representing S.
This is a geometric way of showing that C' C S. Also, notice that the circles
representing S and V overlap on the letter “o”. This common region is how we
visualize S N'V. Notice that since C NV = {J, the circles which represent C and
V have no overlap whatsoever.

All of these circles lie in a rectangle labelled U (for “universal” set). A univer-
sal set contains all of the elements under discussion, so it could always be taken
as the union of all of the sets in question, or an even larger set. In this case, we
could take U = SUV or U as the set of letters in the entire alphabet. The usual
triptych of Venn Diagrams indicating generic sets A and B along with AN B and
AU Bis given in Figure 1.1.8.

(The reader may well wonder if there is an ultimate universal set which con-
tains everything. The short answer is “no”. Our definition of a set turns out to
be overly simplistic, but correcting this takes us well beyond the confines of this
course. If you want the longer answer, you can begin by reading about Russell’s
Paradox (en.wikipedia.org/wiki/Russell's_paradox) on Wikipedia.)

U 2 U

Figure 1.1.8 Venn diagrams for intersection and union

In the next section, we will review the algebraic properties of the real num-
ber system. Other properties of the real numbers (such as the order property

The full extent of the empty set’s
role will not be explored in this
text, but it is of fundamental im-
portance in Set Theory. In fact,
the empty set can be used to gen-
erate numbers - mathematicians
can create something from noth-
ing! If you're interested, read about
the von Neumann construction

of the natural numbers (en.wikipedia.
org/wiki/Natural_number\#von_
Neumann_construction).

Figure 1.1.7 A Venn diagram for C, S,
and V
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https://en.wikipedia.org/wiki/Russell's_paradox
https://en.wikipedia.org/wiki/Russell's_paradox

The set of real numbers is de-
noted usually denoted R. A care-
ful definition of R is actually quite
complicated, and even most cal-
culus classes choose not to include
it. If you want to really under-
stand what the real numbers are,
you'll need to take a course in
Real Analysis.

While it is true that ab = ba for
any pair of real numbers a and b,
there are plenty of algebraic sys-
tems where this property does
not hold. In particular, in Chap-
ter 4 we'll learn how to multiply
matrices A and B, and see that
in most cases, the matrix prod-
uct AB is not equal to the prod-
uct BA. (We'll also see that such
products are not even guaranteed
to be defined!)
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that allows us to picture the set of real numbers as a “number line”) are essen-
tial to Calculus, but not that important for Linear Algebra, so we will leave it to
other courses to handle the discussion of these topics.

1.2 Real Number Arithmetic

In this section we list the properties of real number arithmetic. We will focus
on those aspects that are most needed for linear algebra (things like the alge-
braic axioms, and working with fractions), and gloss over those that are more
calculus related (exponents, roots, etc.). In particular, since this is an algebra
textbook, we will assume that the reader has encountered the real number sys-
tem before, and omit a definition, focusing instead on the algebraic properties
of real numbers. We begin with the axioms for addition of real numbers.

Definition 1.2.1 Properties of Real Number Addition.
Closure For all real numbers @ and b, a + b is also a real
number.
Commutativity For all real numbers a and b, a + b = b + a.
Associativity For all real numbers a,band ¢,a + (b+¢) =
(a+b)+ec
Identity There is a real number “0” so that for all real
numbers a, a + 0 = a.
Inverse For all real numbers a, there is a real number
—asuch thata + (—a) = 0.
Definition of For all real numbers a and b, a — b = a+ (—b).
Subtraction

Next, we give real number multiplication a similar treatment. Recall that
we may denote the product of two real numbers a and b a variety of ways: ab,
a - b, a(b), (a)(b) and so on. We'll refrain from using a x b for real number
multiplication in this text.

Closure

Commutativity
Associativity
Identity

Inverse

Definition of
Division

Definition 1.2.2 Properties of Real Number Multiplication.

For all real numbers a and b, ab is also a real
number.

For all real numbers @ and b, ab = ba.
For all real numbers a, b and ¢, a(bc) = (ab)c.

There is a real number “1” so that for all real
numbersa,a -1 = a.

For all real numbers a # 0, there is a real num-
1 1

ber — such that a <) =1.
a a

For all real numbersaand b # 0,a+b = % =

(3)
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Definition 1.2.3 The Distributive Property and Factoring.

For all real numbers a, b and ¢:

Distributive a(b+ ¢) = ab+ acand (a + b)c = ac + be.
Property

Factoring  ab+ ac = a(b+ ¢) and ac + be = (a + b)c.

Taken together, the axioms for
addition and multiplication of real
numbers, along with the distrib-
utive property, tell us that alge-
braically, the set of real numbers
isafield (en.wikipedia.org/wiki/
Field_(mathematics)).


https://en.wikipedia.org/wiki/Field_(mathematics)
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Theorem 1.2.4 Properties of Zero.
Suppose a and b are real numbers.

The Zero Product Property dri-
ves most of the equation solving
algorithms in algebra because it
allows us to take complicated equa-
tions and reduce them to simpler
ones. For example, you may re-
call that one way to solve z2 +

Zero Product ab=0ifand onlyif a = 0 or b = 0 (or both)
Property Note: This not only says that 0 - a = 0 for
any real number a, it also says that the only
way to get an answer of “0” when multiplying
two real numbers is to have one (or both) of
the numbers be “0” in the first place.

G —0; ; Zeros in Fractions 0 1
r—6 = 0is by.factorerg the left Ifa#0,-=0-(=)=o.
hand side of this equation to get a
(z —2)(z + 3) = 0. From here, Note: The quantity% is undefined.

we apply the Zero Product Prop-
erty and set each factor equal to
zero. Thisyieldsz — 2 = 0 or
r+3=0sox=2o0rx =—3.
This type of calculation is key to
finding the eigenvalues of a ma-
trix, as we'll see in Section 7.1.

Key Idea 1.2.5 Properties of Fractions.

Suppose a, b, ¢ and d are real numbers. Assume them to be nonzero
whenever necessary; for example, when they appear in a denominator.

Identity Properties o= a and a _ 1.
1 a
Fraction Equality % = 2 if and only if ad = be.
Multiplication of @€ _ % nparticular: & o= 2.6 4¢
Fractions b d  bd ' BTV 1T
Division of Fractions a a
b

/E_ (4 _ad
d b ¢ b

a b a
In parti |:1/7:7 df/ -
n partcular b an b C

a
a/c _a 1 _a
b/ 1 b ¢ b . )

Note: A common denominator is not re-
quired to multiply or divide fractions!

Addition and a i c azxc

Subtraction of b= b b . . .
Fractions Note: A common denominator is required

to add or subtract fractions!

Equivalent Fractions a ad | a a a d ad
—=—,since - =—--1=—--—-=—.

b bd bd .

Note: The only way to change the denomi-

nator is to multiply both it and the numerator

by the same nonzero value because we are, in

essence, multiplying the fraction by 1.

“Reducing” Fractions ad a . ad a d a a
M—E,SIFICE@_E-E_E. g

In particular a—b = a since ib = Lb —

p T @ b =15

ap _a b—a  (~1)a—b]

W:I:aanda_b_ (a—bY

—1.

1=
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Key Idea 1.2.6 Properties of Negatives.

Given real numbers a and b we have the following.

Additive Inverse  —a = (—1)a and —(—a) = a.

Properties
Productsof  (—a)(—b) = ab.
Negatives
Negatives and —ab = —(ab) = (—a)b = a(-b).
Products
Negatives and . a_—a _a —a _
Fractions I:L b is nonzero, b= — and =
g.
“Distributing” —(a+b)=—-a—band—(a—b)=—a+b=
Negatives b—a.
“Factoring” —a—b=—(a+b)andb—a=—(a—0).
Negatives

Example 1.2.7 Arithmetic with fractions.

Perform the indicated operations and simplify. By “simplify” here,
we mean to have the final answer written in the form 3 where a and b
are integers which have no common factors. Said another way, we want
% in “lowest terms”.
1 6
(a) it
Solution. It may seem silly to start with an example this basic but
experience has taught us not to take much for granted. We start
by finding the lowest common denominator and then we rewrite
the fractions using that new denominator. Since 4 and 7 are rela-
tively prime, meaning they have no factors in common, the lowest
common denominatoris 4 - 7 = 28.

1 61 7 6

1 + =1 7T (Equivalent Fractions)

It’s always worth remembering
that division is the same as multi-
plication by the reciprocal. You'd
be surprised how often this comes
in handy.

We reduce fractions by “can-
celling” common factors - this is
really just reading the previous
property “from right to left”.

Caution: We may only can-
cel common factors from both nu-
merator and denominator: we

2
can cancel the twos in 3—, but
5(2)

notin

542

In this text we do not distinguish
typographically between the dashes
in the expressions “5 — 3” and
“—3" even though they are math-
ematically quite different. In the
expression “5 — 3,” the dash is a
binary operation (that is, an op-
eration requiring two numbers)
whereas in “—3", the dash is a
unary operation (that is, an op-
eration requiring only one num-
ber). You might ask, “Who cares?”
Your calculator does - that’s who!
In the text we can write —3 —
3 = —6 but that will not work
in your calculator. Instead you'd
need to type ~3 — 3 to get —6
where the first dash comes from
the “+/—" key.
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7 + 24 (Multiplication of Fractions)
28 28 P

1
2—8 (Addition of Fractions).

Theresultisin lowest terms because 31 and 28 are relatively prime
so we're done.

o 5 (5 3)
Solution. We could begin with the subtraction in parentheses,
namely 3T — I, and then subtract that result from 2. It's eas-
ier, however, to first distribute the negative across the quantity in
parentheses and then use the Associative Property to perform all
of the addition and subtraction in one step. The lowest common

denominator for all three fractions is 60.

4 4
> (7 — 7) = > - l + z (Distribute the Negative)

12 \30 3 12 30 3
5 5 47 2 7 20 . .
=—.—-—— .=+ —.— (Equivalent Fractions)
12 5 30 2 3 20
2 4 14
= j — 9* + —0 (Multiplication of Fractions)
60 60 60
71

= %0 (Addition and Subtraction of Fractions)

The numerator and denominator are relatively prime so the frac-
tion is in lowest terms and we have our final answer.

127

5 24
m1 12\ /7
(5) (=)

Solution. What we are asked to simplify in this problem is known
as a “complex” or “compound” fraction. Simply put, we have frac-
tions within a fraction. The longest division line (also called a “vin-
culum”) performs the same sort of grouping function as parenthe-

Ses:
12 7 12 7
= 5 24

=(3)G) (6)6)

The first step to simplifying a compound fraction like this one is to
see if you can simplify the little fractions inside it. There are two
ways to proceed. One is to simplify the numerator and denomi-
nator separately, and then use the fact that division is the same
thing as multiplication by the reciprocal, as follows:

27 22 7 5
5 24 5 24 24 5

= (Equivalent Fractions)

() E) (me(5) ()
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= 288/120 — 35/120 (Multiplication of fractions)
= 120/120 + 84/120 P

B 253/120

©204/120
2

= 53 liff (Division of fractions and cancellation)

120 204
253

T 2047

(Addition and subtraction of fractions)

Since 253 = 11-23 and 204 = 2-2-3-17 have no common factors
our result is in lowest terms which means we are done.

While there is nothing wrong with the above approach, we can
also use our Equivalent Fractions property to rid ourselves of the
“compound” nature of this fraction straight away. The idea is to
multiply both the numerator and denominator by the lowest com-
mon denominator of each of the “smaller” fractions - in this case,

24 -5 = 120.
12 7 12 7
(F-%) (5 -51) =
= (Equivalent Fractions)

COE) T OE)
(Z)on- ()

(1)(120) + (152) (274) (120)

12-120 7-120
_ 5 24 . .
= . 97190 (Multiply fractions)
5-24
12-24-8 7-5-24
= 3 % (Factor and cancel)
120 + 127324
CgA
(12-24) — (7-5)
120+ (12-7)
_ 288-35 253
© 120484 204
which is the same as we obtained above.
(2(2) +1)(=3—(=3)) —5(4-7)
4—2(3)
Solution. This fraction may look simpler than the one before it,
but the negative signs and parentheses mean that we shouldn’t
get complacent. Again we note that the division line here acts as
a grouping symbol. That is,

22) +1D)(=83-(=3) =54 =7 _ (22)+1)(=3—(=3)) =54 —=7))
41— 2(3) (4-2(3)) '

(d)

This means that we should simplify the numerator and denomi-
nator first, then perform the division last. We tend to what’s in

= (Distributive Property)
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parentheses first, giving multiplication priority over addition and
subtraction.

(2(2)+1)(=3—-(=3)) —5(4—-7) (44 1)(=3+3) —5(-3)
4—2(3) N 4-6
(5)(0)+15 15

-2 )

15 _ .
=-7 (Properties of Negatives).

Since 15 = 3 - 5 and 2 have no common factors, we are done.

@ (5) () - () (-53)

Solution. In this problem, we have multiplication and subtrac-
tion. Multiplication takes precedence so we perform it first. Re-
call that to multiply fractions, we do not need to obtain common
denominators; rather, we multiply the corresponding numerators
together along with the corresponding denominators. However,
when we perform the subtraction, we do need a common denom-
inator, so we will resist the temptation to cancel the fives in the
first term straight away.

(3)(5)_(4)(_12)_3-5_4-(—12) Moty ractions]
5)\13 5)\"13) 513 5.13 uttiply fractions

_ 15 —48

65 65
_5 + 4—8 (Properties of Negatives)
T 65 65 P &

15 + 48
_ Dbt (Add numerators)

65

_63
=&

Since 64 = 3 -3 - 7and 65 = 5 - 13 have no common factors, our

answer o is in lowest terms and we are done.
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1.2.1

11.

13.

15.

17.

19.

21.

23.

25.

27.

29.

31.

33.

4
3-%

-2—(-3)

5"
9

14273

3— 41

—-12 + /18
21

Ve - (024 (3 -3)

2(3)

1-(3)°
5—2+43
4—-58
2-21
(=2) — (-2) =6
(—2)2 —4
2(=5)(=5+1)"1 + (=5)*(
2(3) — (4—1)
2241
2(—3)
3-(-3)
1/32_’_42
VEB-42+(5-2)
—2-/(2)* —4(3)(-1)
2(3)
5—3
—-2—4

10.

12.

14.

16.

18.

20.

22.

24,

26.

28.

30.

32.

2 4

3 7

1—2(-3)

5(-3)+7

3 5

ST

3—1 _4—2

—(—4) + /(=42 —4()(-1)
2(1)

3v/2( 1+3(4) (3) (

2-7)¥/1- (=D +(=7(3) (1 -

(=7)7/3(-1)
5(3) — 7

2(3)2 —3(3) — 9

V12— V75

8)2/3 9— 3/2

2(4) +1)712(2)

(=
\/(\/5— 2v/5)2 +

(VIS - VB

11
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1.3

The Cartesian Plane is named in
honour of René Descartes (en.wikipedia.

org/wiki/Descartes).
y
4 4
2 4
) x
—4 -2 2 4
_2 h
—4

Figure 1.3.1 The Cartesian coordinate
plane

Usually extending off towards in-
finity is indicated by arrows, but
here, the arrows are used to in-
dicate the direction of increasing
values of x and y. Y

The names of the coordinates |
can vary depending on the con-
text of the application. If, for ex-
ample, the horizontal axis repre-

CHAPTER 1. THE REAL AND COMPLEX NUMBERS

Y

T

sented time we might choose to ~a -
call it the t-axis. The first num-

ber in the ordered pair would then

be the ¢-coordinate.

) 1

A e P(2,-4)

Figure 1.3.2 Plotting points in Cartesian coordinates

axes.

Key Idea 1.3.3 Important Facts about the Cartesian Coordinate Plane.

® (a,b) and (c, d) represent the same point in the plane if and only
ifa=candb=d.

® (z,y) lies on the z-axis if and only if y = 0.
® (z,y) lies on the y-axis if and only if x = 0.

® The origin is the point (0, 0). It is the only point common to both



https://en.wikipedia.org/wiki/Descartes
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Example 1.3.4 Plotting points in the Cartesian Plane.

10

Plot the following points: A(5,8), B(—35,3), C(-5.8,-3), ACs)

D(4.5,-1), E(5,0), F(0,5), G(—7,0), H(0,—9), 0(0,0). 5 e F(0,5)
Solution. To plot these points, we start at the origin and move to the B (,'g 3)
right if the x coordinate is positive; to the left if it is negative. Next, we =
move up if the y coordinate is positive or down if it is negative. If the -1 - D@E3-1) 1
z-coordinate is 0, we start at the origin and move along the y-axis only. C(=58,-3)
L If the y-coordinate is 0 we move along the x-axis only.

0(0,0)  E(5,0) 4

¢ H(0,-9)

—10

Figure 1.3.5 Plotting points in Exam-

ple 1.3.4
Y
4 L
Quadrant Il Quadrant |
z<0,y>0 x>0,y >0
2 L
Distance in the Plane. .
—4 —2 2 4
—9 |
Quadrant Il Quadrant IV
z<0,y<0 1 z>0,y<0

Figure 1.3.6 The four quadrants of the
Cartesian plane

o Q(21,y1) 0 Q(x1,y1)

. R Te
P(z0,y0) P(x0,y0) (z1,90)

(a) (b)
Figure 1.3.7 Distance between P and ()

Recall that the absolute value
of a real number a, denoted by
|a|, measures the distance of a
from the origin. Since we never
want a negative distance, this means
la| = aifa > 0, whileif a < 0,
|a| = —a. For example, |[4| = 4,
and |-7| = —(=7) = 7. Given
two realnumbersaand b, |a — b
measures the distance between
them.
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- distance is 4 units
,

~3.2)

xZ

-
02
.

(1,y)

3 4

Figure 1.3.11 Diagram for Exam-

ple 1.3.10
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Key Idea 1.3.8 The Distance Formula.

The distance d between the points P (z,yo) and Q (z1,y1) is:

d= \/(xl —20)” + (11 — o). (1.3.1)

Example 1.3.9 Distance between two points.

Find and simplify the distance between P(—2,3) and Q(1, —3).
Solution. Using The Distance Formula, we have

d= \/(1‘1 —20)" + (31 — yo)”
= VI (2P + (337
=v9+36
= 3V5,

so the distance is 31/5.

Example 1.3.10 Finding points at a given distance.

Find all of the points with z-coordinate 1 which are 4 units from the
point (3,2).
Solution. We shall soon see that the points we wish to find are on the
line x = 1, but for now we'll just view them as points of the form (1, y).
We require that the distance from (3, 2) to (1, y) be 4. The Distance
Formula, Equation (1.3.1), yields

d= \/($1 —20)" + (31 — %)’
4=/(1-37+(y -2
4=/44+(y—-2)?

2
42 = ( 4+ (y — 2)2) (squaring both sides)
16=4+(y—2)?

12=(y —2)
(y-2?=12
y—2= +v/12 (extracting the square root)
y=2+2V3.

We obtain two answers: (1,2 + 2v/3) and (1,2 — 21/3). The reader
is encouraged to think about why there are two answers.
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Key Idea 1.3.13 The Midpoint Formula.

The midpoint M of the line segment connecting P (xg,yo) and

Q(l'h?h)is
o+ 21 Yo+ Y1
M = .
(22 )

Example 1.3.14 Finding the midpoint of a line segment.

Find the midpoint of the line segment connecting P(—2,3) and
Q(]-v _3)

Solution. Using The Midpoint Formula, we have

M= 930+$17Z/0+y1
2 2

5(2;;1’3+§3)>(;’(2))
=(-3,0]).

The midpoint is (—1,0).

DN =

Example 1.3.15 An abstract midpoint problem.
If @ # b, prove that the line y = x equally divides the line segment
with endpoints (a, ) and (b, a).

Solution. To prove the claim, we use The Midpoint Formula to find the
midpoint.

a+b b+a
M:
(755)

_(a+ b a+b

N 2 7 2 )
Since the x and y coordinates of this point are the same, we find that
the midpoint lies on the line y = x, as required.

Q(z1,y1)
M
P($07 yO)
Figure 1.3.12 The midpoint of a line
segment
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1.3.1

1.  Plotand label the points A(—3, —7), B(1.3, —2), C(w, v/10), D(0,8), E(—5.5,0), F(—8,4), G(9.2, —7.8) and
H(7,5) in the Cartesian Coordinate Plane given below.

10 #
Y
5 4
! Il Il x |
-10 -5 5 10
_5 41
_10 1
2. (1,2),(-3,5) 3. (3,-10),(-1,2)
2 3 7
4, 5. -0, (5,2
(& )( ) (52) ()
6. (24 6) ( 11 19) 7. (V2.V3), (-8, —V12)
= 5 .
8. (2v5,VI2), (VI0,V27). 9. (0.0), (z.9)

10. Find all of the points of the form (z, —1) which are 4 units from the point (3, 2).

11.  Find all of the points on the y-axis which are 5 units from the point (-5, 3).

12.  Find all of the points on the x-axis which are 2 units from the point (—1, 1).

13.  Find all of the points of the form (x, —z) which are 1 unit from the origin.

14. Let’s assume for a moment that we are standing at the origin and the positive y-axis points due North while the
positive x-axis points due East. Our Sasquatch-o-meter tells us that Sasquatch is 3 miles West and 4 miles South
of our current position. What are the coordinates of his position? How far away is he from us? If he runs 7 miles
due East what would his new position be?

15. Verify The Distance Formula for the cases when:

(a) The points are arranged vertically. (Hint: Use P(a,yo) and Q(a, y1).)
(b) The points are arranged horizontally. (Hint: Use P(xq,b) and Q(z1,b).)
(c) The points are actually the same point. (You shouldn’t need a hint for this one.)

16. Verify the Midpoint Formula by showing the distance between P(x1,y;) and M and the distance between M
and Q(x2, y2) are both half of the distance between P and Q.

17. Show that the points A, B and C' below are the vertices of a right triangle.

(a) A(-3,2), B(—6,4),and C(1,38)
(b) A(—3,1), B(4,0)and C(0,—3)
18. Find a point D(z,y) such that the points A(—3,1), B(4,0), C(0,—3) and D are the corners of a square.

Justify your answer.
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19.

The world is not flat. (There are those who disagree with this statement. Look them up on the Internet some
time when you're bored.) Thus the Cartesian Plane cannot possibly be the end of the story. Discuss with your
classmates how you would extend Cartesian Coordinates to represent the three dimensional world. What would
the Distance and Midpoint formulas look like, assuming those concepts make sense at all?
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Historically, the lack of solutions 14
to the equation > = —1 had
nothing to do with the develop-
ment of the complex numbers. Un-
til the 19th century, equations
such as 22 = —1 would have
been considered in the context

of the analytic geometry of Descartes.
The lack of solutions simply indi-
cated that the graph y = 22 did

not intersect the line y = —1.

The more remarkable case was

that of cubic equations, of the
form z2 = az + b. In this case a Definition 1.4.1 The imaginary unit.
real solution is guaranteed, but
there are cases where one needs

The imaginary unit ¢ satisfies the two following properties:

complex numbers to find it! For 1. 2 =-1

details, see the excellent book Vi-

sual Complex Analysis, by Tristan 2. If cis a real number with ¢ > 0 then /—c = iy/c
Needham.

Note the use of the indefinite ar-
ticle “a”. Whatever beast is cho-
sentobei, —iisthe other square
root of —1.

Some technical mathematics
textbooks label the imaginary unit
“4", usually to avoid confusion with
the use of the letter ¢ to denote

electric current. While it carries

the adjective “|mag|n'ary”, these Definition 1.4.2 Complex numbers.

numbers have essential real-world

implications. For example, every A complex number is a number of the form a + bi, where a and b are
electronic device owes its existence real numbers and i is the imaginary unit. The set of complex numbers is
to the study of “imaginary” num- denoted C.

bers.

Definition 1.4.3 Equality of complex numbers.

Let z = a + iband w = ¢ + id be two complex numbers. We say that z
and w are equal, and write z = w, if and only if a = cand b = d.
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Definition 1.4.4 Addition of complex numbers.

Given two complex numbers z = a +ib and w = ¢+ id, we define their
sum to be the complex number given by

z4+w=(a+c)+i(b+d).

Definition 1.4.5 Multiplication of complex numbers.

Given two complex numbers z = a +ib and w = ¢+ id, we define their
product to be the complex number

zw = (ac — bd) + i(ad + be).

Example 1.4.6 Arithmetic with complex numbers.

Perform the indicated operations.

1. (1—2i) — (3+44) 4. /=3v-12
2. (1—29)(3+44) 5. /(—3)(—12)
1—2i
S 34 6. (x —[1+2i])(x — [1 — 2i])
Solution.

1. Subtraction is simply a variation on addition: We distribute the
minus sign across the second complex number and combine like
terms:

(1-2i)—(3+4i)=1—2i—3—4i (Distribute)
= —-2—6¢ (Gather like terms)

Technically, we'd have to rewrite our answer —2 — 6i as (—2) +
(—6)i to be (in the strictest sense) “in the form a + bi”. That being
said, even pedants have their limits, and we'll consider —2 — 61
good enough.

2. The key to multiplying complex numbers is to forget about Defini-
tion 1.4.5 above, and simply treat this as a product of two binomi-
als. Using the Distributive Property (a.k.a. F.O.l.L.), we get

(1 —20)(3 4 4i) = (1)(3) + (1)(43) — (26)(3) — (24)(44) (FO.LL)
= 3+ 4i — 6i — 8>
=3-2i—8(—1) i?=-1
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3. How in the world are we supposed to simplify
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=3—-2i+8

=11 — 2i.

5212 Well, we deal
with the denominator 3 — 44 as we would any other denominator
containing two terms, one of which is a square root: we then mul-
tiply both numerator and denominator by 3 + 41, the (complex)
conjugate of 3 — 4¢. Doing so produces

; : Z = 8’ : Z;Eg I ii; (Equivalent Fractions)
34 4i —6i — 8i?
N 9 — 1642
_3-2i-38(-1) @ = 1)
9—16(—1)
11 — 22 11 2

(F.O.IL)

2% 25 25"

. We use property 2 of Definition 1.4.1 first, then apply the rules

of radicals applicable to real numbers to get /—3v—12 =
(iv3) (iV12) =i?V/3- 12 = —/36 = —6.

. We adhere to the order of operations here and perform the mul-

tiplication before the radical to get \/(—3)(—12) = /36 = 6.

. We can brute force multiply using the distributive property and

see that

(z—[142i))(z — [1 — 26]) = 2% — 2[1 — 2] — z[1 + 23] + [1 — 2i][1 + 2{]
=2l —x+2izx—x—2x+1—2+2 — 44°

=a2? —2r+1—4(-1)
=12% — 22z +5.

Theorem 1.4.7 Properties of the Complex Conjugate.

Let z and w be complex numbers.
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e 27 = (2)", for any natural number n You may recall using conjugates

to rationalize expressions involv-

® zisareal number if and only if z = z. ing square roots. For example,
we have
3 3(v2-1)
V2+1 (V2+1)(V2-1)
=3v3-3.

The key observation is that
multiplying by the conjugate sets
up a difference of squares: the
terms involving the radical can-
cel out. In some ways, multipli-
cation by a complex conjugate is
even more convenient than with
real radicals: since

(a+ib)(a —ib) = a® — iab + iab — i*b*
=a® + b7,

the product 2% is never negative,
and only vanishes if z = 0.

Theorem 1.4.8 Properties of Complex Arithmetic.

The addition and multiplication of complex numbers satisfy the following
properties:

Closure under For any complex numbers z and w, z + w is a
addition complex number.

Commutativity of For any complex numbers z and w, z + w =
addition w + 2.
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Associativity of For any complex numbers z1, 23, 23, 21 + (22 +
addition 23) = (21 + 22) + z3.
Additive identity There exists a complex number O such that z +
0 = 0+ z = z for every complex number =.
Additive inverses For every complex number z there exists a
complex number —z such that z + (—z) =
—z+2z=0.
Closure under For any complex numbers z and w, zw is a
multiplication complex number.
Commutativity of For any complex numbers z and w, zw = wz.
multiplication
Assiciativity of For any complex numbers zi,zs, 23,
multiplication 21(2223) = (2122)23
Multiplicative There exists a complex number 1 such that 1 -
identity z = z - 1 = z for every complex number z.
Multiplicative For every complex number z # 0, there ex-
inverses  ists a complex number z~1 such that zz~! =
z7lz=1.
Distributive property For all complex numbers z1, z5, z3, we have
21(22 + Zg) = 2129 + Z1%3.

Example 1.4.9 Finding complex solutions.

Find the complex solutions to the following equations.

2x

1.
z+1

Solution.

=x+3

2. 2t* =912 +5 3.2241=0

1. Clearing fractions yields a quadratic equation so we collect all
terms on one side and apply the quadratic formula.

2z
r+1

20 = (z+3)(x+1)

=x+3

(Clear denominators)
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2r=x>4+z+3x+3 (FO.LL)
2¢r =2®+4x+3 (Gather like terms)
0=2%+22+3 (Subtract 2z).

From here, we apply the Quadratic Formula

—24 /22 —4(1)(3)

T = 201) (Quadratic Formula)
= %X/TS (Simplify)
= #Z\/g (Definition of 7)
= _Q%M (Product Rule for Radicals)
= Z(lzm (Factor and reduce)
= —1+iV2.
We get two answers: = —1 + i1/2 and its conjugate = —1 —

2. Checking both of these answers reviews all of the salient
points about complex number arithmetic and is therefore strongly
encouraged.

2. Since we have three terms, and the exponent on one term (“4” on
t*) is exactly twice the exponent on the other (“2” on ¢2), we have
a “Quadratic in Disguise”. We proceed accordingly.
th =92 +5
2t* — 91> —5=0 (Subtract 9¢? and 5)
(2t +1)(t* —5) =0 (Factor)
2t24+1=0 or t?=5 (ZeroProduct Property).

From 2t2 +1 = O we get 2t> = —1, or t2 = —%. We extract
square roots as follows:

O R B R &

where we have rationalized the denominator per convention.
Fromt2 = 5, we gett = ++/5. In total, we have four complex
solutions - two real: t = ++/5 and two non-real: t = i%.

3. To find the real solutions to 23 + 1 = 0, we can subtract the 1
from both sides and extract cube roots: 22 = —1,s02z = V/—1 =
—1. It turns out there are two more non-real complex number
solutions to this equation. To get at these, we factor:

241=0
(z+ 1)(z —z+1)=0 (Factor (Sum of Two Cubes))
241=0 or 22—z+1=0.
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From z+1 = 0, we get our real solution z = —1. From z2—z+1 =
0, we apply the Quadratic Formula to get:

_ (D) EV(ED)2-AMA) 1+ V-3 1443

o7 2(1) 2 2

Thus we get three solutions to 22 +1 = 0 - one real: z = —1 and
two non-real: z = # As always, the reader is encouraged to
test their algebraic mettle and check these solutions.

Theorem 1.4.10 Discriminant Theorem.

Given a Quadratic Equation AX? + BX + C = 0, where A, B and C
are real numbers, let D = B2 — 4AC be the discriminant.

® If D > 0, there are two distinct real number solutions to the equa-
tion.

® |f D = 0, there is one (repeated) real number solution.
Note: “Repeated” here comes from the fact that “both” solutions

—B+0 B
A reduce to —57

® If D < 0, there are two non-real solutions which form a complex
conjugate pair.

Theorem 1.4.11 The Fundamental Theorem of Algebra.

If f is a polynomial function with complex number coefficients of degree
n > 1, then f has at least one complex zero.
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Theorem 1.4.12 Complex Factorization Theorem.

Suppose f is a polynomial function with complex number coefficients.
If the degree of f is m and n > 1, then f has exactly n complex ze-
ros, counting multiplicity. If z1, z9, \ldots, z; are the distinct zeros of
f, with multiplicities m1, ms, \ldots, my, respectively, then f(x) =
a(x—z1)" (x —29)" - (2 — 2)"".
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1.4.1

36.

N R

11.
13.

15.
17.

19.
21.
23.
25.

27.
29.

31.

33.

35.

z=2+43,w=4
z=1t,w=—14+2¢
z2=3-5l,w=2+Ti
z=V2—iV2,w=V2+iV2
V3 V3

A PR S L
FTp Ty hYE Ty T

24 =16

12.
14.

16.
18.

20.
22.
24,
26.

28.

30.

32.

34.

Multiply and simplify: (z — [3 — iv/23]) (z — [3 + iv/23])

CHAPTER 1. THE REAL AND COMPLEX NUMBERS

z=14+4,w=—1
z=41,w=2-—21
z2=-b4+1,w=4+ 2
z=1—iV3,w=—-1—iV3

2
W
1—w

xB
2% —1 3
Syt +1

= 32
o1
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Until the last section of this chap-
ter we'll restrict ourselves to vec-
torsin two and three dimensions
so that we're able to understand
things visually. However, we'll
also see that the algebraic behav-
iour of vectors is the same in any
dimension, including dimension
four or greater. The only thing
that changes is the number of co-
ordinates involved. This is one
of the great powers of mathemat-
ics: we are aided by our visual
imagination, but not limited by
it.



Figure 2.1.1 Plotting the point P =
(2,1,3) in space

Figure 2.1.2 Plotting the point P =
(2,1,3) in space with a perspective
used in this text

Figure 2.1.5 Plotting points P and @)
in Example 2.1.4
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Definition 2.1.3 Distance In Space.

Let P = (x1,y1,21) and @ = (x2,ys, 22) be points in space. The dis-
tance D between P and Q) is

D=/(z2—21)%+ (y2 — 1)2 + (22 — 21)2.

Example 2.1.4 Length of a line segment.

Let P = (1,4, —1) andlet Q = (2, 1, 1). Draw the line segment PQ
and find its length.
Solution. The points P and @ are plotted in Figure 2.1.5; no special
consideration need be made to draw the line segment connecting these
two points; simply connect them with a straight line. One cannot actu-
ally measure this line on the page and deduce anything meaningful; its
true length must be measured analytically. Applying Definition 2.1.3, we
have

PR =v(2-1)2+(1—-4)2+(1-(-1)2=V14d~3.74
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2.1.2
N \ zZ
\\\\
\\\> ~ - ~ ] <///
| | T T ™~
T v z <] T~ y z e §\ y ~ \\\ T~
S
\\\ \\ \
™~
\\<\ M Y
\\
(a) (b) (c) S T
N~
Figure 2.1.6 The xy-plane in (a), the yz-plane in (b) and the xz-plane in (c) T~ L
~

Figure 2.1.7 The plane z = 2

Example 2.1.8 Regions defined by planes.

Sketch the region defined by the inequalities —1 < y < 2. P
Solution. The region is all points between the planesy = —1 and y =
2. These planes are sketched in Figure 2.1.9, which are parallel to the
xz-plane. Thus the region extends infinitely in the x and z directions,
L and is bounded by planes in the y direction.
7 1
T~
/] ]
e i

Figure 2.1.9 Sketching the boundaries
of a region in Example 2.1.8
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2.1.3

1.  Thepoints A = (1,4,2), B = (2,6,3) and C = (4, 3,1) form a triangle in space. Find the distances between
each pair of points and determine if the triangle is a right triangle.
|4B]| =

The three points (D do [Odonot) form aright triangle.
2.  Thepoints A= (1,1,3),B =(3,2,7),C = (2,0,8) and D = (0, —1,4) form a quadrilateral ABC'D in space.
Is this a parallelogram?
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Definition 2.2.1 Vector.

A vector is a directed line segment.
Given points P and @ (either in the plane or in space), we denote with

]@ the vector from P to (). The point P is said to be the initial point
of the vector, and the point () is the terminal point.

The magnitude, length or norm of P() is the length of the line segment
PQ: [P = |PQ].

Two vectors are equal if they have the same magnitude and direction.

Definition 2.2.4 Component Form of a Vector.

1. The component form of a vector ¥ in R2, whose terminal point is

(a, b) when its initial point is (0, 0), is [Z]

Y
41
/ 21
‘ T
—4 -2 2 4
24 »
4 /

Figure 2.2.2 Drawing the same vector
with different initial points

Figure 2.2.3 lllustrating how equal
vectors have the same displacement



The component form of a vec-
tor allows us to identify a point
(a,b) (or (a,b,c)) with the cor-

a
responding vector B} (or |b]),

c
so that vectors and points con-
tain essentially the same informa-
tion, presented in different con-
texts. Thisis why mathematicians
don’t mind using the notation R™
to refer to both a set of vectors
and the set of points containing
those vectors.
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2. The component form of a vector ¥ in R3, whose terminal point is
a
(a, b, ¢) when its initial point is (0,0,0),is | b|.
c

The numbers a, b (and c, respectively) are the components of ¥.

Example 2.2.5 Using component form notation for vectors.

1. Sketch the vector v = [ 21} starting at P = (3,2) and find its

magnitude.

2. Find the component form of the vector @ whose initial point is
R = (-3, —2) and whose terminal point is S = (—1, 2).

2
3. Sketch the vector @ = | —1| starting at the point Q = (1,1,1)

3
and find its magnitude.

Solution.

1. Using P as the initial point, we move 2 units in the positive z-
direction and —1 units in the positive y-direction to arrive at the
terminal point P’ = (5, 1), as drawn in Figure 2.2.6(a). The mag-
nitude of ¥ is determined directly from the component form:

6l = VEF IR = V5.
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(a) (b)
Figure 2.2.6 Graphing vectors in Example 2.2.5

2. Using the note following Definition 2.2.4, we have

1= (=3)] 2
B-[,25) -
One can readily see from Figure 2.2.6(a) that the z- and y-

displacement of RS is 2 and 4, respectively, as the component
form suggests.

3. Using @ as the initial point, we move 2 units in the positive -
direction, —1 unit in the positive y-direction, and 3 units in the
positive z-direction to arrive at the terminal point Q' = (3,0,4),
illustrated in Figure 2.2.6(b). The magnitude of  is:

B [T = /22 + (-1)2 + 32 = V14.

Definition 2.2.7 Vector Algebra.

1. Letw = {ul} and ¥ = [Ul

} be vectors in R2, and let ¢ be a scalar.
U2

V2
(a) The addition, or sum, of the vectors # and ¥ is the vector

i+ 7= [“1“’1}

U + Vo

(b) The multiplication of a scalar ¢ and a vector ¥ is the vector

- V1 CU1
CU =¢C = .
(%) CU2

U U1
2. let@ = |uy| and ¥ = |wvy| be vectors in R3, and let c be a
us U3

scalar.

In this section we restrict our-
selves to vectorsintwo and three
dimensions, since our ability to
visualize is limited to these dimen-
sions. However, our ability to work
with vectors algebraically extends
to any number of dimensions. For
ageneral treatment of vectorsin
R™, see Section 2.7.
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(a) The addition, or sum, of the vectors # and ¥ is the vector
uy + v
U + v = U2 + Vo

us3 + U3

(b) The multiplication of a scalar ¢ and a vector ¥’ is the vector

(% CU1
cv=c|va| = |cva
VU3 CUs3

Example 2.2.8 Adding vectors.

Sketch the vectors @@ = B] ,U = E] and i + ¥ all with initial point

at the origin.
Solution. We first compute i + v.

woo-[]-
|

These are all sketched in Figure 2.2.9.

Figure 2.2.9 Graphing the sum of vec-
tors in Example 2.2.8

Figure 2.2.10 lllustrating how to add
vectors using the Head to Tail Rule
and Parallelogram Law
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Example 2.2.11 Vector Subtraction.

Let i = E’] and U = B] . Compute and sketch i — ¥.

Solution. The computation of @ — ¥'is straightforward, and we show all
steps below. Usually the formal step of multiplying by (—1) is omitted
and we “just subtract.”

S
|
S
I
S
_|_
T
—_
N~—
<

Figure 2.2.12 illustrates, using the Head to Tail Rule, how the subtrac-
tion can be viewed as the sum @ + (—%). The figure also illustrates how
i — U can be obtained by looking only at the terminal points of % and
(when their initial points are the same).

Example 2.2.13 Scaling vectors.

1. Sketch the vectors v = [ﬂ and 2 with initial point at the origin.

2. Compute the magnitudes of ¥ and 2.

Solution.

1. We compute 27

2
20 = 2
=[]

L
=1,
Both ¥/ and 2¢ are sketched in Figure 2.2.14. Make note that 27

does not start at the terminal point of ¥/; rather, its initial point is
also the origin.

2. The figure suggests that 2¢'is twice as long as /. We compute their
magnitudes to confirm this.

19 = V22 + 12
=/5.

127 = /42 + 22
— V20
=V4-5=2V5.

As we suspected, 2¢ is twice as long as 7.

(=AY

Figure 2.2.12 Illustrating how to sub-
tract vectors graphically

[AY

Figure 2.2.14 Graphing vectors #/ and
27 in Example 2.2.13
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Definition 2.2.15 Parallel Vectors.

We say that a vector 0 is parallel to a vector 7 if there exists a scalar ¢
such that & = cv.

Theorem 2.2.16 Properties of Vector Operations.

The following are true for all scalars ¢ and d, and for all vectors i, ¥ and
W, where i, ¥ and i are all in R? or where i, ¥ and & are all in R3:

1. @+ ¥ = ¥ + iU (Commutative Property)

2. (44 v) + @ = u + (V+ @) (Associative Property)
3. ¥+ 0 = ¢ (Additive Identity)

4. (ed) = ¢(dv)

o

i+
6. (¢+ d)¥ = ¢t + dv (Distributive Property)

“

¥) = cii + ¢t (Distributive Property)

7. 00=0
8. ||ct]| = |e] - ||

9. ||@|| = 0if, and only if, @ = 0.

Definition 2.2.17 Unit Vector.

A unit vector is a vector ¢ with a magnitude of 1; that is,

9] = 1.
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Example 2.2.18 Using Unit Vectors.

3 1
Let ¥ = L] andletw = |2].
2

1. Find the unit vector in the direction of .
2. Find the unit vector in the direction of .

3. Find the vector in the direction of ¢’ with magnitude 5.

Solution.

1. We find ||7]| = v/10. So the unit vector @ in the direction of ¥/ is

1 3
a_a_[@].
V10

V10

2. We find ||| = 3, so the unit vector Z'in the direction of @ is

U= _-w=

W =
WINWINW|=

3. To create a vector with magnitude 5 in the direction of ¥, we mul-

tiply the unit vector @ by 5. Thus 54 = {155//\/1%0 is the vector

we seek. This is sketched in Figure 2.2.19.

N

Figure 2.2.19 Graphing vectors in Ex-
ample 2.2.18. All vectors shown have
their initial point at the origin

Direction and the zero vector. 0
is directionless; because OH =

0, there is no unit vector in the
“direction” of 0.

Some texts define two vectors
as being parallel if one is a scalar
multiple of the other. By this de-
finition, O is parallel to all vectors
as 0 = 0 for all .

We define what it means for
two vectors to be perpendicular
in Definition 2.3.11, which is writ-
ten to exclude 0. It could be writ-
ten to include 0; by such a defi-
nition, 0 is perpendicular to all
vectors. While counter-intuitive,
it is mathematically sound to al-
low 0 to be both parallel and per-
pendicular to all vectors.

We prefer the given definition
of parallel asitis groundedin the
fact that unit vectors provide di-

rection information. One may adopt

the convention that 0 is parallel
to all vectors if they desire. (See
also the aside in Section 2.4.)



Figure 2.2.22 A diagram of a weight
hanging from 2 chains in Exam-
ple 2.2.21
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Key Idea 2.2.20 Unit Vectors.

1. The unit vector in the direction of a nonzero vector ¥ is

. 1
U= +550.

il

2. Avector @ in R? is a unit vector if, and only if, its component form
[cos

is | . for some angle 6.
| sinf

3. Avector @ in R3 is a unit vector if, and only if, its component form
[sin(0) cos(ip)
is | sin(#)sin(y)
cos(6)

for some angles 6 and .

Example 2.2.21 Finding Component Forces.

Consider a weight of 50Ib hanging from two chains, as shown in Fig-
ure 2.2.22. One chain makes an angle of 30° with the vertical, and the
other an angle of 45°. Find the force applied to each chain.

Solution. Knowing that gravity is pulling the 50Ib weight straight down,
we can create a vector I to represent this force.

ol 3

We can view each chain as “pulling” the weight up, preventing it from
falling. We can represent the force from each chain with a vector. Let
ﬁl represent the force from the chain making an angle of 30° with the
vertical, and let ﬁg represent the force form the other chain. Convert all
angles to be measured from the horizontal (as shown in Figure 2.2.23),
and apply Key ldea 2.2.20. As we do not yet know the magnitudes of
these vectors, (that is the problem at hand), we use m; and ms to rep-
resent them.
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As the weight is not moving, we know the sum of the forces is 0. This
gives:

F+F +F=0
0 cos(120°) cos(45°) -
=0
[—50} tm Lin(lQOo)} o [sin(45o)
The sum of the entries in the first component is 0, and the sum of the

entries in the second component is also 0. This leads us to the following
two equations:

my cos(120°) 4+ mg cos(45°) = 0

Figure 2.2.23 A diagram of the force
my sin(120°) + mq sin(45°) = 50 v 8

vectors from Example 2.2.21

This is a simple 2-equation, 2-unknown system of linear equations.
We leave it to the reader to verify that the solution is

~50vV2
1+v3

It might seem odd that the sum of the forces applied to the chains
is more than 50lb. We leave it to a physics class to discuss the full de-
tails, but offer this short explanation. Our equations were established so
that the vertical components of each force sums to 50lb, thus support-
ing the weight. Since the chains are at an angle, they also pull against
each other, creating an “additional” horizontal force while holding the
weight in place.

~ 25.88.

my =50(v3—1)~36.6;  mo

Definition 2.2.24 Standard Unit Vectors.

1. InR2, the standard unit vectors are

[ f]

2. In R3, the standard unit vectors are

1 0 0
t= (0| andj = |1| andk = |0
0 0 1

Example 2.2.25 Using standard unit vectors.

1. Rewrite 0 = [ 23] using the standard unit vectors.

2. Rewrite @ = 47 — 55 + 2k in component form.
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Solution.

[
il

4 0 0
= [o| + |-5| + |0
2 0 0 2
[ 4
= |-5
2

These two examples demonstrate that converting between compo-
nent form and the standard unit vectors is rather straightforward. Many
mathematicians prefer component form, and it is the preferred notation
in this text. Many engineers prefer using the standard unit vectors, and
many engineering text use that notation.
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2.2.1

1. IfP=(2—-1)andQ = (3,5), writethevector 2. If P =(3,2)and Q = (7, —2), write the vector
]@: @

(a) in component form. (a) in component form.
(b) using the standard unit vectors. (b) using the standard unit vectors.
3. IfP=(0,3,—-1)and Q = (6,2,5), write the 4. IfP=(2,1,2)and Q = (4, 3,2), write the
vector PQ): vector PQ):
(a) in component form. (a) in component form.
(b) using the standard unit vectors. (b) using the standard unit vectors.

5. Letﬂ'[l]and{i [1}
-2 1

(a) Find @ + ¥, @ — ¥, 24 — 30.
(b) Sketch the above vectors on the same axes, along with # and ¥.

(c) Find ¥ where @ + ¥ = 20 — 7.

1 2
6. letu= |1 |andv = [1].
—1 2

(a) Find @+ @, @ — ¥, 7l — v/20.
(b) Sketch the above vectors on the same axes, along with # and ¥.

(c) Find £ where ¢ + ¥ = ¥ + 27.

S

S~

<

S
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9.
z
v
U
x Y
w o-fle-
1 -2
1 -3
13 0 = , U=
= [a) o 1
15.  Under what conditions is ||@|| + ||7]| = ||@ + ©|?

16. Find the unit vector 1 in the direction of

7 3
_7 )
18.  Find the unit vector 4 in the direction of
1
v= -2
| 2

10.

12.

14.

17.

19.

CHAPTER 2. VECTORS

z
s
x v Y
[—3T M1
u=1|2|,07= -1
L 2 | L 1
27 [ 10
U= |[=-3|,0=|-15
L 6 ] L 30

Find the unit vector @ in the direction of

7 6
_8 )
Find the unit vector % in the direction of
2
v= -2
| 2

20. Find the unit vector in the first quadrant of R? that makes a 50° angle with the x-axis.

21. Find the unit vector in the second quadrant of R? that makes a 30° angle with the y-axis.

22. Verify, from Key Idea 2.2.20, that

/L_[::

is a unit vector for all angles 6 and ¢.

sin(6) cos(p)
sin(6) sin(p)
cos(6)
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Definition 2.3.1 Dot Product.

1. Let @ = {ul} and 7 = {Ul} in R2. The dot product of @ and ¥,
v

U+ U= uiv + ug¥s.
uy U1
2. leté = |ug| and @ = |wvy| in R3. The dot product of @ and 7,
us U3

denoted @ - v, is

U+ U= uivi + uUsvs + uszvs.

Example 2.3.2 Evaluating dot products.

1. Letd = H,U— {31] inR2. Find 7 -+ ©.

2 -1
2. letZ¥= |—2|andy= | 0 | inR%. Find % - .
5 3

Solution.

1. Using Definition 2.3.1, we have

<y

-7=13)+2(-1) =1.
2. Using the definition, we have

— —

N Z-y=2(-1)—2(0)+5(3) =13.
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Theorem 2.3.3 Properties of the Dot Product.

Let @, ¥ and 0 be vectors in R? or R® and let ¢ be a scalar.

S
<y
Il
<y
S
S
o
3
3
<
=
Q
=
<
a
v
=
o
S
)
=
S
=

1.

SAREE N U
(=t}
<y
Il
o

<L

U
(a) (b)

Figure 2.3.4 lllustrating the angle formed by two vectors with the same initial
point

Theorem 2.3.5 The Dot Product and Angles.

Let i and ¥ be nonzero vectors in R? or R3. Then

—

- = |dl|l [|7] cos(0),
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45

where 0, 0 < 0 < m, is the angle between i and 7.

U 17 —
v
0 =m/2 0
u u u

u-v>0 u-U=0 w-U<0

Figure 2.3.6 lllustrating the relationship between the angle between vectors and

the sign of their dot product

Example 2.3.7 Using the dot product to find angles.

Let @ = F] T = [_2] and @ = [_34] as shown in Figure 2.3.8.

1 6
Find the angles «, 8 and 6.

Solution. We start by computing the magnitude of each vector.
[d]] = v10; [|7]| = 2v10; [|f]| = 5.

We now apply Theorem 2.3.5 to find the angles.

<

a = cos” <(m)(2m))
= cos™1(0) =90°.

o3

<y

B =cos™! ((2\/1;01)350
26

(

= C0571 < )
10410

~ 0.6055 ~ 34.7°.

<

=

Figure 2.3.8 Vectors used in Exam-
ple 2.3.7
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5V10
A2 2.1763 &~ 124.7°

44 = Example 2.3.9 Using the dot product to find angles.
1 -1 -5

9 let# = [1|,v = | 3| andw = | 1 |, asillustrated in Fig-
1 -2 4

ure 2.3.10. Find the angle between each pair of vectors.

Solution.

1. Between # and v

Figure 2.3.10 Vectors used in Exam-
ple 2.3.9 = cos

2. Between @ and w:

3. Between ¥ and w:

= (i)
™

While our work shows that each angle is 7 /2, i.e., 90°, none of these
angles looks to be a right angle in Figure 2.3.10. Such is the case when
| drawing three-dimensional objects on the page.
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Definition 2.3.11 Orthogonal.

Nonzero vectors i and ¥ are orthogonal if their dot product is O.

Example 2.3.12 Finding orthogonal vectors.

3 1
Letﬁ—{]and'&’— 2].
o 3

1. Find two vectors in R? that are orthogonal to .
2. Find two non-parallel vectors in R® that are orthogonal to 7.

Solution.

1. Recall that a line perpendicular to a line with slope m has slope
—1/m, the “opposite reciprocal slope.” We can think of the slope
of @ as 5/3, its “rise over run.” A vector orthogonal to @ will have

slope —3/5. There are many such choices, though all parallel:

o [ o [0 or [53) ee

2. There are infinitely many directions in space orthogonal to any
given direction, so there are an infinite number of non-parallel
vectors orthogonal to #/. Since there are so many, we have great
leeway in finding some. One way is to arbitrarily pick values for the
first two components, leaving the third unknown. For instance, let

2
U1 = |7|.If U1 is to be orthogonal to ¥, then #; - ¥ = 0, so
z
-16
2
Sov, = 7 is orthogonal to ¥. We can apply a similar tech-
—16/3

nique by leaving the first or second component unknown. Another
method of finding a vector orthogonal to ¢ mirrors what we did in

—2

part 1. Let o = | 1 [. Here we switched the first two compo-

0

nents of ¥, changing the sign of one of them (similar to the “oppo-
site reciprocal” concept before). Letting the third component be 0
effectively ignores the third component of v, and it is easy to see

that
-2 1
_)2 . '[7 == 1 2] = 0
0 3
Clearly ¥; and ¥ are not parallel.

Note: the term perpendicular orig-
inally referred to lines. As math-
ematics progressed, the concept
of “being at right angles” was ap-
plied to other objects, such as vec-
tors and planes, and the term or-
thogonal was introduced. It is
especially used when discussing
objects that are hard, or impos-
sible, to visualize. Two vectorsin
5-dimensional space are orthog-
onal if their dot product is 0. It
is not wrong to say that they are
perpendicular, but common con-
vention gives preference to the
word orthogonal.

Also note that Definition 2.3.11
makes sense if @ or ¥ is the zero
vector, but this is not the case
for the usual use of the word per-
pendicular.
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(b)

(a)

Figure 2.3.13 Developing the construction of the orthogonal projection

Definition 2.3.14 Orthogonal Projection.
Let nonzero vectors i and ¥ be given. The orthogonal projection of

onto ¥, denoted proj ; , is

T
proj; @ = ———7.
v v

Example 2.3.15 Computing the orthogonal projection.

1. Letu = {12} and 7 = [3} Find proj ; @, and sketch all three

vectors with initial points at the origin.
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2 1
2. Lletw = [1| and Z = |[1|. Find proj ;z ), and sketch all three
3 1

vectors with initial points at the origin.

Solution.

1. Applying Definition 2.3.14, we have

proj ; 4

Vectors u, ¥ and proj ; 4 are sketched in Figure 2.3.16. Note how
the projection is parallel to #; that is, it lies on the same line
through the origin as ¥, although it points in the opposite direc-
tion. That is because the angle between # and 7 is obtuse (i.e.,
greater than 90°).

2. Apply the definition:

proj ; i = —
Tr X

6 1

=- |1

3 1

2

=12

2

These vectors are sketched in Figure 2.3.17(a), and again in Fig-
ure 2.3.17(b) from a different perspective. Because of the nature
of graphing these vectors, the sketch in Figure 2.3.17(a) makes it
difficult to recognize that the drawn projection has the geomet-
ric properties it should. The graph shown in Figure 2.3.17(b) illus-
trates these properties better.

(b)

Figure 2.3.17 Sketching the three vectors in Part 2 of Exam-
ple 2.3.15

49

Figure 2.3.16 Sketching the three vec-
tors in Part 1 of Example 2.3.15
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]

Ny
<y

proj ; u

Figure 2.3.18 lllustrating the orthogo-
nal projection

CHAPTER 2. VECTORS

Key Idea 2.3.19 Orthogonal Decomposition of Vectors.

Let nonzero vectors i and ' be given. Then i can be written as the sum of
two vectors, one of which is parallel to ¥, and one of which is orthogonal
to ¥:
4 =projz 4 + (4 — proj z ).
—— ————

| @ L7

Example 2.3.20 Orthogonal decomposition of vectors.

1. Letu = [_12] and v = {ﬂ as in Example 2.3.15. Decompose i

as the sum of a vector parallel to ¥ and a vector orthogonal to 7.
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2 1
2. letw = |1| and £ = |1]| asin Example 2.3.15. Decompose W
3 1

as the sum of a vector parallel to 7 and a vector orthogonal to 7.
Solution.

1. In Example 2.3.15, we found that proj ; @ = [(1)2] . Let

oo oo ao [72] [-15] [0
B A —05] " |15 ]
Is Z orthogonal to 7 ? (i.e., is 2 L ¥/ ?) We check for orthogonality
with the dot product:

e[

Since the dot product is 0, we know 2’ L . Thus:

roj; @ + (@ — projy @)

CRENT]

2
2. We found in Example 2.3.15 that proj; @ = |2|. Applying the
2

Key Idea, we have:

Since the dot product is 0, we know the two vectors are orthogo-
nal. We now write w as the sum of two vectors, one parallel and
one orthogonal to Z:

W = proj » W jz W)
+
e

+ (W — proj
2 2 0
1] =12 -1
3 2 1
——
17

|| &

51
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Example 2.3.21 Orthogonally decomposing a force vector.

Consider Figure 2.3.22(a), showing a box weighing 50lb on a ramp
that rises 5ft over a span of 20ft. Find the components of force, and
their magnitudes, acting on the box (as sketched in Figure 2.3.22(b)):

—

7 7

7] =

(a) (b)

Figure 2.3.22 Sketching the ramp and box in Example 2.3.21. Note: The
vectors are not drawn to scale.

Q
Q
o
S
Re}
S
Q

1. in the direction of the ramp, and

2. orthogonal to the ramp.

Solution. As the ramp rises 5ft over a horizontal distance of 20ft, we

can represent the direction of the ramp with the vector ¥ = [250] . Grav-

ity pulls down with a force of 50lb, which we represent with g = { %0] .

1. To find the force of gravity in the direction of the ramp, we com-
pute proj » g

200
_ [_},E] ~ [—11.76]'
—5 —2.94
The magnitude of proj G is ||proj» §|| = 50/v17 = 12.131b.

Though the box weighs 50Ib, a force of about 12lb is enough to
keep the box from sliding down the ramp.

2. Tofind the component Z of gravity orthogonal to the ramp, we use
Key Idea 2.3.19.

—

G — proj g

200

:[18700]%{11.76}

T —47.06

The magnitude of this force is || Z]| ~ 48.51Ib. In physics and engi-
neering, knowing this force is important when computing things
like static frictional force. (For instance, we could easily compute

if the static frictional force alone was enough to keep the box from
sliding down the ramp.)

zZ=
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2.3.1

4—> projdfﬁ

Figure 2.3.23 Finding work when the
force and direction of travel are given
as vectors

Definition 2.3.24 Work.

Let F' be a constant force that moves an object in a straight line from
point P to point Q. Letd = @ The work W done by F' along d is
W=F-.d.

Example 2.3.25 Computing work.

A man slides a box along a ramp that rises 3ft over a distance of 15ft
by applying 50Ib of force as shown in Figure 2.3.26. Compute the work
done.

Solution. The figure indicates that the force applied makes a 30° an- 15
gle with the horizontal, so F = 50 {C?S(?)Oo )} ~ [43'3} The ramp is Figure 2.3.26 Computing work when
sin(30°) 25 sliding a box up a ramp in Exam-

o le2.3.2
represented by d = {135} . The work done is simply ple 2.3.25

= > cos(30°)| [15
F.d=5 . ~ 724.5 ft-Ib .
50 Lin(SOO)] [3} 7245

Note how we did not actually compute the distance the object trav-
eled, nor the magnitude of the force in the direction of travel; this is all
inherently computed by the dot product!
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2.3.2
1.
3.
5.
7.

8.

S
Il
I !
e [\]
| S
St
I
| ——|
-~ w
_ 1

IS
Il
1
I~
—_
| I |
<y
I
w ot N

S
Il
| I
<y
Il
W N =

ﬁ_'5 o |6
B
[ 3 4
i=|5|,0=|-1
-1 7
1 0
i=|2|,7= |0
13 0

Create your own vectors @, ¥ and 1 in R? and show that @ - (¢ + @) = @ - ¥ + @ - 0.

Create your own vectors @ and ¥ in R? and scalar c and show that c(i - 7) = 1 - (c).

11.

13.

15.

17.

19.

21.

Find two nonzero vectors orthogonal to

P 4
= BE

Find two nonzero vectors orthogonal to
(1

v= |1
!
1 -1

0 = d U =

i [ =[]
-3 1

U= d U =

o= [ mas-[]
[1 1

U= |5 andv = |2
11 3

10.

12.

14.

16.

18.

20.

22.

Find two nonzero vectors orthogonal to

P [—3
L 5 '
Find two nonzero vectors orthogonal to
[1
v= -2
| 3
1
0 = d U =
i [ amas= ]
[— 2
U= d U=
o= [ mas-[]

S
I
1
e
—_
| IS
Q
=}
o
<y
I
NN

55



56

29.

30.

31.

32.

33.

34.

35.

23.
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1
27. Writeu = |5]| as the sum of two vectors, one 28.
1

Write 4 = B} as the sum of two vectors, one 24. Writed = [ﬂ as the sum of two vectors, one
S [-1 .1

parallel to v = 3 (or zero) and the other parallel to 7 = 3 (or zero) and the other

perpendicular. ) perpendicular. ]

U= + a= +
25. Writed = {_23 as the sum of two vectors, one 26. Writed = [_23 as the sum of two vectors, one

L 1 )

parallel to 7 = ] (or zero) and the other parallel to 7 = 5 (or zero) and the other

perpendicular. perpendicular.

3
—1/| asthe sum of two vectors,
2

Write 4 =

1 2
parallel to ¥ = | 2| (or zero) and the other one parallel to ¥ = [2]| (or zero) and the other
3 1

perpendicular.
U= +

perpendicular.
U= +

A 10lb box sits on a ramp that rises 4ft over a distance of 20ft. How much force is required to keep the box from
sliding down the ramp?

A 10lb box sits on a 15ft ramp that makes a 30° angle with the horizontal. How much force is required to keep
the box from sliding down the ramp?

How much work is performed in moving a box horizontally 10ft with a force of 20lb applied at an angle of 45°
to the horizontal?

How much work is performed in moving a box horizontally 10ft with a force of 20lb applied at an angle of 10°
to the horizontal?

How much work is performed in moving a box up the length of a ramp that rises 2ft over a distance of 10ft, with
a force of 50lb applied horizontally?

How much work is performed in moving a box up the length of a ramp that rises 2ft over a distance of 10ft, with
a force of 50Ib applied at an angle of 45° to the horizontal?

How much work is performed in moving a box up the length of a 10ft ramp that makes a 5° angle with the
horizontal, with 50Ib of force applied in the direction of the ramp?
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24

Definition 2.4.1 Cross Product.

Uy U1
let# = |uy| and @ = |wvy| be vectors in R3. The cross product of i
us U3

and v, denoted @ x ¥, is the vector

UgV3 — U3V
Ux U= |—(ujv3 — usvy)
U1V2 — U2V1

Example 2.4.2 Computing a cross product.

2 3
Letd = |—1| and v = |2]. Find @ x v, and verify that it is orthog-
4 5
onal to both  and .

Solution. Using Definition 2.4.1, we have

(—1)5 — (4)2 ~13
ixi=|—(2)5-4)3)] =] 2
(2)2 — (~1)3 7

(We encourage the reader to compute this product on their own,
then verify their result.)
We test whether or not @ x ' is orthogonal to # and ¥ using the dot

product:
—13 2
(@xv)-a=| 2 -1 =0,
7 4
—13 3
(@xv)-v=1] 2 |-|2] =0.
7 )

The definition of the cross prod-
uct may look strange (and com-
plicated) at first, but it's more or
less forced by the requirement
that it be orthogonal to both @
and 7. To begin to see why, sup-
pose @ = ai+ bf+ ck is an arbi-
trary vector such that o - ¥ =10
and 4 - @ = 0. This gives us the
pair of equations

u1a + usb +usec =0
v1a + vab 4+ v3c = 0.

This is a system of linear equa-
tions in the variables a, b, and
c. We'll learn the techniques for
solving such a systemin Chapter 3,
at which point we'll be able to
see that (up to a scalar multiple),
the common solution to this pair
of equations is given by Defini-
tion 2.4.1.
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L Since both dot products are zero, i x ¥ is indeed orthogonal to both
i and v.

be ad
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Example 2.4.3 Computing a cross product.

1 -1
Letd = |3| andv = | 2 |.Compute both 4 x ¥and ¥ x .
6 1

Solution. To compute 4@ x ¥, we form the 3 x 3 array as prescribed
above, and expand it into a vector.

v |1 i kK1 3 6| |3 6= |1 6z, [1 3|
Tl o2 1 T2 1 —1 117721 2
= (3(1) — 6(2))i — (1(1) — 6(~1))] + (1(2) — 3(-1))k

-9
=90 —T7j+5k=|-7
5

To compute ¥ x i, we switch the second and third rows of the above
matrix, then expand as before:

i gk
2 1|+ |-1 1]+ |-1 2=
Fxi=|-1 2 1—‘ z’ j+‘ i
1 1
L5 g 136 6 3
= (2(6) — 1(3))i — ((—1)(6) — 1(1))7 + ((—1)(3) — 2(1))k
- 9_
=0i+7j—5k=|7]|=-ax7
-5

Note how with the rows being switched, the products that once ap-
peared on the right now appear on the left, and vice-versa, so that the

| resultis the opposite of 4 x ¢/

Note: If the minus sign in front
of the fcoefﬁcient seems out of
place to you, it might help to imag-
ine wrapping our 3 x 3 array around
a cylinder (like the label on a tin
can). If we read from left to right,
beginning in the fcolumn, then
we should place the k column first,
followed by the i column. For
the vectors i and 'in Example 2.4.2,
this would result in the coefficient

4 2

5
which has the correct sign. How-
ever, since our habit is to read
starting from the far left, we tend
to write the 7 column first, and
then introduce the minus sign to
compensate.

= 2forthe j’component,




Parallel vectors and the cross prod-
uct. We could rewrite Definition 2.3.11
and Theorem 2.4.5 to include 6,
then define that @ and ¥ are par-
allel if @ x @ = 0. Since 0- 7 = 0
and 0 x 7 = 6, this would mean
that 0 is both parallel and orthog-
onal to all vectors. Apparent para-
doxes such as this are not uncom-
mon in mathematics and can be
very useful. (See also the aside

in Section 2.2.)

60

241

CHAPTER 2. VECTORS

Theorem 2.4.4 Properties of the Cross Product.

tities hold:

1. dx¥=—(Ux

g
S
>
=]
=8
()
o
3
3
<
Q
g
]
o
=
o
kS
[0}
=
-
=

2. (a) (i+70) x @ =i

7. U (U x W) = (& x ¥) - @ (Triple Scalar Product)

Let i, ¥ and 0 be vectors in R3 and let ¢ be a scalar. The following iden-

Theorem 2.4.5 The Cross Product and Angles.
Let i and ¥ be nonzero vectors in R3. Then
[d@ x ]| = ||| [|¥]| sin(6),

where 6, 0 < 0 < T, is the angle between i and 7.
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Example 2.4.6 The cross product and angles.

1 -1
Let4 = [3| and ¥ = | 2 | asin Example 2.4.3. Verify Theo-
6 1
rem 2.4.5 by finding 6, the angle between # and v, and the magnitude

of U x v.
Solution. We use Theorem 2.3.5 to find the angle between @ and ©.

6 = cos™* (H)
[l 1]

~ cos-L (11>
V4616
~ 0.8471 = 48.54°.

-9
Our work in Example 2.4.3 showed that & x ¥ = |[—7/|, hence
5
| x ]| = V155. Is ||@ x ¥]| = ||d|| ||F]|sin(f)? Using numerical ap-

proximations, we find:
|Z x ]| = V155 lZ]| ||7]| sin(8) = \/46\/65in(0.8471)
~ 12.45. ~ 12.45.

Numerically, they seem equal. Using a right triangle, one can show

that
(o (i) -

which allows us to verify the theorem exactly.

Right Hand Rule.

61

Figure 2.4.7 lllustrating the Right
Hand Rule of the cross product
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2.4.2

Area of a Parallelogram.

]

(a) (b)

Figure 2.4.8 Using the cross product to find the area of a parallelogram

Example 2.4.9 Finding the area of a parallelogram.

1. Find the area of the parallelogram defined by the vectors i = E]

1
dv= .
iz~ ]

2. Verify that the points A = (1,1,1), B = (2,3,2), C = (4,5,3)
and D = (3,3,2) are the vertices of a parallelogram. Find the
area of the parallelogram.

Solution.

1. Figure 2.4.10(a) sketches the parallelogram defined by the vectors
@ and ¥. We have a slight problem in that our vectors exist in R?,
not R3, and the cross product is only defined on vectors in R3. We
skirt this issue by viewing & and ¥ as vectors in the x — y plane of

2 1
R3, and rewrite themas @ = |[1| and ¥ = [3|. We can now
0 0
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0
compute the cross product. It is easy to show that 4 x 7= |0|;
5

therefore the area of the parallelogram is A = || x ¥|| = 5.

w

Y
5
4 C L2
f N
3 D
2 A
! i r *r"”r”)\
T 5
€T 4 2 Y
1 2 3 4 4

(a) (b)
Figure 2.4.10 Sketching the parallelograms in Example 2.4.9

2. To show that the quadrilateral ABCD is a parallelogram (shown
in Figure 2.4.10(b)), we need to show that the opposite sides are

1
parallel. We can quickly show that ﬁ = D? = |2]| and B? =

1
2
ﬁ = |2|. Wefind the area by computing the magnitude of the
1

cross product of zﬁ and B?:

ﬁxB?: (1) éHﬁxB?H:\/g%ZQ%.

-2

Example 2.4.11 Area of a triangle.

Find the area of the triangle with vertices A = (1,2), B = (2,3)
and C' = (3, 1), as pictured in Figure 2.4.12.

Solution. We can choose any two sides of the triangle to use to form
1 2 . .
vectors; we choose E = [1] and ﬁ = { J. As in the previous

example, we will rewrite these vectors with a third component of 0 so
that we can apply the cross product. The area of the triangle is

1 1 1 2
iuﬁxﬁ‘):i 1] x |—1 0 =
0

2
0 -3

_ !

3
-

| We arrive at the same answer as before with less work.

1 2 3

Figure 2.4.12 Finding the area of a tri-
angle in Example 2.4.11
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Volume of a Parallelepiped.

The word “parallelepiped” is pro-
nounced “parallel-eh-pipe-ed.”

Example 2.4.14 Finding the volume of parallelepiped.

Find the volume of the parallelepiped defined by the vectors & =
1 -1 0
1{,7=1|1|andw= |1].
0 0 1
1
Solution. We apply Equation (2.4.4). We firstfind ¥ x @ = | 1
7 -1
Figure 2.4.13 A parallelepiped is the Then ) )
three dimensional analogue to the oL
parallelogram @ (Tx @) =1 1|f=2
0 -1
So the volume of the parallelepiped is 2 cubic units.

Figure 2.4.15 A parallelepiped in Ex-
ample 2.4.14
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Torque.

Example 2.4.16 Computing torque.

A lever of length 2ft makes an angle with the horizontal of 45°. Find
the resulting torque when a force of 10lb is applied to the end of the
level where:

1. the force is perpendicular to the lever, and

2. the force makes an angle of 60° with the lever, as shown in Fig-

ure 2.4.17.

Solution.

1. We start by determining vectors for the force and lever arm. Since

the lever arm makes a 45° angle with the horizontal and is 2ft long,
we can state that £ = 2 [COS(45O)] = [q Since the force
sin(45°) V2]
vector is perpendicular to the lever arm (as seen in the left hand
side of Figure 2.4.17), we can conclude it is making an angle of
—45° with the horizontal. As it has a magnitude of 10lb, we can
= cos(—45°)] [ 5vV2
state I' = 10 [sin(45°)} = {5\/5
to find the torque requires a cross product. We again let the third
component of each vector be 0 and compute the cross product:

}. Using Equation (2.4.5)

F=0xF
V2 5v/2
= [V2| x |-5v2
L 0 0
0
= 0
| —20

65

Sl

F
90 T
60
7 7

Figure 2.4.17 Showing a force being
applied to a lever in Example 2.4.16
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This clearly has a magnitude of 20 ft-lb. We can view the force
and lever arm vectors as lying “on the page”; our computation of 7
shows that the torque goes “into the page.” This follows the Right
Hand Rule of the cross product, and it also matches well with the
example of the wrench turning the bolt. Turning a bolt clockwise
moves it in.

. Our lever arm can still be represented by 7= L\/fa . As our force

vector makes a 60° angle withf, we can see (referencing the right
hand side of the figure) that F' makes a —15° angle with the hori-
zontal. Thus

| 9.659

| -2.588] "
We again make the third component 0 and take the cross product
to find the torque:

F—10 cos —15°| S(Hf)
- [sin—15° 5(=1+v3)
V2

F=0xF
- (14v/3)
vl [
= \@ % | 5(=14+v3)
0 V2
L 0
[0
= o
| —10v/3
[0
~ 0
| —17.321

As one might expect, when the force and lever arm vectors are or-
thogonal, the magnitude of force is greater than when the vectors
are not orthogonal.
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2.4.3

11.  Pick any vectors @, ¥ and  in R? and show that @ x (7 + W) =

12. Pick any vectors %, ¥ and & in R® and show that i - (

13.

15.

17.

19.

21.

23.

25.

3 0
letd= 1|2 |,v=]1
[—2] 15
4 (37
Letu = |-5| ,7= |3
[—5] 14
1 5
Leti= |0|,7= |0
1 7

If ||| = 2, ||T|| = 5, and § = 30° is the angle
between @ and @, then ||@ x || =

If |Z|| = 3, ||0]| = 4, and § = 7 is the angle
between @ and @, then ||@ x || =

Find the area of the parallelogram defined by

1 2
U= |1]|,and¥ = [0
2 3

Find t_he area of the parallelogram defined by

7= ;] and 7 = m

Find the area of the triangle with vertices
(0,0,0), (1,3,—1) and (2,1,1).

Find the area of the triangle with vertices (1, 1),
(1,3)and (2,2).

Find the area of the quadrilateral with vertices
(0,0),(1,2), (3,0), and (4, 3).

10.

@) = (i x 7) -

16.

18.

20.

22,

24,

26.

67

5 2
letd = |—4|,7= |-5
| 3 1
[—4 4
letu=| 7 |,v= |4
|—10 1
(1 -2
Letu=|5|,7=|-10
|—4 8

U=10=1]
Check this is orthogonal to both % and v.

Uu=357=k
UX U=
UX T+ UXW

g

If |&|| = 3, ||0]| =7, and @ = 7/2is the angle
between @ and @, then ||@ x || =

If |Z|| = 2, ||0]| = 5, and 8 = 57/6 is the angle
between @ and @, then ||@ x || =

Find the area of the parallelogram defined by
[—2 -1
u=|1],andd=| 3

5 1

Find t_he area of the parallelogram defined by

7= (2)] and 7 = m

Find the area of the triangle with vertices
(5,2,-1), (3,6,2) and (1,0, 4).

Find the area of the triangle with vertices (3, 1),
(1,2) and (4, 3).

Find the area of the quadrilateral with vertices
(0,0,0),(2,1,1), (—1,2,-8),and (1, -1, 5).
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33.

34.

35.

36.

37.

38.

27. Find the volume of the parallelepiped defined

1 1 1
byiu=|1|,v=|2]|,andd = [0
1 3 1
1
29. Find a unit vector orthogonal to both @ = |1
2
andv = |0
1
5
31. Find a unit vector orthogonal to both @ = |0
2
-3
andv= | 0
7

28.

30.

32.

CHAPTER 2. VECTORS

Find the volume of the parallelepiped defined

-1 2 3
byd=1|2|,0=|2|,anddW = |1
1 1 3

Find a unit vector orthogonal to both

1 3
U= |=2|,and 7= |2
1 1

Find a unit vector orthogonal to both

1 -2
U= |=2|,andv= | 4
1 -2

A bicycle rider applies 150lb of force, straight down, onto a pedal that extends 7in horizontally from the crank-
shaft. Find the magnitude of the torque applied to the crankshaft.

A bicycle rider applies 150Ib of force, straight down, onto a pedal that extends 7in from the crankshaft, making
a 30° angle with the horizontal. Find the magnitude of the torque applied to the crankshaft.

To turn a stubborn bolt, 80Ib of force is applied to a 10in wrench. What is the maximum amount of torque that

can be applied to the bolt?

To turn a stubborn bolt, 80lb of force is applied to a 10in wrench in a confined space, where the direction of
applied force makes a 10° angle with the wrench. How much torque is subsequently applied to the wrench?

Show, using the definition of the Cross Product, that @ - (@ x ¥) = 0; that is, that @ is orthogonal to the cross

product of @ and 7.

Show, using the definition of the Cross Product, that i x @ = 0.
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2.5

251

Figure 2.5.1 Defining a line in space

Starting Point Direction
y =b+ mz =P+ td

/

How Far To Go In That Direction

Figure 2.5.2 Understanding the vec-
tor equation of a line
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Definition 2.5.3 Equations of Lines in Space.

Zo
Let P = (x0, Yo, 20) and let p’ = |[yo | . Consider the line in space that

20
a

passes through P in the directionof d = |b].
C

1. The vector equation of the line is
0t) = p+td.
2. The parametric equations of the line are
r=ux9+at,y =y + bt,z = 2y + ct.

3. The symmetric equations of the line are

T—Zo _Y—Yo 22— %0
a b c

Example 2.5.4 Finding the equation of a line.
Give all three equations, as given in Definition 2.5.3, of the line
-1
through P = (2,3,1) in the directionof d = | 1 |. Does the point

2
Q@ = (—1,6,6) lie on this line?

2
Solution. We identify the point P = (2, 3, 1) with the vector p’= [3].

1
Following the definition, we have

—

2
® the vector equation of the lineis £(t) = |3| +¢ | 1 |;
1

® the parametric equations of the line are

r=2—t,y=3+t,z=1+ 2t; and
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® the symmetric equations of the line are

x—2 y—3 z-1
-1 1 2

The first two equations of the line are useful when a t value is
given: one can immediately find the corresponding point on the line.
These forms are good when calculating with a computer; most soft-
ware programs easily handle equations in these formats. (For instance,
the graphics program that made Figure 2.5.5 can be given the input
“(2-t,3+t,1+2xt) " for —1 < t < 3.).

Does the point Q = (—1,6,6) lie on the line? The graph in Fig-
ure 2.5.5 makes it clear that it does not. We can answer this question
without the graph using any of the three equation forms. Of the three, Figure 2.5.5 Graphing a line in Exam-
the symmetric equations are probably best suited for this task. Simply ple 2.5.4
plug in the values of z, y and z and see if equality is maintained:

-1-2726-376-1
-1 1 2

=3 =3+#25.

We see that () does not lie on the line as it did not satisfy the sym-
metric equations.

Example 2.5.6 Finding the equation of a line through two points.

Find the parametric equations of the line through the points P =
(2,-1,2)and @ = (1,3, —1).
Solution. Recall the statement made at the beginning of this section:
to find the equation of a line, we need a point and a direction. We have
two points; either one will suffice. The direction of the line can be found

-1
by the vector with initial point P and terminal point Q): @ =14
-3
The parametric equations of the line ¢ through P in the direction of

PQ are:
bix=2—ty=—-1+4tz=2— 3t

A graph of the points and line are given in Figure 2.5.7. Note how in
the given parametrization of the line, t = 0 corresponds to the point P,
and ¢t = 1 corresponds to the point (). This relates to the understanding
of the vector equation of a line described in Figure 2.5.2. The parametric
equations “start” at the point P, and ¢ determines how far in the direc-
tion of P() to travel. When t = 0, we travel 0 lengths of ]@; when

S ) Figure 2.5.7 A graph of the line in Ex-
|t =1, wetravel one length of }@ resulting in the point Q. ample 2.5.6

2.5.2
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the same line they share all points
intersecting lines they share only 1 point;

parallel lines dy || d2, no points in common;

skew lines dy }f d2, no points in common.

Example 2.5.8 Comparing lines.

Consider lines ¢ and ¢5, given in parametric equation form:

r = 1+3t r = —2+44s
by = 2—t by = 34s.

Determine whether ¢; and /5 are the same line, intersect, are paral-

lel, or skew.
Solution. We start by looking at the directions of each line. Line ¢, has
3
the direction given by (fl = | —1| and line ¢5 has the direction given by
1
4
do = |[1]. It should be clear that d; and ds are not parallel, hence ¢,
2
and /5 are not the same line, nor are they parallel. Figure 2.5.9 verifies
this fact (where the points and directions indicated by the equations of

each line are identified).
We next check to see if they intersect (if they do not, they are skew

Figure 2.5.9 Sketching the lines from lines). To find if they intersect, we look for ¢ and s values such that the
Example 2.5.8 respective z, y and z values are the same. That is, we want s and ¢ such
that:
1+3t = —2+4s
2—t = 3+s .
t = 5425
We say that a system of equa- This is a relatively simple system of linear equations. Since the last
tions with no solution, such as equation is already solved for ¢, substitute that value of ¢ into the equa-
the one in Example 2.5.8, is in- tion above it:

consistent. Although it is possi-
ble to find values that work for
any two of the three equations,
there is no set of values of s

2—-(5+2s)=3+s=>s=-2,t=1

Akey toremember is that we have three equations; we need to check

and # that works for all three if s = —2, t = 1 satisfies the first equation as well:

equations simultaneously. We'll 14301 24 4(—2

develop general techniques for (1) # (=2)

investigating such systems in L It does not. Therefore, we conclude that the lines ¢; and /5 are skew.

Chapter 3.
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Example 2.5.10 Comparing lines.

Consider lines /1 and /5, given in parametric equation form:

r = —0.7+1.6¢ T = 2.8 —2.9s
by = 424272 by = 10.15—4.93s
z = 2.3-—3.36t z = —b5.054+6.09s.

Determine whether ¢; and /5 are the same line, intersect, are paral-
lel, or skew.

Solution. It is obviously very difficult to simply look at these equations
and discern anything. This is done intentionally. In the “real world,”
most equations that are used do not have nice, integer coefficients.
Rather, there are lots of digits after the decimal and the equations can
look “messy.”

We again start by deciding whether or not each line has the same

1.6
direction. The direction of ¢; is given by cfl = | 2.72 | and the di-
—3.36
-2.9
rection of /5 is given by d_; = | —4.93|. When it is not clear through
6.09

observation whether two vectors are parallel or not, the standard way
of determining this is by comparing their respective unit vectors. Using
a calculator, we find:

- [0.3471 ]
. dy
i = = = | 0.5901
d | —0.7289
- [—0.3471]
. da
s = = |—0.5901] .
da | 0.7289 |

The two vectors seem to be parallel (at least, their components are
equal to 4 decimal places). In most situations, it would suffice to con-
clude that the lines are at least parallel, if not the same. One way to be
sure is to rewrite d_i and d; in terms of fractions, not decimals. We have

16 _ 2
T 21702 g 1903
di=| 155 d2 = | =15
7336 609
100 100

One can then find the magnitudes of each vector in terms of frac-
tions, then compute the unit vectors likewise. After a lot of manual arith-
metic (or after briefly using a computer algebra system), one finds that

10 _. /10
83 83
77 = 17 e — 17
Uy = = | =
1 V830 2 /830
21 21
V830 V830

We can now say without equivocation that these lines are parallel.
Are they the same line? The parametric equations for a line de-
scribe one point that lies on the line, so we know that the point P, =



Figure 2.5.11 Graphing the lines in Ex-
ample 2.5.10

Itis possible to obtain a formula
for the distance from @ to the
line using a clever trick: consider
the triangle that has d and ]@
as two of its sides. The area of
this triangle can be found using
the usual formula A = $bh, but
it can also be computed in terms
of across product. Seeif you can
use this observation to come up
with aformula, but be cautioned
that you will probably be expected
to use the method outlined be-
low.

Y.
2] I

Figure 2.5.12 Establishing the dis-
tance from a point to a line
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(—0.7,4.2,2.3) lies on ¢;. To determine if this point also lies on ¢5, plug
in the z, y and z values of P; into the symmetric equations for /5:

(—0.7) — 2.8 » (4.2) —10.15 7 (2.3) — (~5.05)

-2.9 o —-493 6.09
1.2069 = 1.2069 = 1.2069.

The point P; lies on both lines, so we conclude they are the same line,
just parametrized differently. Figure 2.5.11 graphs this line along with
the pomts and vectors described by the parametric equations. Note how
d1 and d2 are parallel, though point in opposite directions (as indicated

by their unit vectors above).

2.5.3

Example 2.5.13 Finding the distance from a point to a line.

—

Find the distance from the point @ = (1,1, 3) to the line ¢(t) =

1 2
1| +t|3
1 1
Solution. From the equation of the line, we know that the point P =
2
(1,—1,1) is on the line, and that the vector d = |3/ is in the direciton
1
of the line. Let
1-1 0
T=PQ=|1-(-1)| = |2
3—-1 2

We know that if R is the point on the line closest to @, then the projec-
tion of ¥ onto d will equal P
We compute
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Now, we know that the height h satisfies h = H}ﬁ , and that ]@ =

ﬁ + ]@ Therefore,

) —8/7
RO=PO—PR— |2 —= |3 =] 27 |
2 1 10/7
and the distance is
9 —4
= |2
7
5
2

— _ (_4)2+12+52

7
2 6
— SV =2,/
7 \[7

Key Idea 2.5.14 Steps for solving shortest distance problems.

Suppose you are asked to find the distance between two objects, or to
determine an object (such as a point) that is closest to a given object (a
line or plane). Your solution to the problem should always include the
following steps:

1. Make a list of all the information provided in the problem.
2. Make a note of what quantities you’re asked to determine.

3. Draw a diagram. Label all relevant points and vectors, including
those you know, and those you want to find.

4. Using your diagram as a reference, compute any unknown points
or vectors.

Example 2.5.15 Finding the closest point on a line.

Find the distance from the point @ = (1,3, —2) to the line 7 that
1

passes through the point P = (2,0, —1) in the direction of d=|-1],
0

and find the point R on ('that is closest to Q.

Solution. We're given a point P on the line, along with a direction vec-
tor d, and a point ) not on the line. We seek the point R on the line
that is closest to @, as well as the distance from ) to R. We begin by
diagramming the information in Figure 2.5.16.

From the given points P and () we can immediately construct the

Note: We can’t overemphasize
the fact that the diagram referred
toinKeyldea 2.5.14 does not have
to be accurate with respect to the
coordinates and directions involved.
It simply has to be capable of rep-
resenting the information in the
problem. Note thatin Figure 2.5.16
in Example 2.5.15 we've drawn
aline, some points, and some vec-
tors that represent the problem,
without reference to a coordinate
system. The goal is to provide
enough detail to allow us to set
up the problem.

PG

l

P d Ph= pronIT(j) R

Figure 2.5.16 Setting up the solution
in Example 2.5.15
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vector
1-2 -1

PG=| 3-0 |=]3
—2—(-1) -1
We begin by finding the point R on the line that is closest to (). From
our diagram, we can see that the vector ﬁ from P to R is equal to the
projection of P() onto the distance vector d:

-1 1
3. |-1

MR 1 =)

PR=proj;PG= | =—=——= | |-1[ = | 2
1 1

0 0
1] - 1=1
L0 LO]

Now, we need to pause and take care that we don’t make a very
common mistake: the vector PR does not give the coordinates of the
point R. Instead, ﬁ tells us how to get from the point P to the point R.
Letting O denote the origin, we can write OP and OR for the position
vectors of P and R, respectively. Since ﬁ = O? — OP using the “tip
minus tail” rule for computing the vector between two points, we have

2 -2 0
OR=0P+PR=|0|+|2|=|2
-1 0 -1

Thus, we have R = (0,2, —1) as the point on the line closest to
the point (). We can now find the distance from Q to the line using the
distance formula:

D=/(1-02+(B-22+(-2-(-1)2= V3.

An alternative way of computing the distance is to make use of the or-
thogonal decomposition in Key Idea 2.3.19. By definition of the distance
from a point to a line, we know that the vector 1@ must be orthogonal
to the line, and thus to the direction vector d. Using Key Idea 2.3.19, we
have that

-1 -2 —1
RG=PG-PR={3|-|2|=]1],
-1 0 1

and the shortest distance is given by H@H = /3, as before.
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Example 2.5.18 Finding the distance between lines.

Figure 2.5.17 Establishing the dis-

Find the distance between the lines
tance between lines

r = 1+3t r = —2+4s
élly = 2t fg:y = 3+ s
z = t z = 54 2s.

. ) ) ) It turns out that skew lines al-
Solution. These are the sames lines as gl'ven in Example 2‘.5.8, yvhere ways lie in parallel planes. In the
we shgwed jchem to be skew. The equations allow us to identify the next section, we'll see that a plane
following points and vectors: can be determined by two non-

r_37 parallel direction vectors and a

_ _ > point on the plane. The distance
Pr=(1,2,00P=(-235) =P k=1 between two skew lines is then
L5 ] equal to the distance between
the parallel planes.

3 4 -3
1= -1 d2= 1| =¢= 1 Xdy=|-2
1 2 7

Using Equation (2.5.3) we have the distance i between the two lines

’Plp2 : 5‘
[ |
Il ]l
42

V62

The lines are approximately 5.334 units apart.
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Example 2.5.19 Finding the closest points on skew lines.

Find the points R, on Zl and R5 on ZQ where Zl and 172 are the lines
from Example 2.5.18, such that the distance from R; to Rs is a mini-
mum.

Solution. Since R is a point on 171, we know that
Ry =(1+43t,2—t,t), forsome real numbert, (2.5.4)
and similarly,

Ry = (—2+4s,3+s,5+2s), forsomereal numbers. (2.5.5)

—
The vector Ry Rs is therefore given by

—3+4s— 3t
RiRy = 14+s+t |,
542s—1t

for some pair of real numbers s and ¢.

We know that the line segment R; R must be perpendicular to both
571 and ZQ in order to minimize the distance, so the vector ITR; must be
orthogonal to both (fl and d; Thus,

- —
0=dy-RiRy=3(-3+4s—3t)—1(1+s+t)+1(5+25s—1)
=13s — 11t -5, and

- =
O=dy-RiRy =4(—3+4s—3t) + 1(1+ s+ 1) + 2(5+ 25 — 1)
=21s— 13t — 1.

We end up having to solve a system of two linear equations in the
two variables, s and ¢, given by

13s — 11t = 5
2ls — 13t = 1°

You probably had to solve such systems in high school. One option is to
solve graphically, by plotting the lines given by each equation, and seeing
where they intersect. However, this method has little hope of providing
an accurate answer. Instead, we try a little algebra.

Multiplying the first equation by 21 and the second by 13 gives us
the equations 273s — 231t = 105 and 273s — 169t = 13, respectively.
Subtracting the second equation from the first, we have —62t = 92,

sot = —2—3 = —g—?. Plugging this value back into any of the previous
equations gives us s = —331 = — 2T (We didn’t promise that the num-

bers would work out nicely!) Plugging these values back into equations
(2.5.4) and (2.5.5), we find

107 108 46 170 66 101
R(313131) and R(313131)

—
Our vector R R, is then given by

63
RiR B )
1Ry = | =35 | =57 | —42],
147 31

= 147
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and the distance between the two lines is given by

— 1
HR1R2H = ﬁ\/(ng + 422 + 1472 =

as before.

42

)
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2.5.4

11.

13.

15.

Passes through P = (2, —4, 1), parallel to
9

d=|2].
5

Passes through P = (2,1, 5) and

Q= (7,-2,4).

Passes through P = (0, 1, 2) and orthogonal to
both

2 7
(ﬁ =|-1| and d; = |1
7 3
£ is a line that passes through the intersection
2 5
of[l(t): 1| +¢| 1| and
1 -2
-2 3
l(t)= |—=1| +t| 1 |,andis orthogonal to
2 -1
both lines.

Passes through P = (1, 1), parallel to d = [?’J '

1 2
G(t) = |2]| +¢t|—1]| and
[1] 1]
=~ i
Gy(t) = 3] +t| 2
3] 2]
- g
0y = [4| +t|-3],
[1] L 4]
-3 3
Gty=|3|+t|-2].
-3 4
r =1+2¢t
G(t)=4y =3-2tand
z =t
r =3—1t
bt)={y =3+5t.
z =247t

10.

12.

14.

16.

CHAPTER 2. VECTORS

Lis a line that passes through P = (6, 1,7),
-3
parallel to d=| 2
5
Lis a line that passes through P = (1,
and Q = (5,5,5).
Lis a line that passes through P = (5,1,9) and

-2,3)

1 2
is orthogonal to both cfl = |0| and d} =10
1 3

£ is a line that passes through the intersection
r =t
of (1(t)=¢y =—-2+2tand
z =1+t
r =24t
bt)=qy =2—t
z =342t

both lines.
Lis a line that passes through P = (-2, 5),

parallel to d= [ﬂ .

, and is orthogonal to

[2 5
G(t) = 1]+t 1| and

|1 3

(14 1
B(t) = | 5 +t{1

L9 1

. -
G(t)=[1]| +¢[1] and

1] 3.

o o
Gt) = [3]| +¢ |2

L7] 6.

r =1.1+4+0.6t
G(t)={y =377+0.9¢ and

z =-234+1.5t

r =3.11+3.4¢
Lt)y=Ly =2+5.1¢

z =2.5+8.5¢t
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z=0.240.6t

17. (=< y=1.33—-0.45¢ and 18.

2= —4.2+1.05¢

z = 0.86 + 9.2
ly={ y=0.835— 6.9t

2= —3.045 + 16.1¢

[ 2 20.
19. Q=(1,1,1),00t) = |1|+¢t|1

3 —2
21. Q= (0,3),((t) = B +t m 2

1 2 24,
23. 0(t) = |2| +¢t|-1],
1 1
3 4
Gt)= |3 +t| 2
3 -2

T

IS

T

)
z

=0.14+1.1¢
=2.9— 1.5t and
=3.241.6¢
=421t
=18+72¢t.
=31+ 1.1¢

81

Find the distance from the point Q = (2,5, 6)
-1 1

to the line ¢(¢t) =

—

1
1

+t |0
1

Find the distance from the point Q = (1,1) to

—

the line ¢(t) = [

+1

+t

4
5

1

0
L0
ol
1
LO]

J+[5]

Find the distance between the line

and the line
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2.6

Figure 2.6.1 lllustrating defining a
plane with a sheet of cardboard and
a nail

CHAPTER 2. VECTORS
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Definition 2.6.2 Equations of a Plane in Standard and General Forms.

The plane passing through the point P = (x¢, yo, z0) with normal vector
a

= | b| can be described by an equation with standard form
c

3L

a(x —x0) +b(y — yo) + c(z — 20) = 0;
the equation’s general form is

axr + by + cz = d.

Example 2.6.3 Finding the equation of a plane.

Write the equation of the plane that passes through the points P =
(1,1,0),@Q@ = (1,2,—1) and R = (0,1, 2) in standard form.
Solution. We need a vector 7i that is orthogonal to the plane. Since P,
(@ and R are in the plane, so are the vectors 1@ and PR; ]@ X ﬁ is
orthogonal to 1@ and ﬁ and hence the plane itself.
2
It is straightforward to compute 77 = ]@ X ]7}% = |1|.Wecanuse
1
any point we wish in the plane (any of P, Q or R will do) and we arbi-
trarily choose P. Following Definition 2.6.2, the equation of the plane
in standard form is

2z —1)+(y—1)+2=0.

The plane is sketched in Figure 2.6.4.

Example 2.6.5 Finding the equation of a plane.

Verify that lines /1 and ¢, whose parametric equations are given
below, intersect, then give the equation of the plane that contains these

. . Figure 2.6.4 Sketching the plane in Ex-
two lines in general form.

ample 2.6.3
r = —5+42s r = 243t
gliy = 1+s Zgiy = 1-2t
z = —4+42s z = 14t

Solution. The lines clearly are not parallel. If they do not intersect,
they are skew, meaning there is not a plane that contains them both. If



We can think of the point P =
(=1, 3,0) inExample 2.6.5 as defin-
ing a point of “origin” on the plane,
and even though they are not per-
pendicular, we can think of the
lines ¢; and /5 as a pair of co-
ordinate axes on the plane. Any
other point on the plane can be
located with respect to these two
lines. (Any two non-parallel lines
define a coordinate systemina
plane; perpendicular lines just hap-
pen to be more convenient than
other options.)
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they do intersect, there is such a plane.
To find their point of intersection, we set the x, y and z equations
equal to each other and solve for s and ¢:

—-5+2s = 243t
1+s = 1-2t=s=2,t=-—1.
—4+2s = 1+t
When s = 2 andt = -1, the lines intersect at the point P =
(-1,3,0).
2 3
Let cfl = |1| and d_; = |[—2| be the directions of lines /1 and /5,
2 1

respectively. A normal vector to the plane containing these the two lines
will also be orthogonal to cfl and cfg Thus we find a normal vector 7i by
5
computing 77 = Jl X d_; =14
-7
We can pick any point in the plane with which to write our equation;
each line gives us infinite choices of points. We choose P, the point of
intersection. We follow Definition 2.6.2 to write the plane’s equation in
general form:

5(z+1)+4(y—3)—72=0
50 4+5+4+4y—12—-72=0
Sr+4y —Tz=1"1.

The plane’s equation in general form is bz + 4y — 72 = 7; it s
sketched in Figure 2.6.6.
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Example 2.6.7 Finding the equation of a plane.

Give the equation, in standard form, of the plane that passes through
the point P = (—1,0, 1) and is orthogonal to the line with vector equa-

-1 1
tonl(t)=| 0 | +1|2].
1 2
Solution. As the plane is to be orthogonal to the line, the plane must
1
be orthogonal to the direction of the line given by d = |2].We use this
2

as our normal vector. Thus the plane’s equation, in standard form, is
(x+1)+2y+2(z—1)=0.

The line and plane are sketched in Figure 2.6.8.

Example 2.6.9 Finding the intersection of two planes.

Give the parametric equations of the line that is the intersection of
the planes p; and po, where:

pr:r—(y—2)+(z—1)=0

pri =2z =2)+(y+1)+(2-3)=0 Figure 2.6.8 The line and plane in Ex-

Solution. To find an equation of a line, we need a point on the line and ample 2.6.7

the direction of the line.
We can find a point on the line by solving each equation of the planes
for z:

priz=—-cv+y—1
priz=2x—y—2

We can now set these two equations equal to each other (i.e., we
are finding values of 2 and y where the planes have the same z value):

—r4+y—1=2x—y—2
2y=3z -1

y= %(390—1)

We can choose any value for x; we choose x = 1. This determines
that y = 1. We can now use the equations of either plane to find z:
when z = 1 and y = 1, z = —1 on both planes. We have found a point
Pontheline: P = (1,1,-1).

We now need the direction of the line. Since the line lies in each
plane, its direction is orthogonal to a normal vector for each plane. Con-
sidering the equations for p; and ps, we can quickly determine their




The method used to solve for
the point P in Example 2.6.9 would
not be considered best practice
inalinear algebra course, but we
have not yet developed system-
atic methods for solving systems
of equations.

Another option would be to
pick a value for one coordinate
(like the choice z = 1), and then
solve the remaining set of two
equations in two variables (y and
z).

Later we will see that the gen-
eral algorithm for solving systems
of equations leads directly to para-
metric equations for the line of
intersection of the two planes.
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1 -2
normal vectors. For pi, iy = |[—1| and for py, s = | 1 |. A
1 1
direction orthogonal to both of these directions is their cross product:
-2
J: ’Fil X ﬁg = [-3].
-1
The parametric equations of the line through P = (1,1, —1) in the
—2
directionof d = | —-3| is:
—1

l:x=-2t+1ly=—-3t+1z=—t—1.

The planes and line are graphed in Figure 2.6.10.

Example 2.6.11 Finding the intersection of a plane and a line.

Find the point of intersection, if any, of the line ¢(t) = |-3| +
-1

-1

t| 2

1

and the plane with equation in general form 2z + y + 2z = 4.

2
Solution. The equation of the plane shows that the vector 7 = |1
1

is a normal vector to the plane, and the equation of the line shows that
-1
the line moves parallel to d= |2
1
we know there is a point of intersection. (If there were orthogonal, it
would mean that the plane and line were parallel to each other, either
never intersecting or the line was in the plane itself.)
To find the point of intersection, we need to find a ¢ value such that
£(t) satisfies the equation of the plane. Rewriting the equation of the
line with parametric equations will help:

. Since these are not orthogonal,

r=3—-1
t)y=y=-3+2t.
z=-1+4t

Replacing x, y and z in the equation of the plane with the expressions
containing ¢ found in the equation of the line allows us to determine a ¢
value that indicates the point of intersection:

2r+y+2=4
2B3-t)+(-3+2t)+(-1+1t) =14
t=2.

When t = 2, the point on the line satisfies the equation of the plane;
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1

that pointis £(2) = [1[. Thusthe point (1,1, 1) is the point of intersec-
1

tion between the plane and the line, illustrated in Figure 2.6.12.

2.6.1

Figure 2.6.12 lllustrating the intersec-
tion of a line and a plane in Exam-
ple 2.6.11

Note: Equation (2.6.6) is useful
asit does more thanjust give the
distance between a point and a
plane. We will see how it allows
us to find several other distances
aswell: the distance between par-
allel planes and the distance from
a line to a plane.

However, as with the distance
problemsin the previous section,
learning to follow the stepsin Key
Idea 2.5.14 will pay off more in
the long run than memorizing a
formula. Here, our key steps are

Example 2.6.14 Distance between a point and a plane.

Find the distance between the point Q = (2,1,4) and the plane
with equation 2x — 5y 4+ 62z = 9.

Solution.  Using the equation of the plane, we find the normal vector to draw a diagram such as Fig-
2 ure 2.6.13, which doesn’t need
7 = | —5|. Tofind a point on the plane, we can let  and y be anything to be accurate, but does need to
6 contain all the information needed
we choose, then let z be whatever satisfies the equation. Letting z and to construct the projection whose
0 length gives us the desired dis-
y be 0 seems simple; this makes z = 1.5. Thuswelet P = | 0 |, and tance.
1.5

2
PO= |1
2.5
The distance h from @ to the plane is given by the length of the pro-

jection of P() onto 7i:

i 1@'
h= —
7]
9 9 Figure 2.6.13 lllustrating finding the
_5 1 distance from a point to a plane
B 6 2.5
B 2
-5
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_ 14
V65
~ 1.74.

Example 2.6.15 Distance between a line and a plane.

Let ¢ be the line with vector equation

3 3
iy=|2+t|1],
—4 -1

and let p be the plane with equation x — 2y + z = 4. Verify that the line
£ is parallel to the plane p, and find the distance between them.

Solution. From the vector equation for £ we have the direction vector

3
d = |11, and from the equation for p we can read off the normal
-1
1
vector i = |—2|. Since
1

d-i=3(1)+1(-2)—1(1) =0,

we know that d is orthogonal to 77, and thus £ is parallel to p. To find the
distance from ¢ to p, we first choose a point on each object. From the
vector equation for ¢ we have the point P = (2,0, —4), and settingy =
z = 0 in the equation for p, we get = 4 and the point Q = (4,0,0).
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From these two points we can construct the vector

which begins on ¢ and ends on p. The distance from £ to p is then given
by the normal component of #: we have

T N
h = ||pr0jﬁ'l)|| = H?’_iH = 6 =

3
-

Example 2.6.16 Distance between skew lines.

Find the distance between the skew lines

T 1 3
byl =12+t |1
B L0 1 |
o o -
byl =13 |+t]|1
L2 ) 2]

Solution. We already found the distance between these two lines in
Example 2.5.18 using Equation (2.5.3) Supposing that we forgot this for-
mula, how would we proceed? The key is to realize that whenever we
have a pair of skew lines, we also have a pair of parallel planes, each of
which contains one of the lines. To see this, we first compute the cross

3 4
product of the direction vectors dz = |-1] and d; = [1] for the two
1 2
lines. We find
-3
= cfl X cfg =|-21,
7

which is the same as the cross product we computed in Example 2.5.18.
Since 77 is orthogonal to cfl, the plane through the point (1, 2, 0) with nor-
mal vector 77 contains the line ¢;. Similarly, the plane through (-2, 3, 5)
with normal vector 77 contains ¢5. We now have our parallel planes.

The next step is to realize that at this point, the problem is no dif-
ferent from the one we solved in Example 2.6.14: the distance from /;
to /5 is the same as the distance between the parallel planes, and the
distance between parallel planes is equal to the distance between the
first plane, and any point on the second plane.

By definition, the point P, = (1,2, 0) on ¢; lies on the first plane, and
the point P, = (—2,3,5) on 45 lies on the second plane. We compute
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-3
—
the vector PP, = | 1 |, and then find the projection of this vector
5
onto 72, as in Example 2.6.14. We have

7]

-3] [-3

1|2

3 I I O
(32+22+172) _72

e
-2
21 7

The distance is then given by

L = 42
i i = 22

V62’

| as before.
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2.6.2

11.

13.

15.

17.

19.

20 — 4y + 7z =2

T =2

Passes through (2, 3, 4) and has normal vector
3
= |-1].
7
Passes through the points (1,2, 3), (3, —1,4)
and (1,0,1).
Contains the intersecting lines

2 1
Gt)= 1|+t |2] and
2] L3
o] o]
Bt)= 1] +t |5
2] [4]
Contains the parallel lines
ot o
Gt)= |1 +¢|2] and
1] 13
o =
Gt)= 1] +t |2
2] 13
Contains the point (2, —6, 1) and the line
r=2+5¢
ty=Sy=2+2t
z=—-1+4+2t

A plane contains the point (5,7, 3) and is
4 1
5|+t |1
6

—

orthogonal to the line £(t) =

A plane contains the point (—4, 7,2) and is
parallel to the plane
3(x—-2)+8y+1)—10z=0.

pl: 3(x—2)+(y—1)+42=0,and
p2: 2x—1)—2(y+3)+6(zx—1)=0.

10.

12.

14.

16.

18.

20.
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List any two points in the plane with equation
(x+2)+5(y—9) —4z=0.

List any two points in the plane with equation
4(y+2)—(2—6)=0.

A plane passes through (1, 3, 5) and has normal
0
vector 7 = |2
4
A plane passes through the points (5, 3, 8),
(6,4,9) and (3,3, 3).
A plane contains the intersecting lines

5 [—1]
G(t)=[0| +¢| 1| and
13 1
1 .
bt)= 4] +t| o0
L7 | =3
A plane contains the parallel lines
= 4
G(t)= |1 +¢|1] and
L1 3.
- >*
Bt = 2| +t |1
2] 3.
A plane contains the point (5, 7, 3) and the line
r =t
=3y =t
z =1

A plane contains the point (4,1, 1) and is

r =4+ 4t
orthogonaltotheline ¢y =1+1¢
z =1+t

A plane contains the point (1,2, 3) and is
parallel to the plane z = 5.

Give the equation of the line (in vector form)
that is the intersection of the planes
5(x—5)+2(y+2)+4(2—1)=0,and
3z —4(y—1)+2(x—-1)=0.
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21.

23.

25.

27.

The distance from the point (1, 2, 3) to the

plane

3z—-1)+(@y—2)+5(z—2)=0.
The distance between the parallel planes

5 2
line: [ 1| +1¢]2
-1 1

plane: bx —y — 2z = —3

1 3
line: |2 +t| 5
3 -1

plane: 3z — 2y — 2z =14

r+y+z=0and

(t—2)+y—-3)+(z+4)=0

22.

24,

26.

28.

CHAPTER 2. VECTORS

4 1
® line: |1|{ +¢t| O
0 -1

® plane: 3z +y —2z=38

1 3
® line: |2+t | 5
3 -1

® plane: 3z — 2y — z = —4

Find the distance from the point (2, 6, 2) to the
plane2(z —1) —y+4(z+1) =0.

Find the distance between the parallel planes
2 —-1)+2(y+1)+(2—2)=0and
2 —-3)+2y—1)+(z—3)=0.

29. Show why if the point @ lies in a plane, then the distance formula correctly gives the distance from the point to
the plane as 0.
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Definition 2.7.1 The vector space R™.

The space of all column vectors of real numbers is denoted by

z

T2
R" = . i)j’l,iL’Q,...,fKnER

T

1.

N

ook~ w

Theorem 2.7.2 Algebraic properties of R".

The following properties hold for the space R™ of n x 1 column vectors:

If ¥ and w are vectors in R™, ¥/ + 10 is also a vector in R™.
For any vectors v, W, ¥ + W = W + 7.

For any vectors i, U, W, (4 + ¥) + @ = 4 + (¥ + ).

For any vector @, ¥ + 0 = @.

For any vector @, we can define —& such that 7 + (—@) = 0.

If k is a scalar and ¥ is a vector in R™, then k¥ is also a vector in
R™,
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7. For any vector v, 1 - U = 7.
8. For any scalars c, d and any vector v, ¢(dv) = (cd)?).

9. For any scalar ¢ and vectors U, &, ¢(¥ + W) = 0 + c.
d

2.7.2

Definition 2.7.3 Linear combination in R™.

A linear combination in R" is any expression of the form
c1U1 + cU3 + -+ - + U,

where ¢1,¢s ...,c; € R are scalars, and 91,75, ...,7, € R™ are vec-

tors.

Example 2.7.4 Forming linear combinations.

2 —4 2
leti@ = |—1|,7= | 6 | ,w = |3 | bevectorsinR3. Form the
3 3 12

following linear combinations:
1. 3u — 4w
2. U+ U — 20w
3. TU+ 30
4. 3u+v—w
Solution.

1. To simplify the linear combination, we first take care of the scalar
multiplication, and then perform the addition. (We choose to in-
terpret this expression as 3¢ + (—4)w, and multiply by —4 in the
first step, and add in the second step, rather than multiplying by 4

Vector spaces are defined in gen-
eral to be sets on which one can
define addition and scalar multi-
plication satisfying the algebraic
properties givenin Theorem 2.7.2.
Examples of vector spaces other
than R™ include the space of m x
n matrices (each choice of m and
n gives a different space), and
the space of all polynomial func-
tions of a real variable.
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and then subtracting.)
2 2 6 -8 -2
3u—4w=3|-1| —-4|3| =|-3|+ [-12| = |-15
3 12 9 —48 -39

2. We proceed as with the previous problem, this time performing
the scalar multiplication of @ by —2 in our heads:

2 —4 —4 —6
U+v—20=|-1|4+|6|+]|-6]=]-1
3 3 —24 —18
3. We find
2 —4 14 —12 2
TW+3v=7|-1+3|6 | =|-T|+]| 18 | = |11
3 3 21 9 30

4. For our last example, we compute

6 —4 2 0
3i+d—w=|-3[+|6]|—-]3]|=]0
9 3 12 0

Figure 2.7.5 Depicting the last linear
combination in Example 2.7.4
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Definition 2.7.6 The span of a set of vectors.

Let A = {¥},a,..., U} be a set of vectors in R™. The span of the
vectors in A, denoted span(A), is the set S of all possible linear combi-
nations of the vectors in A. That is,

S = span(A) = {01171 + CcoUs + - + cp Uy ‘ C1,C2,...,Ck € R}

Example 2.7.7 Describing spans in R3.
Let @, U, W be as in Example 2.7.4. Describe the following spans:
1. span{u}
2. span{d, U}
3. span{u, ¥, W}
Solution.

1. As a set, we have
span{@} =qt|-1||teR >,
3

the set of all scalar multiplies of the vector 1.

If we think back to Section 2.5, we can do a bit better with our

x
description. The set span{} consists of all vectors |y | such that
z
x 2 0 2
y| =t |-1| = (0] +¢|-1],
z 3 0 3

which we recognize as the equation of a line through the origin in
R3 in the direction of the vector .

2. Again, as a set we can write

2 —4
span{@, v} = ¢ s |—=1| +¢t| 6 s,teRp,
3 3
2s — 4t
so span{u, ¢} consists of all vectors of the form |—s+ 6t],
3s+ 3t

where s and ¢ can be any real numbers. Again, with a bit of

Consider an arbitrary vector

T = sti + tv € span{d, U}.

thought, we can come up with a geometric description of this set.
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Any such vector can be obtained by moving some distance (mea-
sured by the scalar s) in the direction of %@, and then moving an-
other distance (measured by the scalar ¢t) in the direction of 7. We
now have two directions in which to move, and if we haven’t for-
gotten what we learned in Section 2.6, this probably reminds us
of the description of a plane.

To see that span{, U} is indeed a plane, we compute

which we know is orthogonal to both i and . It follows from the
properties of the dot product that for any other vector ¥ = su-+tv

we have

A Z=m-(st+t0) =s(i - §)+t( - ¥) =s(0)+t(0) =0,
T

sowith ¥ = |y |, we have
z

—21x — 18y + 82 =0,
which is the equation of a plane through the origin.

3. In the discussion following Example 2.7.4 we saw that any vector
that can be written as a linear combination of @, ¥, and @ can be
written as a linear combination of ¢ and ¢’ alone. Thus, the span
of i, ¥, and « doesn’t contain anything we didn’t already have in

For any plane through the ori- the span of @ and v that is,

gin, the sum of two vectors that
lie in that plane (or indeed, any —
linear combination of vectors in

span{, v, W} = span{, v}.

the plane) is again a vector in that Example 2.7.8 Determining membership in a span.
plane. We'll see shortly that this
is the distinguishing characteris- 2 3 )
tic of any subspace of R™. Giventhevectorsi = |—1|,7= |2|,andw = | 5 |, determine
1 ) 3
whether or not the following vectors belong to span{, ¢, @}
3
1. 2= 16 2.9=1|1
9 -3

Solution. We do not yet have a general technique for solving problems
of this type. Notice that the question “Does Z belong to the span of
{@,v,w}?" is equivalent to the question, “Do there exist scalars a, b, ¢
such that

at + bv + cd = 2?

" Answering this question amounts to solving a system of linear equa-
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tions: if we plug in our vectors, we have

2 3 -2 2a 4 3b — 2c¢ 3
a|=1|+b|2|+c| b5 |=|-a+20+5c| = |6
1 ) 3 a+ 5b+ 3¢ 9
By definition of the equality of vectors, this amounts to the system of
equations
2¢ + 3b — 2¢ = 3
—a + 2b + 5c = 6.
a + 5 + 3¢ = 9

We will develop systematic techniques for solving such systems in
the next chapter. Until then, is there anything we can say? The very
astute reader might notice that the vectors , ¥/, w all have something in
common: their third component is the sum of the first two: 1 = 2+(—1)
fori,5 = 3+ 2for ¥, and 3 = —2 + 5 for w. Thus, all three vectors

X
are of the form y | . Now, notice what happens if we combine two
T +y
such vectors:
a c i sa +tc
s b +t| d = sb+td
a+b c+d [s(a+b) +t(c+d)
i sa +tc
= sb+td ,

L(sa + tc) + (sb+ td)

which is another vector of the same form. The same will be true for
combinations of three or more such vectors.

For the vector Z, we check that 3 + 6 = 9, so & has the correct
form, and indeed (with a bit of “guess and check” work), we find that
a = b= c=1works, since ¢ + v+ w = Z. Thus, we can conclude that

Z € span{, v, w}.

For the vector 3/, we add the first two components, getting4 + 1 =5 #
—3. Since the third component is not the sum of the first two, there is
no way that ¢ could belong to the span of «, ¢, and .

2.7.3



For reasons that become appar-
ent as soon as one begins a dis-
cussion of basis and dimension
(something we won't really cover
in this text), we must consider
any set containing the zero vec-
tor to be linearly dependent. If
we use Equation (2.7.1) to define
linear independence, thisisincluded
in the definition: if (for example)
U, = 0, then we can let c1 be
any real number we want, and
c171 = 0, so it is possible to find
a linear combination where not
all of the scalars are zero.
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Definition 2.7.9 Linear dependence.

We say that a set of vectors
A={01,Va,...,0}

in R™ is linearly dependent if 0 € A, or if one of the vectors 7; in A can
be written as a linear combination of the other vectors in A. If the set A
is not linearly dependent, we say that it is linearly independent.

Example 2.7.10 Determining linear independence.

Determine whether or not following sets of vectors are linearly inde-
pendent:

2 3 -2
1. Thevectorsi = |—1|,7 = |(2|,and W = | 5 | from Exam-
1 5 3
ple 2.7.8.
2. The vectors
2 -2 1
r=|-1|,y=1[3]|, and Z=|1
0 1 0

Solution. Like problems involving span, a general approach to answer-
ing questions like these about linear independence will have to wait until
we develop methods for solving systems of equations in the next chap-
ter. However, for these two sets of vectors, we can reason our way to
an answetr.

1. Here, we noticed that all three vectors satisfy the condition z =
x + vy, if we label their respective components as z, y, and z. But
this condition is simply the equation of a plane; namely, x+y—z =
0. Intuition tells us that any plane can be written as the span of
two vectors, so we can expect that any one of the three vectors
can be written in terms of the other two, and indeed, this is the
case. With a bit of guesswork (or by asking a computer), we can
determine that

L 19 8,

w = 7 U+ 71},
showing that « can be written as a linear combination of % and ¥,
and thus, that our vectors are linearly dependent.

2. Here, we make the useful observation that two of our three vec-
tors have zero as their third component. Since Z and Z have third
component zero, it is impossible for i to be written as a linear
combination of Z and Z, since any such linear combination would
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still have a zero in the third component. To see that & cannot be
written in terms of ¢/ and Z, notice that for any a and b,

—2a+b
af+bzZ= 1| 3a+0b
a

If this is to equal Z, then we must have a = 0, giving us ¥ = bz,
but it’s clear that Z is not a scalar multiple of Z. A similar argument
shows that %’ cannot be written in terms of & and ¢/, and thus our
vectors are linearly independent.

Key Idea 2.7.11 Linearly independent sets of vectors in R3.

* Anyset {i} containing a single vector in R? is linearly dependent if
i = 0, and independent otherwise. (Here \eqref{eq-linearindep}
becomes cu = 0. If @ # 0, the only solution is to take ¢ = 0.)

* Any set {i, 7} containing two non-zero vectors in R is linearly
dependent if @ is parallel to ¥, and independent otherwise. (In
other words, two dependent vectors lie on the same line. Two
independent vectors span a plane.)

* Any set {#, ¥, @} of three non-zero vectors in R? is linearly depen-
dent if all three vectors lie in the same plane, and independent
otherwise.

® Any set of four or more vectors in R3 is automatically linearly de-
pendent.

At this point in the text, we're
not in a position to prove that
any set of four vectors in R? (or
more generally, k vectors in R",
where &k > n) is automatically
independent. However, we'll soon
see in Chapter 3 that in this case,
the test for independence given
by Equation (2.7.1) results in a
“homogeneous” system of linear
equations with more variables than
equations, and that such a sys-
tem is guaranteed to have non-
trivial solutions.
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2.7.4

10.
11.
12.

13.

CHAPTER 2. VECTORS

3d — 20 2. 2430+

i — 20 + 5 4. 47— 3w

17| 6. -7

@ - (24 — 30) 8. 2(-d)—3(w-7)

A subset of a linearly independent set is linearly independent.
A subset of a linearly dependent set is linearly dependent.
Any set of vectors that contains the zero vector is linearly dependent.

If the vector « belongs to the span of the set {771, ..., Uk}, then the set {w, ¥y, ..., Uk} is linearly depen-
dent.

If the set {, ¥, ..., Ty} is linearly dependent, then « belongs to the span of {1, ..., ) }.
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Example 3.1.1 Counting marbles in a jar.

Suppose a jar contains red, blue and green marbles. You are told
that there are a total of 30 marbles in the jar; there are twice as many
red marbles as green ones; the number of blue marbles is the same as
the sum of the red and green marbles. How many marbles of each colour
are there?

Solution. We could attempt to solve this with some trial and error, and
we'd probably get the correct answer without too much work. However,
this won’t lend itself towards learning a good technique for solving larger
problems, so let's be more mathematical about it.

105

Chapter 2 also presented us with
a few situations where the abil-
ity to solve systems of equations
would have come in handy, such
as the derivation of the cross prod-
uct formula, and when we wanted
to compute the point of intersec-
tion of two lines, or the line of
intersection of two planes.
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Let’s let r represent the number of red marbles, and let b and g de-
note the number of blue and green marbles, respectively. We can use
the given statements about the marbles in the jar to create some equa-
tions.

Since we know there are 30 marbles in the jar, we know that

r+b+ g =30. (3.1.1)

Also, we are told that there are twice as many red marbles as green ones,
so we know that
r = 2g. (3.1.2)

Finally, we know that the number of blue marbles is the same as the sum
of the red and green marbles, so we have

b=r+g. (3.1.3)

From this stage, there isn't one “right” way of proceeding. Rather,
there are many ways to use this information to find the solution. One
way is to combine ideas from equations (3.1.2) and (3.1.3); in (3.1.3)
replace r with 2g. This gives us

b=2g9+g=3g. (3.1.4)

We can then combine equations (3.1.1), (3.1.2) and (3.1.4) by replacing
rin (3.1.1) with 2¢g as we did before, and replacing b with 3¢ to get

r+b+g=30 (3.1.5)
2g+3g+9g=30 (3.1.6)
6g = 30 (3.1.7)

g=>5. (3.1.8)

We can now use equation (3.1.8) to find r and b; we know from
(3.1.2) that r = 2g = 10 and then since » + b + g = 30, we easily
find that b = 15.

Here’s another “What if?” ques-

tion: what if we had a total of

20 marbles in the jar? Could we

still solve the problem? Chances 1.
are that you can still work out a
solution to the system, but what
does it mean? (In this case it’s
probably safe to assume that it
doesn’t make physical sense to
deal with fractions of a marble.)
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Definition 3.1.2 Linear Equation.

A linear equation is an equation that can be written in the form
a1x1 + aexo + -+ apxy, = C

where the z; are variables (the unknowns), the a; are coefficients, and
cis a constant.

A system of linear equations is a set of linear equations that involve the
same variables.

A solution to a system of linear equations is a set of values for the vari-
ables x; such that each equation in the system is satisfied.
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3.1.1

1. z+y+z2z=10 2. zyt+yzr+azxzz=1

3. -32+4+9=3y—5z+2—-7 4., Voy+mr=-1

5. (x—1)(z+1)=0 6. Jrit+a2=25

7. mity+t=1 8. Ll+9=3cos(y)—5z

9. cos(15)y+ 3 =-1 10. 27 +2Y =16

1 oty o=l 2. - 3% =3
20 — 3y = 8 3r + 6y = 8
zx — vy + z = 1 z + y - =z 1

13. 22 + 6y — = -4 14. 2z + y = 2
dr — b5y + 2z = 0 y + 2z =0

15.

16.

17.

A jar contains 100 marbles. We know there are twice as many green marbles as red; that the number of blue
and yellow marbles together is the same as the number of green; and that three times the number of yellow
marbles together with the red marbles gives the same numbers as the blue marbles. How many of each color
of marble are in the jar?

A farmer looks out his window at his chickens and pigs. He tells his daughter that he sees 62 heads and 190 legs.
How many chickens and pigs does the farmer have?

A lady buys 20 trinkets at a yard sale. The cost of each trinket is either $0.30 or $0.65. If she spends $8.80, how
many of each type of trinket does she buy?



Note: when we multiplied the
second equation by —% inour third
step, we were proceeding accord-
ing to a well-known algorithm (which
we will soon explain) that is es-
pecially efficient when implemented
on a computer. We should point
out, however, that since humans
tend to be less happy about work-
ing with fractions than comput-
ers, we might reasonably decide
that our third step should be to
first add the second equation to
the third, so that the 2g in the
third equationis cancelled by the
—2g¢ in the second.
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1 1 1 30 1 1 1130
0 -2 1 0 0 -2 1|0
-1 1 1 0 -1 1 1] 0

Without the vertical line  With the vertical line

Figure 3.2.1 Two ways of writing an augmented matrix
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Example 3.2.2 Solving a system using augmented matrices.

Find a solution to the following system of linear equations by simulta-
neously manipulating the equations and the corresponding augmented
matrices.

X + a2 + x3 = 0
21’1 + 2$2 + I3 = 0.
—11’1 + T2 — 2%3 = 2

Solution. We'll first convert this system of equations into a matrix,
then we’ll proceed by manipulating the system of equations (and hence
the matrix) to find a solution. Again, there is not just one “right” way
of proceeding; we'll choose a method that is pretty efficient, but other
methods certainly exist (and may be “better”!). The method use here,
though, is a good one, and it is the method that we will be learning in
the future.

The given system and its corresponding augmented matrix are seen
below.

Original system of equations Corresponding matrix
X1 + 2 + x3 = 0 1 1 1 0

211 + 20 + 3 0 2 2 1 0
—lxl + o — 2$3 = 2 -1 1 =212
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We'll proceed by trying to get the z; out of the second and third
equation.

Replace equation 2 with the Replace row 2 with the sum of
sum of — 2 times equation 1 —2 times row 1 plus row 2
plus equation 2; (—2R; 4+ R2 — R»)
Replace equation 3 with Replace row 3 with the sum of
the sum of equation 1 row 1 and row 3
and equation 3 (R1 + Rs — R3)
T + To + I3 = O 1 1 1 O
—x3 = 0 00 —-1]0
2y — x3 = 2 0 2 —-1]2

Notice that the second equation no longer contains z5. We'll ex-
change the order of the equations so that we can follow the convention
of solving for the second variable in the second equation.

Interchange equations 2 and 3 Interchange rows 2 and 3

(Rg < Rg)

r1 + X2 + x3 = 0 1 1 1 0
QIQ — I3 = 2 0 2 —-1|2

—z3 = 0 0 0 —1]0

1 i 1
Multiply equation 2 by 3 Multiply row 2 by 3

(%RQ%RQ)

r1 + x2 + x3 = 0 1 1 1 0
zy — w3 = 1 01 —3|1

—T3 0 0 0 —110

Multiply equation 3by — 1 Multiply row 3by —1

(—1R3—>R3)

1y + 3 + a3 = 0 1 1 110
Ty — w3 = 1 01 —%|1

xz3 = 0 00 110

Notice that the last equation (and also the last row of the matrix)
show that z3 = 0. Knowing this would allow us to simply eliminate the
x3 from the first two equations. However, we will formally do this by
manipulating the equations (and rows) as we have previously.

Replace equation 1 with the Replace row 1 with the sum of
sum of — 1 times equation 3 —1 times row 3 plus row 1
plus equation 1; (=R3+ R1 — Ry)
Replace equation 2 with the Replace row 2 with the sum of
sum of 1 times equation 3 1 times row 3 plus row 2

plus equation 2 (%Rg + R — Ro)
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1 + X2 =0 1 1 010
T = 1 01 01
r3 = 0 0 0 1/0
Notice how the second equation shows that 25 = 1. All that remains
to do is to solve for x;.
Replace equation 1 with the Replace row 1 with the sum of
sum of — 1 times equation 2 —1 times row 2 plus row 1
plus equation 1 (—Ro+ Ry — Ry)
T = -1 1 0 0] -1
To = 1 01 0|1
rz3 = 0 0 0 1|0
Obviously the equations on the left tell us that xy = —1, z5 = 1

and x3 = 0, and notice how the matrix on the right tells us the same
information.

115
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3.2.1
3r + 4y + 5z =T 2 + b5y — 6z = 2
1. - 4+ y - 3z =1 2, 9z - 8 = 10
20 — 2y + 3z = 5 2z + 4y + z = -7
$1+3$2—4$3+5$4: 17 3{171—2‘%2: 4
3. —x1 +4x3+8x,= 1 4 201 = 3
2x1 +3x2 +4x3+ 54 = 6 ) —x14+ 922 = 8
S5r1 — Taxg = 13
1 2|3 [ -3 4| 7
> -1 39] 6. | 0 1—2}
7 (1 1 -1 —-1]2 (1 0 0 0] 2
’ 12 1 3 5 |7 8 01 0 0]-1
) 0 0 1 0] 5
L0 0 0 1] 3
1 0 0 0] 2 10'101072
9 01 0 0|-1 ) L0 1 3 2 0|5
’ 00 1 0 5
L0 0 0 1| 3
11. —1Ry — R 12. Ry < R3
13. R+ Ry — Ry 14. 2R; + R3; — R3
15. IRy — Ry 16. —3Ri+ Rs3 — Rs
1 1 1T 1 1 1]
17. B=1|2 0 2 18. B=12 1 2
|11 2 3] 11 2 3]
[3 5 7] [1 0 1]
19. B=|1 0 1 200 B=(1 1 1
11 2 3] 11 2 3]
[1 1 1T
2. B=(1 0 1
10 2 2]
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2 T Y 23,
2¢ — 3y =1

24, 2 T3y 25.
-z + y =1
*5.%1 -+ 2$3 = 14

26. To = 1 27.
—3x1 + 3 8

2+ 4y
-z + Yy
2r + 3y
-2z + 06y
- 5172
T
— 3!1,‘2

—11
15
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3.3

Key Idea 3.3.1 Elementary Row Operations.

1. Add a scalar multiple of one row to another row, and replace the
latter row with that sum

2. Multiply one row by a nonzero scalar

3. Swap the position of two rows
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Definition 3.3.2 Reduced Row Echelon Form.

A matrix is in reduced row echelon form if its entries satisfy the following
conditions:

1. The first nonzero entry in each row is a 1 (called a leading 1).

2. Each leading 1 comes in a column to the right of the leading 1s in
rows above it.

3. All rows of all 0s come at the bottom of the matrix.

4. If a column contains a leading 1, then all other entries in that col-
umn are 0.

A matrix that satisfies the first three conditions is said to be in row eche-
lon form.

Example 3.3.3 Determining if a matrix is in reduced row echelon form.

Which of the following matrices is in reduced row echelon form?

(a)'10 1 2 0 0
0 1 f {0 0 30
SR 0 0 0 4
(b)_012}

(C)'oo (0 1 2 3 0 4
0 0 (@ [0 00015
1o 0 000 0O
(d)

0 0 1

1 0 0 1 1 1 0

(e [0 0 0 0 (h) |0 1 0

0 0 1 3 10 1

Solution. The matrices in (a), (b), (c), (d) and (g) are all in reduced row
echelon form. Check to see that each satisfies the necessary conditions.
If your instincts were wrong on some of these, correct your thinking ac-
cordingly.

The matrix in (e) is not in reduced row echelon form since the row
of all zeros is not at the bottom. The matrix in (f) is not in reduced row
echelon form since the first nonzero entries in rows 2 and 3 are not 1.
Finally, the matrix in (h) is not in reduced row echelon form since the
first entry in column 2 is not zero; the second 1 in column 2 is a leading
one, hence all other entries in that column should be 0.

We end this example with a preview of what we’ll learn in the future.
Consider the matrix in (b). If this matrix came from the augmented ma-
trix of a system of linear equations, then we can readily recognize that
the solution of the system is 1 = 1 and x5 = 2. Again, in previous




120 CHAPTER 3. SYSTEMS OF LINEAR EQUATIONS

examples, when we found the solution to a linear system, we were un-
wittingly putting our matrices into reduced row echelon form.

Example 3.3.4 Using row operations to simplify an augmented matrix.

Put the augmented matrix of the following system of linear equa-
tions into reduced row echelon form.

—3x1 — 31’2 + 9(L’3 = 12
21 +  2x9 — dx3 = —2.
—2$2 — 431‘3 = -8

Solution. We start by converting the linear system into an augmented

matrix.
-3 9 |12

2 2 -4 -2
0 -2 —4| -8

Our next step is to change the entry in the box to a 1. To do this, let’s
multiply row 1 by —3.

1 1 1 -3|—-4
—§R1 — Rl 2 2 —4 | =2
0 -2 —4]| -8

We have now created a leading 1; that is, the first entry in the first
row is a 1. Our next step is to put zeros under this 1. To do this, we'll use
the elementary row operation given below.

1 1 3|4
—2R; + Ry — Ry 0 [o] 216
0 -2 —4]-8

Once this is accomplished, we shift our focus from the leading one
down one row, and to the right one column, to the position that is boxed.
We again want to put a 1in this position. We can use any elementary row
operations, but we need to restrict ourselves to using only the second
row and any rows below it. Probably the simplest thing we can do is
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interchange rows 2 and 3, and then scale the new second row so that
there is a 1 in the desired position.

(1 1 3| -4

Ry ¢ Ry 0 —4| -8
0o 0 2|6

. 1 1 -3 -4
_§R2_>R2 0 1 2 4
L0 0 6

We have now created another leading 1, this time in the second row.
Our next desire is to put zeros underneath it, but this has already been
accomplished by our previous steps. Therefore we again shift our atten-
tion to the right one column and down one row, to the next position put
in the box. We want that to be a 1. A simple scaling will accomplish this.

1 11 -3|-4
§R3 — Rs 01 2 4
0 0 1 3

This ends what we will refer to as the forward steps. Our next task is
to use the elementary row operations and go back and put zeros above

our leading 1s. This is referred to as the backward steps. These steps Technically, Gaussian elimination
are given below. consists only of the “forward steps”;
including the “backwards steps”
SRy + Ry — Ry [1 1 0| 5 ] resultsinan alg(?ri‘fhm.known as
01 0f-2 Gauss-Jordan elimination. In Gauss-
2R3+ Ry = Ry 00 1] 3 ian elimination, instead of the back-
: Lo ol : ward steps, one uses back sub-
stitution. At the end of the for-
R+ 11— Ry 0 1 0f-2 ward steps, we can immediately
LO 0 1] 3 ] read off x3 = 3 from the third
| Itis now easy to read off the solution as 1 = 7, o = —2 and 3 = 3. row. The secondrow corresponds

to the equation x5 + 2x3 = 4,
and plugging in x3 = 3 to this
equation, we get 9 + 6 = 4,
so o = —2. Finally, the first
row gives the equation x1 +z5—
3x3 = —4, and pluggingin zo =
—2and x3 = 3,wegetx; —2—
9 = —4, so x1 = 7. Using back
substitution is slightly more effi-
cient thanincluding the backward
steps, but once we get to exam-
ples with free parameters, you'll
probably find that it’s easier to
go all the way to reduced row-
echelon form.
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Backward Steps
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. Working from left to right, consider the first col-

umn that isn’t all zeros that hasn’t already been
worked on. Then working from top to bottom,
consider the first row that hasn’t been worked
on.

. If the entry in the row and column that we

are considering is zero, interchange rows with
a row below the current row so that that entry
is nonzero. If all entries below are zero, we are
done with this column; start again at step 1.

. Multiply the current row by a scalar to make its

first entry a 1 (a leading 1).

. Repeatedly use Elementary Row Operation 1 to

put zeros underneath the leading one.

. Goback to step 1 and work on the new rows and

columns until either all rows or columns have
been worked on.

If the above steps have been followed properly,
then the following should be true about the current
state of the matrix:

1.

The first nonzero entry in each rowis a 1 (a lead-
ing 1).

. The entries under each leading 1 are all zeros.

Each leading 1 is in a column to the right of the
leading 1s above it.

All rows of all zeros come at the bottom of the
matrix.

Note that this means we have just put a matrix into
row echelon form. The next steps finish the conver-
sion into reduced row echelon form. These next steps
arereferred to as the backward steps. These are much
easier to state.

1.

Starting from the right and working left, use Ele-
mentary Row Operation 1 repeatedly to put ze-
ros above each leading 1.
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Definition 3.3.5 Gaussian Elimination.

Gaussian elimination is the technique for finding the reduced row ech-
elon form of a matrix using the above procedure. It can be abbreviated
to:

1. Create a leading 1.
2. Use this leading 1 to put zeros underneath it.
3. Repeat the above steps until all possible rows have leading 1s.

4. Put zeros above these leading 1s.

Example 3.3.6 Using Gaussian elimination.

Use Gaussian elimination to put the matrix A into reduced row ech-
elon form, where

-2 -4 -2 -10 O
A=12 4 1 9 -2
3 6 1 13 -4

Solution. We start by wanting to make the entry in the first column
and first row a 1 (a leading 1). To do this we'll scale the first row by a
factor of —3.

1 1 2 1 5 0
—§R1 — R1 2 4 1 9 -2
3 6 1 13 —4

Next we need to put zeros in the column below this newly formed
leading 1.

1 2 1 ) 0

o [o] -1 -1 —2

0o 0 -2 -2 -4

—2R1 + Ry — Ry
—3Ry + R3 — Rs3

Our attention now shifts to the right one column and down one row
to the position indicated by the box. We want to put a 1 in that position.
Our only options are to either scale the current row or to interchange
rows with a row below it. However, in this case neither of these options
will accomplish our goal. Therefore, we shift our attention to the right
one more column.

We want to put a 1 where there is a —1. A simple scaling will accom-
plish this; once done, we will put a 0 underneath this leading one.

1 2 1 5 0

—RQ—)RQ 0 0 1 1 2

0 0 -2 -2 —4
1 2 1 5 0
2Rs + R3 — R3 001 1 2
0 0 0 [0] o

In Example 3.3.6, we create our
first leading 1 by multiplying Row
1 by —1. On a computer, this
is the most efficient option, and
it's a good choice in this exam-
ple, since every entry in Row 1
is even, so no fractions are intro-
duced. Most people like to avoid
fractions if they can, and in some
cases that’s impossible with this
type of row operation. The other
option we could have tried here
is adding Row 3 to Row 1: since
—2 4 3 = 1, the row operation
R; — Ry + Rj3 also would have
created a leading 1 for us.
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Our attention now shifts over one more column and down one row
to the position indicated by the box; we wish to make this a 1. Of course,
there is no way to do this, so we are done with the forward steps.

Our next goal is to put a 0 above each of the leading 1s (in this case
there is only one leading 1 to deal with).

1 2 0 4 -2
—Ro+ Ry — Ry 0O 01 1 2
0O 00 0 O

This final matrix is in reduced row echelon form.

Example 3.3.7 Gaussian elimination, again.
Put the matrix
1 21 3
2 1 1 1
3 3 2 1
into reduced row echelon form.
Solution. Here we will show all steps without explaining each one.

1 2 1 3
—2R; + Ry — Ry 0O -3 -1 -5
0o -3 -1 =8
1 (1 2 1 3
7§R2 — Ry 0 1 1/3 5/3
o -3 -1 =8
1 2 1 3]
3R2+R3*>R3 0 1 1/3 5/3
0 0 O -3
1 1 2 1 3
*§R3 — Rg 0 1 1/3 5/3
0 0 O 1 ]
—3Rs + Ry — Ry 12 1 0
2R3+ Ry —» R 01 1/3 0
grs e 2 00 0 1]
(1 0 1/3 0]
—2Rs + Ry — Ry 0 1 1/3 0
0 0 O 1]

The last matrix in the above example is in reduced row echelon form.
If one thinks of the original matrix as representing the augmented matrix
of a system of linear equations, this final result is interesting. What does
it mean to have a leading one in the last column? We'll figure this out in
the next section.
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Example 3.3.8 Using back substitution.

Put the matrix A into reduced row echelon form, where

2 1 -1 4
A=(1 -1 2 12
2 2 -1 9

Solution. We’ll again show the steps without explanation, although we
will stop at the end of the forward steps and make a comment.

X 1 1/2 —1/2 2
§R1 — R1 1 -1 2 12
2 2 -1 9
1 1/2 -—-1/2 2
T R 0 —?{/2 5//2 10
—2R1 4+ R3 — R3 0 1 0 5
) 112 12 2 ]
—ZR o Ry 0 1 -5/3 —20/3
0o 1 o0 5 ]
112 —1/2 2
~Ro+ Rs — Ry 0 1 -5/3 —20/3
0 0 5/3 353 ]
; 112 12 2 ]
SRy — Ry 0 1 -5/3 —20/3
0o o0 1 7

Let’s take a break here and think about the state of our linear system
at this moment. Converting back to linear equations, we now know

I1+1/2$271/21’3 = 2
Ty —5/3x3 = —20/3 .
r3 = 7

Since we know that x3 = 7, the second equation turns into
xo — (5/3)(7) = —20/3,

telling us that z5 = 5.
Finally, knowing values for x5 and x3 lets us substitute in the first
equation and find

x1 4+ (1/2)(5) — (1/2)(7) = 2,

sor; = 3.

This process of substituting known values back into other equations
is called back substitution. This process is essentially what happens
when we perform the backward steps of Gaussian elimination. We make
note of this below as we finish out finding the reduced row echelon form
of our matrix.

5 1 1/2 —-1/2 2
§R3+R2—>R2 0 1 0 5
0 O 1 7

125
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(knowing x3 = 7 allows us to find x5 = 5)

1
%Rg, + Ry — Ry 0 03
—iRy+Ri =R 0 105
27 ! 0017
(knowing x5 = 5 and x3 = 7 allows us to find 21 = 3).
We did our operations slightly “out of order” in that we didn’t put

the zeros above our leading 1 in the third column in the same step, high-
| lighting how back substitution works.




127

3.3. ELEMENTARY ROW OPERATIONS AND GAUSSIAN ELIMINATION

3.3.1

— - O

— — - O

N _OOO_u_uOO c o~

o0 == oo oo coN OHO HoOo O —o

o0 oOoH oo oo oONO HOO oo Oo -Hoo

— 0_ — 0_ _0 — _0 0_ _200_ _000_ _000_ _100_
E 8 T = © s © 5

1

rﬂ_u73

o H e oo oHo oo -

o= "o =~ o~ — — O o~ o o oo o - o

— o o — o~ — O _100_ _100_ __I.OO_ _100_
= ) ) = = ) ) cl

18

] ©
i
— D T P Ao man o
1 p~
[a\ I N — —
(. N o & oo
0 o ¢
& | = ~ o __212__101_ ™
. . =) N < o o
O © - - - - -
—
—
—_—
2856 —
6_ | — O |
1
— <t —
0 N O o <t ™ [ap] —
~N TS T 4o — ey _
™ AN — — A —
— <t e} [\ e B [a]
A Lo P e L
. . . — %) ") ~
n N o -~ -l - -



CHAPTER 3. SYSTEMS OF LINEAR EQUATIONS

128

9
-2 13

-1 3 1 -2
-2 6 1

22, [1
2

|

2 21 3 1 4
1113 1 4

2 |
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3.4

N\ AN

(a) (b) (c)

Figure 3.4.1 The three possibilities for two linear equations with two unknowns
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Theorem 3.4.2 Solution Forms of Linear Systems.

Every linear system of equations has exactly one solution, infinitely many
solutions, or no solution.
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Definition 3.4.3 Consistent and Inconsistent Linear Systems.

A system of linear equations is consistent if it has a solution (perhaps
more than one). A linear system is inconsistent if it does not have a
solution.

Example 3.4.4 Solving a linear system.
Find the solution to the linear system

X1 + o =1
21’1 + QIEQ =

Solution. Create the corresponding augmented matrix, and then put
the matrix into reduced row echelon form.
1 1|1 — 1 1|1
rref .
2 212 0 010

Now convert the reduced matrix back into equations. In this case,
we only have one equation,

xr1+ T = 1,
or, equivalently,

1‘1:1—1'2

o is a free parameter.

We have just introduced a new term, free parameter, or free vari-
able, or simply, parameter. It is used to stress that idea that x5 can take
on any value; we are “free” to choose any value for z5. Once this value is
chosen, the value of x; is determined. We have infinitely many choices
for the value of x4, so therefore we have infinitely many solutions. The
variable x; is also known as a leading variable, since the column corre-
sponding to x1 contains a leading 1 in the reduced row echelon form of
our augmented matrix.

Technology Note: In the previ-
ous section, we learned how to
find the reduced row echelon form
of a matrix using Gaussian elim-
ination — by hand. We need to
know how to do this; understand-
ing the process has benefits. How-
ever, actually executing the process
by hand for every problem is not
usually beneficial. In fact, with
large systems, computing the re-
duced row echelon form by hand
is effectively impossible. The abil-
ity to use the RREF to quickly read
off the solution to a system is prob-
ably more important than being
able to find the RREF in the first
place. There are plenty of pro-
grams available for free online that
will do the Gaussian elimination
for you, but use these with cau-
tion: you probably won't have
access to a computer on the ex-
ams, so you'd better not become
overly reliant on using software.

In other words, any free pa-
rameters in our system can be
regarded as independent vari-
ables; the remaining variables
are then seen as dependent vari-
ables, and the equations deter-
mined by the reduced row ech-
elon form of our system tell
us how the dependent variables
depend on the parameters.
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For example, if we set x9 = 0, then z1 = 1; if we set x = 5,
then ;1 = —4. Common practice is to assign a new name to our free
parameter; t is always a good choice. Doing so, we can write the solution
to our system as follows:

xr1 = 1-—t
r9 =t,
where ¢ can be any real number. (Writing the solution in this way is

meant to be reminiscent of the parametric equations for a line in Sec-
tion 2.5.)

Example 3.4.5 Solving another linear system.

Find the solution to the linear system

i) — I3 = 3
X1 + 2x3 = 2 .
—3.132 + 31‘3 = -9

Solution. To find the solution, put the corresponding matrix into re-
duced row echelon form.

0o 1 -—-1] 3 1 0 2 |2
—

1 0 2 2 rref 01 —-11]3

0 -3 3 |-9 0 0 010

Now convert this reduced matrix back into equations. We have

T, + 2203 =2

£E2—$3:3

or, equivalently,

$1:2—2t
$2:3+t
r3 =t,

where the parameter ¢ can be any real number.

These two equations tell us that the values of x; and x> depend on
what t = x3 is. As we saw before, there is no restriction on what ¢ must
be; it is “free” to take on the value of any real number. Once ¢ is chosen,
we obtain a solution (x1, x2, 3) to our system. Since we have infinitely
many choices for the value of ¢, we have infinitely many solutions.

As examples, 1 = 2, xo = 3, 3 = 0 is one solution; x; = —2,
r9 = b, xz3 = 2 is another solution. Try plugging these values back
into the original equations to verify that these indeed are solutions. (By
the way, since infinitely many solutions exist, this system of equations is
consistent.)

Examples such as these are known as particular solutions to our sys-
tem of equations; they correspond to a particular choice for the para-
meter ¢. The solution written in terms of the parameter ¢ is known as
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the general solutionto the system of equations. Note that we're not re-
stricted to verifying particular solutions: we can go whole hog and plug
the general solution into our system to make sure it works. For example,
in the first equation, we have

$2—$3:(3+t)—t:3,

so the first equation is satisfied.
In the second equation, we have

x1+2x3:(272t)+2t:2,

so the second equation is satisfied. The reader can just as easily verify
that our solution works in the third equation as well.

Definition 3.4.6 Dependent and Independent Variables.

Consider the reduced row echelon form of an augmented matrix of a
linear system of equations. Then:

® A variable that corresponds to a leading 1 is a leading, or depen-
dent, variable

® Avariable that does not correspond to a leading 1 is a non-leading,
or free, or independent, variable. Free variables are also known
as parameters.

Key Idea 3.4.7 Consistent Solution Types.

A consistent linear system of equations will have exactly one solution if
and only if there is a leading 1 for each variable in the system.

If a consistent linear system of equations has a free variable, it has infi-
nitely many solutions.

If a consistent linear system has more variables than leading 1s, then the
system will have infinitely many solutions.

A consistent linear system with more variables than equations will al-
ways have infinitely many solutions.
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Example 3.4.8 An inconsistent system.

Find the solution to the linear system

X1 + T2 —+ I3 = ].
ry + 229 + x3 = 2.
201 4+ 3x9 4+ 223 = 0

Solution. We start by putting the corresponding matrix into reduced
row echelon form.

1 1 111 1 0 1]0

—
1 2 1]2 rref 0 1 0(0
2 3 2|0 0 0 01
Now let us take the reduced matrix and write out the corresponding

equations. The first two rows give us the equations

1 +x3=0

Tog = 0.
So far, so good. However the last row gives us the equation
0x1 4+ 0x9 + 0z3 =1,

or, more concisely, 0 = 1. Obviously, this is not true; we have reached a
| contradiction. Therefore, no solution exists; this system is inconsistent.
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Key Idea 3.4.9 Inconsistent Systems of Linear Equations.

A system of linear equations is inconsistent if the reduced row echelon
form of its corresponding augmented matrix has a leading 1 in the last
column.

Example 3.4.10 Verifying that a system is inconsistent.
Confirm that the linear system

z 4+ y =0
2r + 2y = 4

has no solution.

Solution. We can verify that this system has no solution in two ways.
First, let’s just think about it. If x + y = 0, then it stands to reason, by
multiplying both sides of this equation by 2, that 2x + 2y = 0. However,
the second equation of our system says that 2x + 2y = 4. Since 0 #
4, we have a contradiction and hence our system has no solution. (We
cannot possibly pick values for x and y so that 2z + 2y equals both 0
and 4.)

Now let us confirm this using the prescribed technique from above.
The reduced row echelon form of the corresponding augmented matrix

is

1 1]0

0 01|
We have a leading 1 in the last column, so therefore the system is incon-
sistent.

Definition 3.4.11 Particular Solution.

Consider a linear system of equations with infinitely many solutions. A
particular solution is one solution out of the infinitely many set of pos-
sible solutions.




Why include the row of zeros
in Example 3.4.12? Rows of
zeros sometimes appear “unex-
pectedly” in matrices after they
have been put in reduced row
echelon form. When this hap-
pens, we do learn something; it
means that at least one equa-
tion was a combination of some
of the others.

Note: It's useful to state the
number of parameters in the
general solution to a system
with infinitely many solutions,
since the number of parame-
ters has geometric significance.
A one-parameter family of solu-
tions defines a line, while a two-
parameter family of solutions
defines a plane.
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Example 3.4.12 Finding general and particular solutions.

Give the general solution to a linear system whose augmented matrix
in reduced row echelon form is

1 -1 0 2 |4
0o 0 1 =371,
0 0 0 010

and give two particular solutions.

Solution. We can essentially ignore the third row; it does not divulge
any information about the solution.

The first and second rows can be rewritten as the following equa-
tions:

T1 — To+2x4 =4

T3 731’4 =".

Notice how the variables z; and x3 correspond to the leading 1s of
the given matrix. Therefore x1 and x5 are dependent variables; all other
variables (in this case, x5 and z4) are free variables.

We generally write our solution with the dependent variables on the
left and independent variables and constants on the right. It is also a
good practice to acknowledge the fact that our free variables are, in fact,
free. So our final solution would look something like

r1=44+s—2t
To = sis free
I3:7+3t

x4 = tis free.

Note that in this case we have two free variables, x5 and x4, so we
introduce two parameters, s and t, in our general solution. While we
would be correct in saying that this system has infinitely many solutions,
we can be more precise about the nature of those solutions. Here, we
say that we have a two-parameter family of solutions, to indicate the
fact that two different parameters are required to describe the most gen-
eral solution.

To find particular solutions, choose values for our free variables.
There is no “right” way of doing this; we are “free” to choose whatever
we wish.

By setting 9 = 0 = x4, we have the solution 1 = 4, x5 = 0,
x3 = 7, x4 = 0. By setting xo = 1 and x4 = —5, we have the solution
r1 = 15,29 = 1, 23 = —8, x4 = —5. Itis easier to read this when are
variables are listed vertically, so we repeat these solutions:

One particular solution is: Another particular solution is:

x1:4 1‘1:15
3;‘2:0 [L‘Qzl
1’3:7 1'3:*8

Ty = 0. Ty = —5.
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Example 3.4.13 Finding general and particular solutions.

Find the solution to a linear system whose augmented matrix in re-
duced row echelon form is

1 0 0 2|3
01 0 4|5

and give two particular solutions.
Solution. Converting the two rows into equations we have

1+ 224 =3
Ty +4xy = 5.

We see that 21 and x5 are our dependent variables, for they corre-
spond to the leading 1s. Therefore, x3 and x4 are independent variables.
This situation feels a little unusual, for x3 doesn’t appear in any of the
equations above, but cannot overlook it; it is still a free variable since
there is not a leading 1 that corresponds to it. We write our solution as:

$1:3—2t
I2:5—4t
r3 = sis free

x4 = tisfree.

To find two particular solutions, we pick values for our free variables.
Again, there is no “right” way of doing this (in fact, there are . . . infinitely
many ways of doing this) so we give only an example here.

One particular solution is: Another particular solution is:

1 =3 T, =3—27
To =D To =5 —4rm
z3 = 1000 T3 = €2
x4 = 0. Ty = T.

(In the second particular solution we picked “unusual” values for x5
and x4 just to highlight the fact that we can.)

Example 3.4.14 Finding general and particular solutions.
Find the solution to the linear system

$1+ZB2+13:5
Ty, — x9 + x3 = 3

and give two particular solutions.

Solution. The corresponding augmented matrix and its reduced row
echelon form are given below.

1 1 1|5 — 1 0 1|4
rref
1 -1 1|3 01 0|1

What kind of situation would
lead to a column of all zeros? To
have such a column, the original
matrix needed to have a column
of all zeros, meaning that while
we acknowledged the existence
of a certain variable, we never
actually used it in any equation.
In practical terms, we could re-
spond by removing the corre-
sponding column from the ma-
trix and just keep in mind that
that variable is free. In very
large systems, it might be hard
to determine whether or not a
variable is actually used and one
would not worry about it.

When we learn about eigen-
vectors and eigenvalues, we will
see that under certain circum-
stances this situation arises. In
those cases we leave the vari-
able in the system just to remind
ourselves that it is there.
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Converting these two rows into equations, we have

r1+a3=4
To = 1
giving us the solution
T = 4—t
To = 1

x3 = tis free.

Once again, we get a bit of an “unusual” solution; while x5 is a de-
pendent variable, it does not depend on any free variable; instead, it is
always 1. (We can think of it as depending on the value of 1.) By picking
two values for x3, we get two particular solutions.

One particular solution is: Another particular solution is:
T = 4 Tr1 = 3
T = 1 o = 1
I3 = 0. I3 = 1.

Example 3.4.15 Solving a system with a variable coefficient.

For what values of k will the given system have exactly one solution,
infinitely many solutions, or no solution?

T + 2I2 =
31’1 + k.’L’Q =

o w

Solution. We answer this question by forming the augmented matrix
and starting the process of putting it into reduced row echelon form. Be-
low we see the augmented matrix and one elementary row operation
that starts the Gaussian elimination process.

)]

0

1 2
3 k

This is as far as we need to go. In looking at the second row, we
see that if & = 6, then that row contains only zeros and z- is a free
variable; we have infinitely many solutions. If £ # 6, then our next step
would be to make that second row, second column entry a leading one.
We don't particularly care about the solution, only that we would have

3 1 2
9} —3R1 + Ry — Ry {0 k—6
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exactly one as both x; and x5 would correspond to a leading one and
hence be dependent variables.

Our final analysis is then this. If k = 6, there is exactly one solution;
if £ = 6, there are infinitely many solutions. In this example, it is not
possible to have no solutions.
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34.1
1 2¢1 + 4xo = 2 2 —2x1 + 4dzy + 4dx3 =
’ Ty + 2xy = 1 ) X — 3x2 + 223 = 1
2c1 + x2 + 23 = 0 4 2t7 4+ 3x9 = 1
3. X1 + X9 + 31‘3 = 1 ) 72‘%1 - 31‘2 ==
31’1 + 2.%2 + 51’3 = 3
5 —x1—xo+x3+x4 = 0 6 —x1 + 2z 4+ 23 = 2
—2x1 — 204+ 23 = —1 ) 2c1 4+ bz 4+ 3 = 2
7 1 +2x0+6x3+924, = 0 8 —x1 4+ Sx9 = 3
) —T1] — T3 — 2564 = -3 ) 2$1 — 10]}2 = —6
9 T1 + T3 = 3 T1 + 31‘2 + 31‘3 = 1
’ 21’1 + X2 = 4 10. 2931 — T2 + 21’3 = -1
4y + bSry 4+ 8xrg = 2
1. —3r1 4+ Tz, = =T 12. Ty + 229 = 1
2131 — 8%2 = 8 —r1T — 23?2 = 5
T1 + 2x9 + 223 = 1 211 + 4dzy + 6x3 = 2
13. 21‘1 —+ o —+ 31‘3 = 1 14. lxl —+ 21‘2 + 3I3 = 1
3r1 + 3x2 + bxg = 2 —3z1 — 6z — 923 = -3
15. T, 4+ 2z, = 1 16. T, + 2z 1
r1 + k‘l‘g =1 r1 + 31‘2 k
17. T + 2262 = 1 18. r1 + 21’2 1
21’1 + 4.%2 = k xr1 + ]fl’g = 2
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3.5

Example 3.5.1 Counting marbles, again.

A jar contains 100 blue, green, red and yellow marbles. There are
twice as many yellow marbles as blue; there are 10 more blue marbles
than red; the sum of the red and yellow marbles is the same as the sum
of the blue and green. How many marbles of each color are there?

Solution. Let’s call the number of blue balls b, and the number of the
other balls g, » and y, each representing the obvious. Since we know
that we have 100 marbles, we have the equation

b+ g+r+y = 100.

The next sentence in our problem statement allows us to create
three more equations.

We are told that there are twice as many yellow marbles as blue.
One of the following two equations is correct, based on this statement;
which one is it?

2u=1» or 2b=y

The first equation says that if we take the number of yellow marbles,
then double it, we'll have the number of blue marbles. That is not what
we were told. The second equation states that if we take the number of
blue marbles, then double it, we'll have the number of yellow marbles.
This is what we were told.

The next statement of “there are 10 more blue marbles as red” can
be written as either

b=r+10 or r=b+ 10.

Which is it?

The first equation says that if we take the number of red marbles,
then add 10, we'll have the number of blue marbles. This is what we
were told. The next equation is wrong; it implies there are more red
marbles than blue.

The final statement tells us that the sum of the red and yellow mar-
bles is the same as the sum of the blue and green marbles, giving us the
equation

r+y=b+g.

We have four equations; altogether, they are

b+g+r+y=100
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2b=y
b=r+10
r+y=>b+g.

We want to write these equations in a standard way, with all the
unknowns on the left and the constants on the right. Let us also write
them so that the variables appear in the same order in each equation
(we'll use alphabetical order to make it simple). We now have

b+g+r+y=100
2b—y=0
b—r=10
~b—g+r+y=0.
To find the solution, let’s form the appropriate augmented matrix

and put it into reduced row echelon form. We do so here, without show-
ing the steps.

1 1 1 1 | 100 1 0 0 020

2 0 0O —-1] 0 01 0 0130
rref

1 0O -1 0 10 0 01 0110

-1 -1 1 1 0 0 0 0 1140

We interpret from the reduced row echelon form of the matrix that
| we have 20 blue, 30 green, 10 red and 40 yellow marbles.

Key Idea 3.5.2 Mathematical Problem Solving.
1. Understand the problem. What exactly is being asked?

2. ldentify the unknowns. What are you trying to find? What units
are involved?

3. Give names to your unknowns (these are your variables).
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4. Use the information given to write as many equations as you can
that involve these variables.

5. Use the equations to form an augmented matrix; use Gaussian
elimination to put the matrix into reduced row echelon form.

6. Interpret the reduced row echelon form of the matrix to identify
the solution.

7. Ensure the solution makes sense in the context of the problem.

Example 3.5.3 Arranging seating.

A concert hall has seating arranged in three sections. As part of a
special promotion, guests will receive two of three prizes. Guests seated
in the first and second sections will receive Prize A, guests seated in the
second and third sections will receive Prize B, and guests seated in the
first and third sections will receive Prize C. Concert promoters told the
concert hall managers of their plans, and asked how many seats were
in each section. (The promoters want to store prizes for each section
separately for easier distribution.) The managers, thinking they were
being helpful, told the promoters they would need 105 A prizes, 103 B
prizes, and 88 C prizes, and have since been unavailable for further help.
How many seats are in each section?

Solution. Before we rush in and start making equations, we should be
clear about what is being asked. The final sentence asks: “How many
seats are in each section?” This tells us what our unknowns should be:
we should name our unknowns for the number of seats in each section.
Let z1, 29 and z3 denote the number of seats in the first, second and
third sections, respectively. This covers the first two steps of our general
problem solving technique.

(It is tempting, perhaps, to name our variables for the number of
prizes given away. However, when we think more about this, we realize
that we already know this — that information is given to us. Rather, we
should name our variables for the things we don’t know.)

Having our unknowns identified and variables named, we now pro-
ceed to forming equations from the information given. Knowing that
Prize A goes to guests in the first and second sections and that we'll need
105 of these prizes tells us

T1 + x9 = 105.
Proceeding in a similar fashion, we get two more equations,
To+ 23 =103 and x;+ x3 = 88.
Thus our linear system is

r1+x9 = 105
To + T3 = 103 ,
r1+x3 = 88
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and the corresponding augmented matrix is

1 1 0] 105
0 1 1/103
1 0 1] 88

To solve our system, let’s put this matrix into reduced row echelon
form.

1 1 01105 1 0 0145
—

0 1 1/103 rref 0 1 060

1 0 1] 88 0 0 11|43

We can now read off our solution. The first section has 45 seats, the
second has 60 seats, and the third has 43 seats.

Example 3.5.4 Determining river speed.

A lady takes a 2-mile motorized boat trip down the Highwater River,
knowing the trip will take 30 minutes. She asks the boat pilot “How fast
does this river flow?” He replies “I have no idea, lady. | just drive the
boat.”

She thinks for a moment, then asks “How long does the return trip
take?” He replies “The same; half an hour.” She follows up with the
statement, “Since both legs take the same time, you must not drive the
boat at the same speed.”

“Naw,” the pilot said. “While I really don’t know exactly how fast | go,
I do know that since we don’t carry any tourists, | drive the boat twice
as fast.”

The lady walks away satisfied; she knows how fast the river flows.
(How fast does it flow?)

Solution. This problem forces us to think about what information is
given and how to use it to find what we want to know. In fact, to find
the solution, we’ll find out extra information that we weren’t asked for!

We are asked to find how fast the river is moving (step 1). To find
this, we should recognize that, in some sense, there are three speeds at
work in the boat trips: the speed of the river (which we want to find),
the speed of the boat, and the speed that they actually travel at.

We know that each leg of the trip takes half an hour; if it takes half
an hour to cover 2 miles, then they must be travelling at 4 mph, each
way.

The other two speeds are unknowns, but they are related to the over-
all speeds. Let’s call the speed of the river r and the speed of the boat
b. (And we should be careful. From the conversation, we know that
the boat travels at two different speeds. So we’ll say that b represents
the speed of the boat when it travels downstream, so 2b represents the
speed of the boat when it travels upstream.) Let’s let our speed be mea-
sured in the units of miles/hour (mph) as we used above (steps 2 and
3).

What is the rate of the people on the boat? When they are travelling
downstream, their rate is the sum of the water speed and the boat speed.
Since their overall speed is 4 mph, we have the equation r» + b = 4.
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When the boat returns going against the current, its overall speed is
the rate of the boat minus the rate of the river (since the river is working
against the boat). The overall trip is still taken at 4 mph, so we have
the equation 2b — r = 4. (Recall: the boat is travelling twice as fast as
before.)

The corresponding augmented matrix is

1 1 |4
2 —114 ]|
Note that we decided to let the first column hold the coefficients of b.
Putting this matrix in reduced row echelon form gives us:

AN

f
2 —1|4 e 0 1|4/3

We finish by interpreting this solution: the speed of the boat (going
downstream) is 8/3 mph, or 2.6 mph, and the speed of the river is 4/3
mph, or 1.3 mph. All we really wanted to know was the speed of the
river, at about 1.3 mph.

Example 3.5.5 Fitting a quadratic curve.

Find the equation of the quadratic function that goes through the
points (—1,6), (1,2) and (2, 3).
Solution. This may not seem like a “linear” problem since we are talk-
ing about a quadratic function, but closer examination will show that it
really is.

We normally write quadratic functions as y = ax? + bz + ¢ where
a, b and c are the coefficients; in this case, they are our unknowns. We
have three points; consider the point (—1, 6). This tells us directly that if
x = —1, then y = 6. Therefore we know that 6 = a(—1)% + b(—1) + c.
Writing this in a more standard form, we have the linear equation

a—b+c=6.

The second point tells us that a(1)? + b(1) + ¢ = 2, which we can
simplify as a + b+ ¢ = 2, and the last point tells us a(2)% + b(2) + ¢ = 3,
or4a + 2b + ¢ = 3. Thus our linear system is

a—b+c = 6
at+b+ec = 2 .
4da+2b+c = 3

Again, to solve our system, we find the reduced row echelon form
of the corresponding augmented matrix. We don’t show the steps here,
just the final result.

1 -1 1|6 1 0 0] 1
1 1 12 rre? 01 0f-2
4 2 1|3 00 1|3

This tells us that a = 1, b = —2 and ¢ = 3, giving us the quadratic
functiony = 22 — 2z + 3.
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Example 3.5.6 A money counting problem.

A woman has 32 $1, $5, and $10 bills in her purse, giving her a total
of $100. How many bills of each denomination does she have?

Solution. Let’s name our unknowns z, y and z for our ones, fives and
tens, respectively (it is tempting to call them o, f and ¢, but o looks too
much like 0). We know that there are a total of 32 bills, so we have the
equation

r+y+z=32.

We also know that we have $100, so we have the equation
x + by + 10z = 100.

We have three unknowns but only two equations, so we know that
we cannot expect a unique solution. Let’s try to solve this system anyway
and see what we get.

Putting the system into a matrix and then finding the reduced row
echelon form, we have

11 1132 = 1 0 =215
1 5 10| 100 01 2 |17 |
Reading from our reduced matrix, we have the infinite solution set
=15+ gz
y=17— %z

z is free.

While we do have infinitely many solutions, most of these solutions
really don’t make sense in the context of this problem. (Setting z = %
doesn’t make sense, for having half a ten dollar bill doesn’t give us $5.
Likewise, having z = 8 doesn’t make sense, for then we'd have “—1" $5
bills.) So we must make sure that our choice of z doesn't give us fractions
of bills or negative amounts of bills.

To avoid fractions, z must be a multiple of 4 (—4,0,4,8,...). Of
course, z > 0, for a negative number wouldn’t make sense. If z = 0,
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then we have 15 one dollar bills and 17 five dollar bills, giving us $100.
If z = 4, then we have x = 20 and y = 8. We already mentioned that
z = 8 doesn’t make sense, nor does any value of z where z > 8.

So it seems that we have two answers; one with z = 0 and one with
z = 4. Of course, by the statement of the problem, we are led to believe
that the lady has at least one$10 bill, so probably the “best” answer is
that we have 20 $1 bills, 8 $5 bills and 4 $10 bills. The real point of this
example, though, is to address how infinitely many solutions may appear
in a real world situation, and how surprising things may result.

Example 3.5.7 Recreating a football score.

In a football game, teams can score points through touchdowns
worth 6 points, extra points (that follow touchdowns) worth 1 point, two
point conversions (that also follow touchdowns) worth 2 points and field
goals, worth 3 points. You are told that in a football game, the two com-
peting teams scored on 7 occasions, giving a total score of 24 points.
Each touchdown was followed by either a successful extra point or two
point conversion. In what ways were these points scored?

Solution. The question asks how the points were scored; we can inter-
pret this as asking how many touchdowns, extra points, two point con-
versions and field goals were scored. We'll need to assign variable names
to our unknowns; let ¢ represent the number of touchdowns scored; let
x represent the number of extra points scored, let w represent the num-
ber of two point conversions, and let f represent the number of field
goals scored.

Now we address the issue of writing equations with these variables
using the given information. Since we have a total of 7 scoring occasions,
we know that

t+r4+w+ f=T1.

The total points scored is 24; considering the value of each type of
scoring opportunity, we can write the equation

6t + 2 + 2w+ 3f = 24.

Finally, we know that each touchdown was followed by a successful
extra point or two point conversion. This is subtle, but it tells us that the
number of touchdowns is equal to the sum of extra points and two point
conversions. In other words,

t=x 4+ w.

To solve our problem, we put these equations into a matrix and put
the matrix into reduced row echelon form. Doing so, we find

1 1 1 1|7 1 0 0 0.5 3.5
—

6 1 2 3|24 rref 01 0 1 4

1 -1 -1 0|0 0 0 1 —-05]|-05

Therefore, we know that

t=35—05f
r=4—f
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w=—05+05f.

We recognize that this means there are “infinitely many solutions,”
but of course most of these will not make sense in the context of a real
football game. We must apply some logic to make sense of the situation.

Progressing in no particular order, consider the second equation,
x = 4 — f. In order for us to have a positive number of extra points,
we must have f < 4. (And of course, we need f > 0, too.) Therefore,
right away we know we have a total of only 5 possibilities, where f = 0,
1,2,3o0r4.

From the first and third equations, we see that if f is an even number,
then t and w will both be fractions (for instance, if f = 0, thent = 3.5)
which does not make sense. Therefore, we are down to two possible
solutions, f = 1and f = 3.

If f = 1, we have 3 touchdowns, 3 extra points, no two point con-
versions, and (of course), 1 field goal. (Check to make sure that gives
24 points!) If f = 3, then we 2 touchdowns, 1 extra point, 1 two point
conversion, and (of course) 3 field goals. Again, check to make sure this
gives us 24 points. Also, we should check each solution to make sure that
we have a total of 7 scoring occasions and that each touchdown could
be followed by an extra point or a two point conversion.

Span and linear independence.

Example 3.5.8 Determining which vectors belong to a span.

1 3 3
Let v, = |—2|, ¥y = |4],and U3 = |[—1|. Determine which
0 8 4

of the following vectors can be written as a linear combination of the
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vectors ¥, Ua, U3.

2 1 —4
l.a=|-14 22b=10 3.0=13
-8 —4 1

Solution. Put another way, this problem is asking us which, if any, of
the vectors d, b, ¢ belong to the span of the vectors 7/, U, U5. Recall that

@ € span{¥y, U, U3 }
if and only if there exist scalars z1, x5, x3 such that
L1U1 + ToUs + 2303 = d.

Plugging in values for our vectors, we are trying to solve

1 3 3 2
x| =2 +22 |4 +23 |1 = |-14
0 8 4 -8

If we combine the vectors on the left-hand side above into a single
vector and equate coefficients, we obtain the system

X1 + 3xy 4+ 3x3 = 2
-2y + 4dry — w3 = —14.
8rs + 4x3 = -8

We now what to do from here: we set up our augmented matrix and
reduce:

1 3 3| 2 10 2|5
1

-2 4 -1|-14 rref 01 %]|-1

0 8 4| -8 0000

The reduced row echelon form of our matrix tells us that there are
infinitely many solutions; in particular, there is a solution. Our general

solution is
T = 5— 5
1
T = -1 - it
Tr3 = t,

but any particular solution will do. Takingt = 0, we get x1 = 5, o5 =
—1, and z3 = 0, telling us that

i = 56, — ¥ + 0.

The reader is encouraged to verify that this is indeed the case.

For the vector 5, we proceed as above. It should be clear that the
system of equations we obtain differs from the one above only in the
constants on the right-hand side (since these are defined by the vector 5),
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Note:In Section 3.6, we'll start
writing our solutions to linear sys-
tems in vector form, and doing
so gives us additional insight into
what’s going on when there are
infinitely many solutions. We see
something of a preview in Exam-
ple 3.5.8. The parameter t resulted
because the vectors ¥, U, and
U3 were not linearly independent:
we don't really need the variable
x3 since the vector 3 is redun-
dant. In general, we will end up
with one or more parameters in
a consistent system whenever the
columns of the coefficient matrix
are not linearly independent.
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so we can proceed by replacing the right-hand column in our augmented
matrix above by the vector b, and reducing:

1 3 3|1 10 3| 2

_ _ ok 1] 1
2 4 —-1] 0 rref 0125
0 8 4 |—4 00 0|-—-=L

—
o

This time, we see that the third row in the reduced row echelon form
of our augmented matrix corresponds to the impossible equation 0 =
— 1—70, so no solution exists. This means that it is impossible to find scalars
1, T9, 3 such that

b = 2101 + 2205 + 2373,

and therefore the vector b cannot be written as a linear combination of
the vectors ¥, U2, and ¥s.

The solution for the vector C'is similar. We replace the right-hand
column in our augmented matrix by ¢ and reduce:

1 3 3 |4 1o 3|-5
_ _ rref 1.1

2 4 11 3 rref 01 3 5
0 8 4|1 00 0|32

Again, the third row in the reduced row echelon form of our aug-
mented matrix tells us that our system of equations is inconsistent, and
therefore, the vector ¢ does not belong to the span of the vectors vy, ¥s,
and 7.
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Example 3.5.9 Determining linear independence.

Determine whether or not the vectors

are linearly independent.

Solution. We test for linear independence by setting up and solving
Equation (2.7.1): we suppose that there exist scalars x1, z2, 3 such that

T1U1 + 22U + x3U3 = 0,

and determine what values of x1, x5, x3 are possible. Putting in our vec-
tors we have

1 -2 2 Ty — 2:1?2 + 21’3 0
Ty |[=3| +x2 | 1 | +x3| 0| = —3x1 + 222 = 1|0},
4 -3 -1 4r1 — 319 — X3 0

leading to the system of linear equations

I — 2.’E2 + 2$3 = 0
—3r1 + 219 = 0.
41‘1 — 3332 — z3 = 0

As with the examples involving span above, we end up with a sys-
tem of linear equations. As we'll see in Section 3.6, this is an example
of a homogeneous system of equations. Any problem involving linear
independence results in such a system, and as you've probably already
noticed, we don’t need to worry about whether or not the system is
consistent. The so-called trivial solution x1 = x5 = x3 = 0 is always
a possibility. With linear independence, we don’t care about whether a
solution exists; what we want to know is whether or not that solution is
unique.
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Since a homogeneous system is, after all, a linear system, we know
how to proceed: set up the corresponding augmented matrix and re-
duce.

From the reduced row echelon form of the augmented matrix, we
can see that our system has the unique solution 1 = 22 = x3 = 0.
Since this is the only possible solution, we can conclude that our vectors
are linearly independent.

Example 3.5.10 Determining linear independence.

Determine whether the vectors

2 3 1
wh = |=3| ,wWe = |0] ,uW3 = |12
1 4 8

in R3 are linearly independent.

Solution. As with Example 3.5.9, we know that Equation (2.7.1) leads
to a system of linear equations with zeros on the right-hand sides, and
the vectors w1, Wy, W3 make up the columns on the left of the corre-
sponding augmented matrix. We find

2 3 110 1 0 —410
H

-3 0 1210 rref 01 3|0

1 4 810 00 010

In this case, lack of leading 1 in the 23 column of the reduced row
echelon form of the augmented matrix tells us that we should expect
infinitely many solutions. Setting x5 = t as a free parameter, we have

xr1 = 4t
Tg = —3t
xr3 = t.

Choosing any value of ¢ # 0 gives us a non-trivial solution. For exam-
ple, setting ¢ = 1 gives us 4w, — 3wy + w3 = 0, so W3 can be written
as the linear combination

Ws = —4w; + 3wWs,

which shows that the given vectors are not linearly independent.
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3.5.1

11.

12.

13.

14.

15.

16.
17.
18.
19.
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1,3) and (3,15)
2,14) and (3,4)

1,5), (—1,3) and (3, —1)
4,-3),(0,1) and (1,4.5)
2,15), (—1,4), (1,0) and (2, —5)
2,-7),(1,2),(2,9) and (3, 28)
1,-8),(1,—2) and (3,4)

,3), (1,3) and (2, 3)
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(
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The general exponential function has the form f () = aeb®, where a and b are constants and e is Euler’s constant
(= 2.718). We want to find the equation of the exponentlal function that goes through the points (1, 2) and
(2,4).

(a) Show why we cannot simply subsitute in values for 2 and y in y = ae’® and solve using the techniques
we used for polynomials.

(b) Show how the equality y = ae®® leads us to the linear equation Iny = Ina + bz.
(c) Use the techniques we developed to solve for the unknowns In a and b.

(d) Knowing Ina, find a; find the exponential function f(x) = ae’® that goes through the points (1,2) and
(2,4).

In a football game, 24 points are scored from 8 scoring occasions. The number of successful extra point kicks
is equal to the number of successful two point conversions. Find all ways in which the points may have been
scored in this game.

In a football game, 29 points are scored from 8 scoring occasions. There are 2 more successful extra point kicks
than successful two point conversions. Find all ways in which the points may have been scored in this game.

In a basketball game, where points are scored either by a 3 point shot, a 2 point shot or a 1 point free throw,
80 points were scored from 30 successful shots. Find all ways in which the points may have been scored in this
game.

In a basketball game, where points are scored either by a 3 point shot, a 2 point shot or a 1 point free throw,
110 points were scored from 70 successful shots. Find all ways in which the points may have been scored in this

game.

Describe the equations of the linear functions that go through the point (1,3). Give 2 examples.

Describe the equations of the linear functions that go through the point (2,5). Give 2 examples.

Describe the equations of the quadratic functions that go through the points (2, —1) and (1,0). Give 2 examples.
(—

Describe the equations of the quadratic functions that go through the points (—1, 3) and (2,6). Give 2 examples.
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[ 1 0 -2 1 0 -2
24 171— ,ﬂgz 5 , Vg = 4 25 171— ,HQZ 2 ,ﬁgz 1
-2 -3 -2 -2 —1
1 2 0 1 3 -3
26. 1= |1|,vo=|0]|,U3=|1 27. U1 = |2|,0o=|2]|,U3=] 2
1 3 2 E 1 7
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3.6
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Definition 3.6.1 The product AZ.

ayx a2 - Qin
. a1 aAg2 - Q2n
The product of the matrix A = | . . . .| andthe vector
am1 Am2 - Omn
Z1
T2
= | . | isgiven by
Tn

a1121 + a12%2 + +++ + A1 Tp
a21%1 + a22%2 + +++ + A2pTp

Am1T1 + Gm2X2 + +++ + AmpTn
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Example 3.6.2 Solving a matrix equation.

Solve the equation A7 = b for ¥ where

1 2 3 5
A=|-1 2 1 and -1
1 1 0 2

Solution. The solution is rather straightforward, even though we did
a lot of work before to find the answer. Form the augmented matrix

{A l_)} and interpret its reduced row echelon form.

1 2 3|5 1 0 02
—
-1 2 1]-1 rref 0 1 0|0
1 1 0] 2 0 0 1|1
In previous sections we were fine stating that the result as

$1:2, :ZZQZO, 1‘3:1,

but we were asked to find Z; therefore, we state the solution as

2
=10
1
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Example 3.6.3 Finding the vector solution to a linear system.

Solve the linear system AZ = 0 for Z and write the solution in vector Note: Our convention is always

form, where that 0 denotes the vector of the
A= F 2] and 0= [0] . appropriate size whose entries
2 4 0 are all zero, so we didn't really
Solution. To solve this system, put the augmented matrix into reduced ) . 0
row echelon form, which we do below. need to specify that 0 = [0} )
[ 1 210 ] E} [ 1 210 } 3:nga?jniilyjust to eliminate any
2 410 0 0]0 ’

We interpret the reduced row echelon form of this matrix to write
the solution as

I = —2t

xo = tis free.

We are not done; we need to write the solution in vector form, for
our solution is the vectorZ. Recall that

— 1
xr = .
Z2

From above we know that 1 = —2x5, where x5 = ¢, so we replace the
1 in Z with —2¢t and replace x5 by ¢. This gives our solution as

R —2t
T = .
t
Note that we can now pull the ¢ out of the vector (it is just a scalar)

and write 7 as
-2
=t .

-7

then our solution can be simply written as

For convenience, if we set

T = tu.
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Figure 3.6.4 The solution, as a line, to
AZ = 0in Example 3.6.3
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Recall that since our system was consistent and had a free variable,
we have infinitely many solutions. This form of the solution highlights
this fact; pick any value for t and we get a different solution.

For instance, by settingt = —1, 0, and 5, we get the solutions

I 0 and |20
=1] |o]” 5 |’
respectively.

We should check our work; multiply each of the above vectors by A
to see if we indeed get 0. Or, we can save ourselves some time and check
the general solution. We have

AT = A(t7) = 4(AD) = t B ﬂ [ﬂ - m - m

for every value of ¢.

We have officially solved this problem; we have found the solution
to AZ = 0 and written it properly. One final thing we will do here is
graph the solution, using our skills learned in the previous section.

Our solution is
r=ux —2
=@ | |

. . R 2| .
This means that any scalar multiple of the vector 7 = [ ] } is a solu-

tion; we know how to sketch the scalar multiples of ©. This is done in
Figure 3.6.4.

Here vector ¢'is drawn as well as the line that goes through the origin
in the direction of ¥. Any vector along this line is a solution. So in some
sense, we can say that the solution to AZ = O is a line.

Definition 3.6.5 Homogeneous Linear System of Equations.

A system of linear equations is homogeneous if the constant termin each
equation is zero.

Note: a homogeneous system of equations can be written in vector form
as A7 = 0.

CHAPTER 3. SYSTEMS OF LINEAR EQUATIONS
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Example 3.6.6 Determining the solution of a homogeneous system.
Determine the solution to the system AZ = 6, where
Ao [ 2 —3} _
-2 3
Solution. We proceed exactly as we did in Example 3.6.3, by forming

the proper augmented matrix and putting it into reduced row echelon
form, which we do below.

2 =310 — 1 -3/21|0
rref
-2 3 10 0 0 0

We interpret the reduced row echelon form of this matrix to find that

T = 3/2t
xo = tis free.

As before, we can say that AZ = 0 provided that

=)= B[]

o]

then our solution can be written as

{t6|t€Rand6: [3{2]}

Again, we have infinitely many solutions to the equation AZ = 0;
any choice of x4 gives us one of these solutions. For instance, picking
ro = 2 gives the solution

al
r = .
2

This is a particularly nice solution, since there are no fractions! In fact,
since the parameter ¢ can take on any real value, there is nothing pre-
venting us from defining a new parameter s = ¢/2, and then

oo P G -3

where W = 2.
As in the previous example, our solutions are multiples of a vector,
| and hence we can graph this, as done in Figure 3.6.7.

If we set

Figure 3.6.7 The solution, as a line, to
AZ = 0in Example 3.6.6
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Definition 3.6.8 Basic solution.

Let A7 = Obea homogeneous linear system of equations with infinitely
many solutions and free variables

Ty :tl,ll?i2 :tg,...,fﬂik :tk.

The basic solutions to the system AZ = 0 are the vectors @, ¥, . . . , Uk
such that the general solution to the system is given by

T =t1U1 + toUs + - - + tUg.

Example 3.6.9 A homogeneous system with two basic solutions.

Find the general solution to the homogeneous system AZ = 0,

where
1 -2 0 4

A=13 -1 5 2
-2 -6 -—10 12
Solution. As usual, to find the basic solutions, we set up the aug-
mented matrix of the system and reduce:

1 -2 0 410 1 0 2 0|0
3 -1 5 2 10 rr—>ef 01 1 —-210
-2 -6 —10 120 00 0 010
From the reduced row echelon form of the augmented matrix, we
can read off the following general solution:
r1 = —28
To = —5+ 2t
r3 = sis free
x4 = tis free.

In this case, we have two parameters, so we expect two basic solutions.
To find these, we write our solution in vector form:

T —2s —2 0
i Ta| _ =S + 2t s -1 t 2
T3 S 1 0
Xy t 0 1

From the above, we see that the general solution can be written as ¥ =
sU + tw, where

-2

and W=

<y
Il

= o N O

0

are the basic solutions to A7 = 0.




3.6. VECTOR SOLUTIONS TO LINEAR SYSTEMS 163

Example 3.6.10 A non-homogeneous linear system.

Solve the linear system AZ = 5, where

1 2 - 3
A= d b= .
o] =]
Solution. (Note that this is the same matrix A that we used in Exam-
ple 3.6.3. This will be important later.)

Our methodology is the same as before; we form the augmented
matrix and put it into reduced row echelon form.

1 2|3 — 1 213
rref
2 416 0 0]0
Interpreting this reduced row echelon form, we find that
Ir, = 3—2t
xo = tis free.

Putting things into vector form, we have

=l =137

This solution is different than what we've seen in the past two ex-
amples; we can't simply pull out a ¢ since there is a 3 in the first entry.
Using the properties of matrix addition, we can “pull apart” this vector
and write it as the sum of two vectors: one which contains only con-
stants, and one that contains only terms involving the parameter ¢t. We
do this below.

SRE
-7

Once again, let’s give names to the different component vectors of
this solution (we are getting near the explanation of why we are doing

this). Let
T, = 3 and 7= —2
P o 1|

We can then write our solution in the form

S B—Qq
.T:

T =T, +tu.

We still have infinitely many solutions; by picking a value for ¢t we get
one of these solutions. For instance, by lettingt = —1, 0, or 2, we get

the solutions
g 3 and -1
-1’ 0 2|
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We have officially solved the problem; we have solved the equation
AZ = bfor ¥ and have written the solution in vector form. As an addi-
Yy tional visual aid, we will graph this solution.

Each vector in the solution can be written as the sum of two vectors:
2, and a multiple of ¢. In Figure 3.6.11, &), is graphed and ¥'is graphed
with its origin starting at the tip of &,. Finally, a line is drawn in the
direction of ¢ from the tip of Z},; any vector pointing to any point on this

N line is a solution to AZ = b.

\ Notice that in this case our line does not pass through the origin, so
j‘N the set of solutions is nota subspace. On the other hand, every solution

to the system A% = b can be obtained by adding the vector &, to an

element of the set of solutions to the homogeneous system AZ = 0.
We'll elaborate on this shortly.

Figure 3.6.11 The solution, as a line,
to AZ = bin Example 3.6.10

Note: Visually, the solutions in
Examples Example 3.6.3 and Ex-
ample 3.6.10 were both lines; from
our experience with Section 2.5
we know that this makes sense,
since the solutions involved a sin-
gle parameter t. The reader can
similarly expect that a solution
involving two parameters can be
visualized as a plane. Such was
the casein Example 3.6.9, except
that here, our solutioniis a plane
inIR*, making it somewhat harder
to visualize.

Key Idea 3.6.12 Homogeneous Systems and Consistency.

All homogeneous linear systems are consistent.
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Key Idea 3.6.13 Solutions of Consistent Systems.

Let AZ = b be a consistent system of linear equations.

1. If AZ = 0 has exactly one solution (# = 0), then AZ = b has
exactly one solution.

2. If AZ = 0 has infinitely many solutions, then AZ = b has infinitely
many solutions.
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Definition 3.6.14 The rank of a matrix.

The rank of a matrix A is denoted by rank(A) and defined as the number
of leading 1s in the reduced row echelon form of A.

Theorem 3.6.15 Rank and solution types.

Let A be an m x n matrix. For any linear system Ax¥ = b in n variables,
we have the following possibilities:

1. Ifrank(A) <rank| A ‘ b |, then the system A¥ = b is inconsis-
tent. ) i

2. If rank(A) = rank A ‘ pl=n (where n is the number of vari-

ables), then the system AT = bhasa unique solution.

3. Ifrank(A) = rank [ A ‘ b ] =< n, then the system A7 = b has

infinitely solutions. Moreovér, the general solution to Ax¥ = b will
involve k parameters, where

k =mn —rank(A).
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Example 3.6.16 Using matrices and vectors to solve a system of equa-
tions.

Rewrite the linear system

Ty 4+ 29 — 3x3 + 2x4 + Txs 2
31}1 + 41’2 + 5583 + 2174 + 3$5 = —4

as a matrix--vector equation, solve the system using vector notation, and
give the solution to the related homogeneous equations.

Solution. Rewriting the linear system in the form of AZ = 5, we have
that

€1

X2

A_[l 232 7], F=|rs| and g_m.
Ty
Ts5

To solve the system, we put the associated augmented matrix into
reduced row echelon form and interpret the results.

1 2 -3 2 7] 2 @1011—2—11—8
34 5 2 3|-— 1 =7 2 9 |5

r1 =—-8—11r +2s+ 11t
To=5+4+Tr—2s—9t

x3 = risfree

T4 = sis free

x5 = tis free.

We use this information to writeZ, again pulling it apart. Since we
have three free variables and also constants, we'll need to pull Z apart
into four separate vectors.

T —8 —11r+2s+ 11t
To 5+ 7r —2s— 9t
T = r3| —
Ty
LT 5 t
[—8] —11r 2s 11¢
5 r —2s -9t
=0+ r +1 0 [+ 0
0 0 s 0
L O | 0 0 t
[—8] —11 2 11
5 7 -2 -9
=(0]|+7r| 1 | +s|0]|+2]0
0 0 1 0
L 0 0 0 1
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= Tp + T + sU + tw
—~ Y .
particular solution  solution to homogeneous equations AZ=0

So T is a particular solution; A%, = b. (Multiply it out to verify
that this is true.) The other vectors, i, ¥ and @, that are multiplied by
our free variables 3 = r, x4 = s and x5 = t, are each solutions to
the homogeneous equations, A¥ = 0. Any linear combination of these
three vectors, i.e., any vector found by choosing values for r, s and ¢ in

| 7@ + sU+ tis a solution to AZ = 0.

Example 3.6.17 Finding vector solutions.
A= L2 and b= 3 .
4 5 6

Find the solutions to A# = b and A% = 0.

Solution. We go through the familiar work of finding the reduced row
echelon form of the appropriate augmented matrix and interpreting the

Let

solution.
1 2 3 — 1 0 -1
rref
4 5 6 01 2
1‘1:—1
$2:2.
Thus

~E-3]

This may strike us as a bit odd; we are used to having lots of different
vectors in the solution. However, in this case, the linear system AZ = b
has exactly one solution, and we've found it. What is the solution to
A7 = (0? Since we've only found one solution to A7 = E, we can con-
clude from Key Idea 3.6.13 the related homogeneous equations A7 = 0
have only one solution, namely ¥ = 0. We can write our solution vector
Z in a form similar to our previous examples to highlight this:

Il
—
o |

—
—

+
——
o O
B |

= fp + 0
~— ~

particular solution  solution to AZ=0

Again, in light of Theorem 3.6.15, this should not be too surprising.
The reduced row echelon form of A is Ll) ﬂ , so the rank of Ais 2, and

there are 2 variables in our system, so we expect 2 — 2 = 0 parameters
| inour general solution.
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Example 3.6.18 Further vector solutions.

AF 1} and 5[1}
2 2 1

Find the solutions to AZ = b and A% = 0.

Solution. To solve A% = b, we put the appropriate augmented matrix
into reduced row echelon form and interpret the results.

el = el
2 211 0 0|1

We immediately have a problem; we see that the second row tells us
that 0z + Oxo = 1, the sign that our system does not have a solution.
Thus AZ = b has no solution. Of course, this does not mean that A7 = 0
has no solution; it always has a solution.

To find the solution to AZ = 6, we interpret the reduced row eche-
lon form of the appropriate augmented matrix.

IRETEE

Let

2 20 0 00

r1 = —XT2

o is free.

=[] - L] = [3] e
Tr = = = X9 = Ta2U.
i) i) 1
We have no solution to A7 = b, but infinitely many solutions to
A7 = 0.

Thus,

169

As previously noted, the fact
that AZ = b has no solution in
Example 3.6.18 simply indicates
the fact that b is not in the col-
umn space of A. Since the rank
of A is equal to one, we know
that col(A) is spanned by the

. . 1
single vector v = [2} Thus, we

can only expect AZ = b to have
a solution if b is a scalar multiple
of .
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20.

22.

24,

26.

w
o w o =N

-5 4

-1

-2 -4
2 0
4 0

21.

23.

25.

27.
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A— 0
-2
-1
A=13
-2
2
[
i
—4

0 2 14573
-1 —4 -1 51"7 |4

3 1 -3 4 1
-3 -1 1 —4f,b=]1
3 -2 -3 1 -5
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Table 4.1.1 2014 crop yields, in metric tonnes

Corn Potatoes Soybeans Wheat

FarmA 48 18 92 0
FarmB O 0 73 152
FarmC 34 203 0 88
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Matrices work well in situations
such as our farming example where
the data we need to organize falls
into two categories, in this case,
farms and crops. What if our data
depends on three or more cate-
gories? (Perhaps we also want
to track type of fertilizer?) It turns
out that along with matrices, math-
ematicians have invented higher-
dimensional arrays called tensors,
that can handle almost any data
organization scenario you can think

Definition 4.1.2 Matrix.

of. Tensors are usually encoun- A matrix is a rectangular array of numbers.
tered in more advanced courses The horizontal lines of numbers form rows and the vertical lines of num-
in abstract algebra. bers form columns. A matrix with m rows and n columns is said to be

an m x n matrix (“an m by n matrix”, or a matrix of size m x n).
The entries of an m x n matrix are indexed as follows:

a11 a2 a3 - Gl
a21 22  G23 -t Q2pn
azy aszz2 a3z -+ 43p
Am1 Am2 am3 o Omn

That is, aza means “the number in the third row and second column.” To
save space, we will sometimes use the shorthand notation A = [a;;] to
denote a matrix A with entries a;;. If we need to specify the size, we
can also write A = [a;;]mxn-

Definition 4.1.3 Row and column vectors.

A row vector is a 1 x n matrix of the form
R:[Tl To - rn]'

A column vector is a m x 1 matrix of the form

Cm
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Definition 4.1.4 Matrix Equality.

Two m x n matrices A and B are equal if their corresponding entries
are equal.
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Definition 4.1.5 Matrix Addition.

Let A = [a;;] and B = [b;;] be m x n matrices. The sum of A and B,

denoted A + B, is

a1 + bi1 a12 + b1z
a1 + bay a2 + b2

Am1 + bml Am2 + bm2

a1n + bln
a2n + an
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Definition 4.1.6 Scalar Multiplication.

Let A = [a;;] be an m x n matrix and let k& be a scalar. The scalar
multiplication A by &, denoted kA, is defined by

kau kalg s kaln
kJan ka22 s k’agn
kaml kam2 e kamn

Definition 4.1.7 Linear combination.

Given m x n matrices Ay, Ao, ..., Ax, a linear combination of these
matrices is any expression of the form

B=ciAi+ Ay + - + ci Ay,

where ¢1, ¢, . .., ci are scalars.

Note: In Linear Algebra, a scalar

is simply a number. For most of
this text, the scalars we consider
are real numbers, although one
can also use complex numbers
as scalars. (Complex numbers were
introduced in Section 1.4.) Aswe
saw in Chapter 2, multiplying a
vector by a scalar scales the length
of that vector.
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Example 4.1.8 Matrix addition and scalar multiplication.

Let
1 2 3 2 4 6

A=1|-1 2 1|, B=|1 2 2f, C:[;zﬂ
5 5 5 -1 0 4

Simplify the following matrix expressions.

1. A+B 5. -3A+2B

2. B+ A 6. A—A

3. A— B 7. 5A+5B

4. A+C 8. 5(A+ B)

Solution.

1. Adding the corresponding entries of A and B, we have

1+2 2+4 346 3 6 9
A+B=|-1+1 2+2 142 =10 4 3
5—1 5+0 5+4 4 5 9

2. To compute B + A, we again add the corresponding entries, but
in the opposite order:

241 4+2 643 3 6 9
B+A=|1-1 242 241 =1|0 4 3
-1+5 0+5 445 4 5 9

3. In this case, we have to subtract the entries of B from those of A.

This gives us
-1 -2 -3
A-B=|-2 0 -1
6 5 1

4. A + Cis not defined. If we look at our definition of matrix addi-
tion, we see that the two matrices need to be the same size. Since
A and C have different dimensions, we don’t even try to create
something as an addition; we simply say that the sum is not de-
fined.

5. To compute this linear combination we first carry out the scalar
multiplication, followed by the addition:

1 2 3 2 4 6
-3A+2B=-3|-1 2 1|+2|1 2 2
5 5 5 -1 0 4
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(-3 -6 -9 4 8 12
=1 3 -6 -3|+|2 4 4
|—15 —15 —15 -2 0 8
[ 1 2 3
=15 -2 1
|—17 —15 -7

6. Subtracting each entry of A from itself, we get
0 0 O
A-—A=1|0 0 O
0 0O

7. Carrying out the scalar multiplication followed by the addition, we

find
5 10 15 10 20 30 15 30 45
5A+5B=|-5 10 5|+|5 10 10 =0 20 15
25 25 25 -5 0 20 20 25 45

8. In this case, we first perform the addition, followed by the scalar
multiplication. We obtain:

1 2 3 2 4 6 3 6 9

51 (-1 2 1|+ |1 2 2 =5-10 4 3
5 9 b -1 0 4 4 5 9

15 30 45

=10 20 15

20 25 45




We use the bold face to distin-
guish the zero matrix, 0, from the
number zero, O.
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Definition 4.1.9 The Zero Matrix.

The m x n matrix of all zeros, denoted 0,,, ., is the zero matrix.
When the dimensions of the zero matrix are clear from the context, the
subscript is generally omitted.

Theorem 4.1.10 Properties of Matrix Addition and Scalar Multiplica-
tion.

The following equalities hold for all m x n matrices A, B and C and
scalars k.

1.

2
3.
4

O

. (A+ B) + C = A+ (B + C) (Associative Property)

. kA = Ak

A+ B = B + A (Commutative Property)

k(A+ B) = kA+ kB (Scalar Multiplication Distributive Property)

A+ 0= 0+ A = A (Additive Identity)
0A=0
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Example 4.1.11 Solving a matrix equation.

Let

Find the matrix X such that

24 +3X = —4A.

Solution. We can use basic algebra techniques to manipulate this
equation for X first, let’s subtract 2 A from both sides. This gives us

3X = —6A.
Now divide both sides by 3 to get
X = -2A.

Now we just need to compute —2A; we find that

X = -4 2 )
-6 —12




182 CHAPTER 4. MATRIX ALGEBRA

4.1.1
1. A+B 2. 24-3B
3. 34-A 4. 4B -—2A
5. 3(A-B)+B 6. 2(A—B)—-(A-3B)
7. 4B —2A 8 —24+34
9. —24-34 10. —-B+3B-2B
11. 2A+X =08 12. A—-X =3B
13. 34+2X =-1B 14. A-}X=-B
(1 -1 1 [—3 8 7
1 . - 1 . =
o]l o[- []
[ 4 -6 10 (1 -1 5
17. a_Q]M{S}_M 18. a_l]ﬂ[g]_L
(1 -3 4 1 1 0
9. a 3} o {—9 - {—12] 20. a 2| +0b|1] =|-1
B 2 -1
M1 5 3
21. a |O| +D (1| = |4
1 2 7

22. Complete the proof of Theorem 4.1.10.
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4.2

Definition 4.2.1 Multiplying a row vector by a column vector.

Let & be an 1 x n row vector with entries uy, us, - - - , u,, and let ¥ be an
n x 1 column vector with entries vy, vo, - - - , v,. The product of % and
v, denoted @ - ¥ or wv, is

n
U = g W;V; = ULV] + UgVg + -+ - + UpUp.
i=1

In this text, row vectors are only
used in this section when we dis-
cuss matrix multiplication, whereas
we'll make extensive use of col-
umn vectors. Other texts make
great use of row vectors, but lit-
tle use of column vectors. It is

a matter of preference and tra-
dition: “most” texts use column
vectors more. In some more ad-
vanced textbooks, row vectors are
considered to be “dual” to col-
umn vectors. Abstractly, a dual
vector is an object that eats a vec-
tor and spits out a number. Here,
we see that the way a row vector
eats a column vector and produces
a number is via multiplication.
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Example 4.2.2 Multiplying row and column vectors.

Let
9 ;
i=[1 2 3,o=[2 0 1 <1],&=|4].9=|;
3 0
Find the following products.
1. ¥ 3.y 5. 74
2. Uy 4. qv
Solution.
—2
Lar=1[1 2 3]|4|=1(-2)+2(4)+3(3)=15
3
1
2. 7=[2 0 1 —1] g —2(1) +0(2) + 1(5) — 1(0) = 7

0

3. uy is not defined; Definition 4.2.1 specifies that in order to mul-
tiply a row vector and column vector, they must have the same
number of entries.

4. %vis not defined; we only know how to multipy row vectors by col-
umn vectors. We haven’t defined how to multiply two row vectors
(in general, it can’t be done).

5. The product Zu is defined, but we don’t know how to do it yet.
Right now, we only know how to multiply a row vector times a
column vector; we don’t know how to multiply a column vector
times a row vector. (That's right: 4% # F!)
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Definition 4.2.3 Matrix Multiplication.

Let A be an m x r matrix, and let B be an r X n matrix. The matrix
product of A and B, denoted A - B, or simply AB, is the m x n matrix
M whose entry in the ith row and jth column is the product of the ith
row of A and the jth column of B.

Example 4.2.4 A more general matrix product.

Revisit the matrix product we saw at the beginning of this section;

multiply
1 2|1 -1 0
3 4|12 2 -1|°

Solution. Let’s call our first matrix A and the second B. We should first
check to see that we can actually perform this multiplication. Matrix A
is 2 x 2and B is 2 x 3. The “inner” dimensions match up, so we can
compute the product; the “outer” dimensions tell us that the product
will be 2 x 3. Let

mir M2 M
AB = [ 3} .
Ma1 M2 1MM23
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Let’s find the value of each of the entries.

The entry mq1 is in the first row and first column; therefore to find
its value, we need to multiply the first row of A by the first column of B.
Thus

my = [1 2] H =1(1) +2(2) = 5.

So now we know that

5 m m
AB — { 12 13|
Mol M2 Ma3

Finishing out the first row, we have

-1

mis = [1 2][2

] = 1(~1)+2(2) = 3

using the first row of A and the second column of B, and

[0

mis = [1 2] 1

} =1(0) +2(~1) = =2

using the first row of A and the third column of B. Thus we have

AB — 5 3 —2]'

7121 T2z 123

To compute the second row of AB, we multiply with the second row
of A. We find

mo1 = [3 4] 1:| = 11,

mos = [3 4] _1} =5, and

mas = [3 4] _1}:—4.
AB:12171 0253—2.
3 412 2 -1 11 5 —4
Example 4.2.5 Multiplying matrices.

11
2 6 7 9]

Solution. Let’s first check to make sure this product is defined. Again
calling the first matrix A and the second B, we see that A is a 3 x 2 matrix
and B is a 2 x 4 matrix; the inner dimensions match so the product is

Thus

Multiply
1 -1

—_
—_

-2
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defined, and the product will be a 3 x 4 matrix,

mi1 MMi2 M1z Mig
AB = ™ma1 MM22 M23 T4
m31 MM32 M33 134

We will demonstrate how to compute some of the entries, then give
the final answer. The reader can fill in the details of how each entry was

computed.
1
mi1 = [1 —1} |:2:| =-1
1
mi3 = [1 —1} |:7:| =—6
1
maz =[5 2] M =19
1
mas =[5 2] M =23
1
may = [—2 3] {6] =16
1
mgs = [-2 3] [9 =25
So far, we've computed this much of AB:
-1 mi2 -6 mu

AB = mao1 M22 19 23
ms1 16 mas 25

The final product is

-1 -5 —6 -8
AB=1{9 17 19 23

Example 4.2.6 An undefined product.

Multiply, if possible,
2 3 4|13 6
9 8 7|5 —-1]°

Solution. Again, we'll call the first matrix A and the second B. Check-
ing the dimensions of each matrix, we see that A is a 2 x 3 matrix,
whereas B is a 2 X 2 matrix. The inner dimensions do not match, there-
fore this multiplication is not defined.

187



188 CHAPTER 4. MATRIX ALGEBRA

Example 4.2.7 A vector product revisited.

In Example 4.2.2, we were told that the product #u was defined,
where
-2
4| and @=[1 2 3],
3

8
I

although we were not shown what that product was. Find 2.

Solution. Again, we need to check to make sure the dimensions work
correctly (remember that even though we are referring to « and & as
vectors, they are, in fact, just matrices).

The column vector # has dimensions 3 x 1, whereas the row vector
u has dimensions 1 x 3. Since the inner dimensions match, the matrix
product is defined; the outer dimensions tell us that the product will be
a 3 x 3 matrix, as shown below:

mi1 Mi2 Mag
TU = |M21 M22 M23
m31  Mm32 133

To compute the entry mq1, we multiply the first row of Z by the first
column of u. What is the first row of £? Simply the number —2. What
is the first column of @? Just the number 1. Thus my; = —2. (This
does seem odd, but through checking, you can see that we are indeed
following the rules.)

What about the entry m2? Again, we multiply the first row of ¥ by
the first column of «; that is, we multiply —2(2). So m15 = —4.

What about mo3? Multiply the second row of & by the third column
of @; multiply 4(3), so mas = 12.

One final example: m3; comes from multiplying the third row ofZ,
which is 3, by the first column of @, which is 1. Therefore ms3; = 3.

So far we have computed

-2 —4 mis
U = mo1 Moo 12
3 m32 mg3

After performing all 9 multiplications, we find

-2 -4 -6
Tu= | 4 8 12
3 6 9
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Example 4.2.8 Computing matrix products.

Let
[ 1 2 3 1 1 1T
A=|2 -7 5], B=1]1 11
-2 -8 3 |1 1 1]
1 0 2 [1 0 0]
cC=12 1 0}, I=10 1 0
0 2 1 10 0 1]

Find the following products.

1. AB 5. TA
2. BA 6. I?

3. A05y4 7. BC
4. Al 8. B?

Solution. We will find each product, but we leave the details of each
computation to the reader.

1 2 3]t 11 (6 6 6
1. AB=|2 -7 5|1 1 1{=l0 0 0
-2 -8 3] [1 1 1] -7 -7 -7
1 1 1 1 2 3] 1 —13 11
2.BA=1{1 1 1 2 —7 5| =11 —-13 11
1 1 1] [-2 -8 3] 1 —13 11
3. A03><4 = 03x4.
(1 2 311 0 0] 1 2 3]
4. AI=|2 -7 5[0 1 0o|l=|2 -7 5
-2 -8 3] [0 0 1] -2 -8 3]
1 0 0 1 2 3] (1 2 3]
5 JA=1{0 1 0 2 —7 5|=|2 -7 5
0 0 1] [-2 -8 3] -2 -8 3]

6. We haven’t formally defined what 12 means, but we could proba-
bly make the reasonable guess that I2 = I - I. Thus

1 0 0]t 0o o0 1 00

=10 1 0[]0 1 ol=1]0 1 0

0 0 1] (0o 0 1 0 0 1
11 171t 0 2 3 3 3
7.BC=11 1 1|2 1 0|=1/3 3 3
1 1 0 2 1 3 3 3

11 1 11 3 3 3

8. B2=BB=1[1 1 1 1 1{=1[3 3 3

11 1 11 3 3 3
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Interesting Idea #1 Notice thatin our example, AB # B A! When dealing

with numbers, we were used to the idea that ab = ba.
With matrices, multiplication is not commutative. (Of
course, we can find special situations where it does
work. In general, though, it doesn’t.)

Interesting Idea #2 Right before this example we wondered if there was

a matrix that “acted like the number 1,” and guessed
it may be a matrix of all 1s. However, we found out
that such a matrix does not work in that way; in our
example, AB # A. We did find that A = TA = A.
There is a Multiplicative Identity; it just isn't what we
thought it would be. And justas 12 =1, 2 = I.

Interesting Idea #3 When dealing with numbers, we are very familiar with

the notion that “If ax = bx, then a = b.” (As long as
x # 0.) Notice that, in our example, BB = BC, yet
B # C. In general, just because AX = BX, we
cannot conclude that A = B.

Example 4.2.9 Exploring properties of matrix multiplication.

Let
1 2 1 1 2 1
A= {3 4], B_[l 1] and C = [1 2}
Find the following:
1. A(B+C) 3. A(BC)
2. AB+ AC 4. (AB)C

Solution.

We'll compute each of these without showing all the inter-

mediate steps. Keep in mind order of operations: things that appear
inside of parentheses are computed first.

1.

AB+0O) = ﬂ(ﬁ _11]+[T ;D
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2.
AB+AC=:?1) ﬂ E ﬂ*[; ﬂ E ﬂ
= i :ﬂjL[flo 151}
S
17 10
3.
A(BC) = ;, ﬂ (E 11] ﬁ ;D
N 2} {3 3}
13 4] [1 -1
5]
113 5
4.
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Definition 4.2.10 Identity Matrix.

The n x n matrix with 1s on the diagonal and zeros elsewhere is the n xn
identity matrix, denoted I,,. When the context makes the dimension of
the identity clear, the subscript is generally omitted.

Definition 4.2.10 uses aterm we
won't define until Definition 6.1.4:
diagonal. In short, a “diagonal
matrix” is one in which the only
nonzero entries are the “diago-
nal entries.” The examples given
here and in the exercises should
suffice until we meet the full de-
finition later.



With numbers, we can make sense
a

of the expression %, because ab™! =

b
b~la. Butthe expression % makes
no sense for matrices, even once
we know how to define B~ !, be-
causeingeneral, B~'A £ AB~!,
and we don’t know which of these
two is meant by %.
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Theorem 4.2.11 Properties of Matrix Multiplication.

Let A, B and C be matrices whose sizes are such that the following op-
erations make sense, and let k be a scalar. The following equalities hold:

1. A(BC) = (AB)C (Associative Property)

2. A(B+C)=AB+ ACand (B+ C)A = BA+ CA (Distributive
Property)

3. k(AB) = (kA)B = A(kB)
4. AT =TA=A
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4.2.1

2.

4,

6.

12.

1
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40.

41.

42,

43.

44,

45.

—4 -1 3 -2 4 3
27. A= 2 -3 5/,B=]-1 1 -1
1 5 3 4 0 2
-1 0 0 1 2 3 1 1 1
28. D=0 2 0|, A=1|4 5 6 29. D=2 2 2 1,A
0 0 3 78 9 3 -3 -3
30. D= 3.0 A= 2 4 31. D= 4.0 A= 12
0 -1 6 8 0 -3 1 2
dl 0 a b dl 0 0
32. D= A=
0 dg] |:C d:| 33. D= 0 dg 0 ,A:
0 0 dj
2 3] . [4 (-1 4] L, 2
o 4= 3] s 4= a2
2 0 3 1 (—2 0 3
36. A=1|1 1 1|, 2= 14 37. A=1|1 1 -2|,%=
3 -1 2 2 4 2 -1
_1 2 3 X1 2 -1 N I
39. A= , T =
3. A=|1 0 2|,7= |z, 4 3]x [m]
_2 3 1 T3
0 1] o, X
let A = 0 . Find A% and A°.
Let A = 2 g].FindA2 and A3,
—1 0 0
letA= |0 3 0f.Find A%and A3.
0 0 5
[0 1 0]
Let A= [0 0 1|.FindAZ%and A3.
1 0 0
[0 0 1]
letA= [0 0 0f.Find A% and A3.
0 1 0
In the text we state that (4 + B)? # A% + 2AB + B2. We investigate that claim here.
(a) LetA{B3 3}andletB[—Lﬁ —5 —2 1]. Compute A + B.
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(b) Find (A + B)? by using your answer from (a).

(c) Compute A% + 2AB + B2.

(d) Are the results from (a) and (b) the same?

(e) Carefully expand the expression

(A+ B)?> =(A+ B)(A+B)

Q Q.2

> 0 o

o

~

.
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and show why this is not equal to A2 + 2AB + B2.
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4.3

Example 4.3.1 Solving a matrix equation.

Solve the matrix equation AX = B where

1 -1 8 13 1
A_[5 3] and B_{32 17 21}‘

Solution. To solve AX = B for X, we form the proper augmented
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matrix, put it into reduced row echelon form, and interpret the result.

1_1_8_131r—e1>‘101_73
5 3 32 -—-17 21 01 9 6 2

We read from the reduced row echelon form of the matrix that

1 -7 3
X‘{g 6 2}'

| We can easily check to see if our answer is correct by multiplying AX.

Example 4.3.2 Another matrix equation.

Solve the matrix equation AX = B where

1 O 2 -1 2
A=10 -1 =2 and B=1|2 -6
2 -1 0 2 -4

Solution. To solve, let’s again form the augmented matrix
[A B,
put it into reduced row echelon form, and interpret the result.
1 0 2 -1 2 10 0 1 0
—
0 -1 -2 2 -6 rref |0 1 0 0 4
2 -1 0 2 -4 001 -1 1

We see from this that
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Example 4.3.3 Solving AX = B whenrank(4) < n.

Solve the matrix equations AX = B and AX = C, where

1 0 -3 1 2 0 4 -2 =3
A=|-2 3 4|(,B=1|1 1 3|,andC=|-6 5 7
0 6 —4 6 3 0 4 2 2

Solution. We proceed as in the previous examples. For the equation
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AX = B, we have

1 0 -3|1 20

[A B]=| -2 3 4 1 3
0 6 —4|6 3 0

1 0 =3[1 2 0
-0 3 —2[3 5 3
00 01]0 -7 —6

We stopped before reaching the reduced row echelon form, but there’s
no reason to continue: we already have a row of zeros on the left-hand
side of the augmented matrix, and two non-zero entries in that same
row, on the right. What this tells us is that it will be impossible to solve
for the second and third columns of X; thus, there is no solution in this

case.
For the equation AX = C, we have

1 0 3|4 -2 -3
[A C]=| -2 3 4 |-6 5 7
6 —4|4 2 2
0 -3 |4 -2 3
1 —2/3]2/3 1/3 1/3
0 0 0 0 0

—
rref

S O = o

In this case, we are able to solve for each column of X, but in each
case there are infinitely many possibilities: we find X = [:El To fg],
where

4+ 3r —243s -3+ 3t
IS AT RSN I
r S t

for parameters r, s, t. Any choice of values for each of these parameters
provides us with a solution. For simple example, we can set all three
parameters equal to zero, giving us

4 -2 -3
X=12/3 1/3 1/3
0 0 0

It's easy to check that indeed, AX = C'in this case.

201
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Key Idea 4.3.4 Solving AX = B.

Let A be an n x n matrix, where the reduced row echelon form of A is
1. To solve the matrix equation AX = B for X,

1. Form the augmented matrix [A  B].
2. Put this matrix into reduced row echelon form.

(a) If it is of the form [I ], for some matrix C that appears
in the columns where B once was, then C' = X.

(b) Ifitis of the form [R C] , Where the matrix R (the reduced
row echelon form of A) has one or more rows of zeros, then
there will be either no solution or infinitely many solutions,
depending on whether or not the columns of B belong to
the column space of A.
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4.3.1
(-3 —6] (48 =30 0 -2 1
! A__4 0_’3__0 —8} 22 A=1|0 2 2|,B=1I;
1 2 -3
s At 1] p_[2 1019 a Al 3] p_[12 -0
-1 —2] 13 2 -2 -3 6 —27 27
P e e 1 A 6. A_|3 3] p_[15 -39
-2 3] 22 5 12 6 4 16 —66
(4 1] 8 31 2 2
7 A‘_—? 5_’B__—27 38} 8 A__3 1}’3_"2
2 0 4 5 —4 —1
9. A=|-5 -4 5|, 0. A=|8 -2 -3,
-3 5 -3 6 1 -8
[—18 2 —14 21 -8 —19
B=|-38 18 —13 B=1]65 —11 -10
0 2 -—18 | 75 —51 33
-3 3 -2 1 0
1. A=|1 -3 2|,B=1I 12 A‘[zz —1]’3_12
1 -1 2
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4.4

Definition 4.4.1 Invertible Matrices and the Inverse of A.

We say that an n x n matrix A is invertible if there exists a matrix X

such that
AX = XA=1,.

When this is the case, we call the matrix X the inverse of A and write
X =A"

Example 4.4.2 Solving AX = 1.

2 1
A= .
Find a matrix X such that AX = I.

Solution. We know how to solve this from the previous section: we
form the proper augmented matrix, put it into reduced row echelon
form and interpret the results.

2110@101—1
1 1 0 1 01 -1 2

Let

We read from our matrix that
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Let’s check our work:

| Sure enough, it works.
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Theorem 4.4.3 Special Commuting Matrix Products.

Let A be an n x n matrix.

1. If there is a matrix X such that AX = I, then XA = I,,.
2. If there is a matrix X such that XA = I,,, then AX = I,,.

Note: Theorem 4.4.3 only ap-
plies to square matrices. If A is
anm x n matrix, with m # n, it
is sometimes possible to find an
n X m matrix B suchthat AB =
I,,, (inthis case Bis called a “right
inverse” for A), or an n X m ma-
trix C suchthat CA = I,, (a “left
inverse” for A). However, the
only case where A has both aleft
and a right inverse is when m =
n, inwhichcase B=C. If m <
n, only a right inverse is possi-
ble, while if m > n, only a left
inverse is possible.
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Theorem 4.4.4 Uniqueness of Solutionsto AX = I,,.

Let A be an n x n matrix and let X be a matrix where AX = I,,. Then X
is unique; it is the only matrix that satisfies this equation. In other words,
if Aisann x nmatrixand AX = AY =1,,then X =Y = A~L.

Example 4.4.5 Using Theorems Theorem 4.4.3 and Theorem 4.4.4.

Suppose A is an n x n matrix such that A> = I,,. Prove that A is
invertible, and find an expression for A~1.

Solution. Using Theorem 4.4.4, we can quickly kill two birds with one
stone. Using properties of exponents (and the fact that 5 = 1 + 4), we
have

AP =A-(A-A-A-A) =AAY =1,.

Thus, if we set X = A%, then AX = I,,, so by Theorems Theorem 4.4.3
and Theorem 4.4.4, A is invertible, and A~—1 = A4,

Example 4.4.6 A non-invertible matrix.

2 4

Solution. By solving the equation AX = I for X will give us the in-
verse of A. Forming the appropriate augmented matrix and finding its
reduced row echelon form gives us

1 2 1 0 — 1 2 0 1/2
rref
2 4 0 1 0 0 1 -1/2

Find the inverse of A = {1 2] .

Yikes! We were expecting to find that the reduced row echelon form of
this matrix would look like

I A1),
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L

However, we don’t have the identity on the left hand side. Our conclu-
sion: A is not invertible.
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Theorem 4.4.7 Inverses and rank.

Let A be an n x n matrix. Then the following statements are equivalent:
1. The matrix A is invertible.
2. The rank of A is equal to n.
3. The rows of A are linearly independent.

4, The columns of A are linearly independent.

Key Idea 4.4.8 Finding A~!.

Let A be an n x n matrix. To find A1, put the augmented matrix
A L]

into reduced row echelon form. If the result is of the form
1, X].

then A—! = X. If not, (that is, if the first n columns of the reduced row
echelon form are not I,,), then A is not invertible.

Example 4.4.6 shows that not
all square matrices (or even non-
zero square matrices) are invert-
ible, hence Definition 4.4.1is nec-
essary: why bother calling A “in-
vertible” if every square matrix
is? If everyone is special, then
no one is. Then again, everyone
is special.

Here’s a useful exercise for the
reader to consider: can you prove
in general that for a 2 x 2 ma-
trix A, if one row of A is a multi-
ple of the other, then the same
is true of the columns? (We can
see that this is the case in Exam-
ple 4.4.6.) A fundamental theo-
rem in linear algebra states that
for a general m x n matrix, the
number of linearly independent
rows is equal to the number of
linearly independent columns.

The proof of this factis rather
technical, so we have not included
itin this book. However, the rough
idea is to follow the leading 1s:
inthe reduced row echelon form
of A, each leading 1 occupies both
arow and a column, and the rows

(or columns) that end up with lead-
ing 1s are the ones that are lin-
early independent.
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Example 4.4.9 Computing the inverse of a matrix.

1 1 -1
Find the inverse, if it exists,of A = |1 —-1 1
1 2 3

Solution. We'll try to solve AX = I for X and see what happens.

1 =110 0 100 1/2 1/2 0
—
-1 1 0 1 ol mef [0 1 0 1/5 —2/5 1/5
1 2 3 001 00 1 —3/10 1/10 1/5

We have a solution, so
1/2 1/2 0

A= 1/5 —2/5 1/5
-3/10 1/10 1/5

| Multiply AA~" to verify that it is indeed the inverse of A.

Theorem 4.4.10 The Inverse of a 2x2 Matrix.

a b
A= .
5
Then A is invertible if and only if ad — bc # 0.
If ad — be # 0, then

Let

We don’t prove Theorem 4.4.10here,
but it really isn’t hard to do. Put S 1 { d —b]

the matrix " ad —be
a b 1 0
c d 0 1
into reduced row echelon form
and you'll discover the result of
the theorem. Alternatively, mul-
tiply A by what we propose is the
inverse and see that we indeed

get I. Itturns out that Theorem 4.4.10
is a special case of a general for-

Example 4.4.11 Computing a 2 x 2 inverse using Theorem 4.4.10.

mula for the inverse of a matrix Use Theorem 4.4.10 to find the inverse of
in terms of determinants. We will

discuss determinants in the next A 3 2
chapter. While useful in certain -1 9

theoretical situations, the deter-
minant formula for the inverse is if it exists.
only a shortcut in the 2 x 2 case.
For larger matrices, the method
given in this section is computa-
tionally much faster.
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Solution. Since ad — be = 29 # 0, A~ exists. By Theorem 4.4.10,
A1 1 9 -2
3(9)—2(-1) [1 3
_ 1o -2
291 3]
We can leave our answer in this form, or we could “simplify” it as

=gl B[ e

Theorem 4.4.12 Invertible Matrices and Solutions to A% = b.

Let A be an invertible n Xn matrix, and let be any n x 1 column vector.
Then the equation AT = b has exactly one solution, namely

—

7= A""h

Acorollaryis anidea that follows
directly from a theorem; typically,

all the hard work is done in prov-

ing the theorem, and any result-

ing corollaries are easy consequences.



The method employed in Exam-
ple 4.4.13is useful in theory, but
not in practice: the amount of
work required to solve a system
this way is significantly greater
than the amount of work in-
volved in Gaussian Elimination.
The only scenario where you
should consider using the in-
verse to solve a system (aside
from being asked to do so on a
test!) is when there are several
systems you need to solve that
all have the same coefficient ma-
trix.

As odd as it may sound, know-
ing a matrix is invertible is use-
ful; actually computing the inverse
isn't. Thisis discussed at the end
of the next section.
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Example 4.4.13 Using a matrix inverse to solve a system.

Solve A% = b by computing ¥ = A~1b, where

1 0o -3 -15
A=|-3 —4 10 and b= | 57
4 -5 -11 —46

Solution. Without showing our steps, we compute

94 15 —12
AP =7 1 =1
31 5 -4

We then find the solution to AZ = Eby computing A~1p:

=A%
94 15 —12] [—15

7T 1 -1 o7
31 5 -4 —46

[

We can easily check our answer:

1 0 -3 -3 —15
-3 -4 10 -2 = 57
4 -5 -—-11 4 —46
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29.

31.

33.

35.

30.

32.

34.

36.

0

8 -2
12 -3
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-3
—13
-20

-



4.5. PROPERTIES OF THE MATRIX INVERSE 213

4.5

Theorem 4.5.1 Invertible Matrix Theorem.

Let A be an n x n matrix. The following statements are equivalent.
(a) Aisinvertible.
(b) The equation AZ = 0 has exactly one solution (namely, 7 = 0).
(c) The reduced row echelon form of A is I.

(d) The quah’on AZ = b has exactly one solution for every n x 1
vector b.

(e) There exists a matrix C such that AC = 1.

(f) There exists a matrix B such that BA = 1.

Note: Theorem 4.5.1 gives us
several different ways of saying
what is essentially the same thing
(logically speaking). Theorems like
this are very useful, since it’s of-
ten the case that, in a given situ-
ation, one of the conditions can
easily be checked, allowing us to
immediately obtain information
that might be difficult (or impos-
sible) to verify directly.

Also note: If we know that
A is invertible, then we already
know that there is a matrix B where
BA = I. That is part of the de-
finition of invertible. Part of the
significance of Theorem 4.5.1 is
that as soon as we find a matrix
B such that AB = I, we imme-
diately know that A is invertible,
and that BA = I as well. We
made this claim in Theorem 4.4.3,
but did not provide a proof at the
time.
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Think about how we, up to this
point, detgrmined the solution
to AZ = b. We set up the aug-
mented matrix [ A ‘ b } and put

itinto reduced row echelon form.
We know that getting the iden-
tity matrix on the left means that
we had a unique solution (and
not getting the identity means we
either have no solution or infinitely
many solutions). So getting I on
the left means having a unique
solution; having I on the left means
that the reduced row echelon form
of Ais I, which we know is the
same as A being invertible.
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Key Idea 4.5.2 Solutions to Ax = b and the Invertibility of A.

Consider the system of linear equations AZ = b.

1. If A is invertible, then AZ = b has exactly one solution, namely
A-1b.

2. If Ais not invertible, then A% = b has either infinitely many solu-
tions or no solution.

Example 4.5.3 Exploring properties of the inverse.

Let
A:B ﬂ andB:[_l2 ﬂ
Find:
1. A1 4, (A H™!
2. B7! 5 (A+B)™!
3. (AB)™! 6. (5A)~!

In addition, try to find connections between each of the above.
Solution.

1. Computing A~ ! is straightforward; we’'ll use Theorem 4.4.10.

sl

2. We compute B! in the same way as above.
Bl_ 11 0 _ -1/2 0
-2 |-1 =2 /2 1]
3. To compute (AB) ™!, we first compute AB:
AB — 3 2/|1-2 0 _ —4 2 .
0 1 1 1 1 1

We now apply Theorem 4.4.10 to find (AB)_l.

am ==L Z) =06 vl
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4. To compute (A~1)~1, we simply apply Theorem 4.4.10 to A~ 1:

gl - )

5. To compute (A + B) ™!, we first compute A + B then apply The-
orem 4.4.10:

3 2 -2 0 1 2
A+ B= = .
+ [O J * { 1 1} [1 2}
We notice immediately that the two rows of A + B are the same!

Subtracting Row 1 from Row 2 would produce a row of zeros, so
A + B hasrank 1 < 2, and therefore cannot be invertible.

6. To compute (5A)~!, we compute 5A and then apply Theo-
rem 4.4.10.

o= ([5 5]) =5l WI-[4° AT

We now look for connections between A=1, B=1, (AB)~ !, (A1)t
and (A+ B)~%

Is there some sort of relationship between (AB)~! and A~! and
B~1? Afirst guess that seems plausible is (AB)~! = A1 B~ Is this
true? Using our work from above, we have

ewe [ 90

Obviously, this is not equal to (AB)~!. Before we do some further guess-
ing, let’s think about what the inverse of AB is supposed to do. The
inverse — let’s call it C' — is supposed to be a matrix such that

(AB)C = C(AB) = I.

In examining the expression (AB)C, we see that we want B to some-
how “cancel” with C. What “cancels” B? An obvious answer is B~!.
This gives us a thought: perhaps we got the order of A~ and B~! wrong
before. After all, we were hoping to find that

ABA-'B 1 X1,

but algebraically speaking, it is hard to cancel out these terms. (Recall
that matrix multiplication is not commutative: AB # BA in general.)
However, switching the order of A~ and B! gives us some hope.
Is (AB)™! = B1A71? Let’s see.
(AB)(B~*A™') = A(BB~')A~! (regrouping by the associative property)
= AIA™" (BB™'=1)
= AA™Y (Al = A)
=1 (AA7'=1).
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Since (AB)(B~*A™!) = I,, we know immediately from Theo-
rem4.5.1that (AB)~! = B~1A~!. Note also that our argument above
was completely general, so this result holds true for any pair of n x n
matrices A and B. Let’s confirm this with our example matrices.

e[ 08 - -

It worked!

Is there some sort of connection between (A~1)~! and A? The an-
swer is pretty obvious: they are equal. The “inverse of the inverse” re-
turns one to the original matrix.

Is there some sort of relationship between (A4 + B)~!, A~! and
B~1? Certainly, if we were forced to make a guess without working any
examples, we would guess that

(A+B)' £ 414+ B

However, we saw that in our example, the matrix (A + B) isn’t even
invertible. This pretty much kills any hope of a connection.
Is there a connection between (54)~! and A=1? Consider:

A natural question to ask at this

point is whether or not the prod-

uct of two non-invertible matri-

115 —2/15 ces could ever be invertible. The

(54)~! = { 0 15 ] answer, not surprisingly, is “No.”

To see this, suppose AB isinvert-

_11/3 -2/3 ible. Then we know that the only
500 1/5 solution to the equation (AB)Z =

Ois & = 0. But if B is not invert-

1., =
= SA . ible, then the equation BZ = 0
does have a non-trivial solution
| Yes, there is a connection! # # 0, and then

(AB)Z = A(BZ) = A0 = 0,

implying that 7 is a non-zero so-
lution to (AB)Z = 0, and thus
AB cannot be invertible.

The fact that invertibility works
well with matrix multiplication should
not come as a surprise. After all,
saying that A is invertible makes

a statement about the mulitiplica-
tive properties of A. It saysthat|

Example 4.5.4 Computing the inverse of a diagonal matrix.

2 0 0 . . .
Find the inverseof A= |0 3 0 ca'n muItlpIyAWlth'a .s.pec!al ma-
trix to get I. Invertibility, in and
00 -7 of itself, says nothing about ma-
Solution. We'll find A~! using Key Idea 4.4.8. trix addition, therefore we should
20 0 100 1/2 0 0 not be too surprised that it doesn’t

1 00
— .
03 0 010 rref 010 0 1/3 0 work well with it.
0 0 1

0 0 -7 0o o1 0o o0 -—-1/7




We still haven’t formally defined
diagonal, but the definition is rather
visual so we risk it. See Defini-
tion 6.1.4 for more details.

Yes, real people do solve linear
equations in real life. Not just
mathematicians, but economists,
engineers, and scientists of all flavours
regularly need to solve linear equa-
tions, and the matrices they use
are often huge.

Most people see matrices at
work without thinking about it.
Digital pictures are simply “rec-
tangular arrays” of numbers rep-
resenting colours — they are ma-
trices of colours. Many of the
standard image processing oper-
ations involve matrix operations.
The author’s wife has a “7 megapixel”
camera which creates pictures that
are 3072 x 2304 in size, giving
over 7 million pixels, and that isn’t
even considered a “large” picture
these days.

(Note that the previous sen-
tence was written by Greg Hart-
man circa 2010, when 7 megapix-
els was pretty good, and required
a standalone camera.)
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Therefore
1/2 0 0
At=10 1/3 0
0 0o -1/7

Theorem 4.5.5 Properties of Invertible Matrices.
Let A and B be n x n invertible matrices. Then:

1. ABisinvertible; (AB)~! = B~1A~L

2. A~ tisinvertible; (A~1)~1 = A.

3. nAis invertible for any nonzero scalar n; (nA)~! = L A1,
4

. If A is a diagonal matrix, with diagonal entries di,ds, - ,dy,
where none of the diagonal entries are 0, then A~ exists and is
a diagonal matrix. Furthermore, the diagonal entries of A~" are
1/dy,1/dg, -+ ,1/d,.

Furthermore,
1. If a product AB is not invertible, then A or B is not invertible.

2. If A or B are not invertible, then AB is not invertible.
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4.5.1

1 A:[1 2}32{3 5] ) A:[1 2}32{7 1}
1 1 2 5 3 4 2 1

3 A:[Q 5}3:{1 1} a A:[Q 4}32{2 2}
3 8 1 4 2 5 6 5
-3 5 3 5

> A_[1 2} 6 A‘[2 4}

7. A:[Q 7} 8. A:[g 0}
1 3 79

9. Find 2 x 2 matrices A and B that are each invertible, but A + B is not.

10. Create a random 6 x 6 matrix A, then have a calculator or computer compute AA~!. Was the identity matrix
returned exactly? Comment on your results.

1 2 3 4
1 1 4 9 16 . . .
11. Use a calculator or computer to compute AA~", where A = 1 s 97 64l Was the identity matrix
1 16 81 256

returned exactly? Comment on your results.
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4.6

Definition 4.6.1 Elementary Matrix.

An elementary matrix is an n x n matrix E that can be obtained from
the identity matrix using a single row operation.

Theorem 4.6.2 Effect of Multiplication by an Elementary Matrix.

Let A be an n x k matrix and suppose that the matrix B is obtained from
A using an elementary row operation. Then B = E A, where E is the
elementary matrix obtained from the identity matrix using the same row
operation used to obtain B from A.
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Example 4.6.3 Multiplication by an elementary matrix.

2 -1 1
letA= 1[0 3 2 | . For each of the following elementary row
4 1 -1

operations, construct the corresponding elementary matrix, and verify
that multiplication by this matrix performs the desired row operation.

2 —1 1] 41 -1
1. A=l0 3 ol g 3 9| =B,
4 1 -1 2 —1 1
2 —1 1] 4 —2 2
2.A=10 3 2hoh g 3 9| =B,
4 1 -1 41 -1
2 —1 17 2 -1 1
3. A=10 3 92 MO 3 = Bs
4 1 -1 0 3 -3

Solution.

1. Applying the same row operation to the 3 x 3 identity matrix gives

0 0 1
us the elementary matrix £; = |0 1 0], and we can easily
1 00
verify that
0 0 1] (2 -1 1 4 1 -1
EitA=|0 1 0/ |0 3 2|=|0 3 2|=58B;
1 0 0] [4 1 -1 2 -1 1

2. For the row operation 2R, — R; the corresponding elementary

2 0 0
matrixis Fs = {0 1 0/, and we have
0 0 1
2 0 0] 2 -1 1 4 -2 2
EsA=10 1 0} |0 =0 3 2
0 0 1] 14 1 -1 4 1 -1

3. The elementary matrix corresponding to the row operation R3 —

1 00
2Ry - R3zisEs=|0 1 0],and
-2 0 1

1 0 0]2 -1 1 2
EsA=|0 1 0/|0 3 2|=|0 3 2|=Bs
-2 0 1[4 1 -1 0
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Inverses of Elementary Matrices.

Example 4.6.4 Inverses of elementary matrices.

Determine the inverse of each of the elementary matrices below:

0 1 0
1. B1=1|1 0 0f.
10 0 1
1 -3
L0 1
1 0
3. Es=1(0 1 0
3
L0 2
Solution.

1. The matrix E is a Type 1 elementary matrix, obtained by exchang-
ing rows 1 and 2. Thus, we have Efl = F. This is easily verified
by checking that E? = I.

2. The matrix E5 is a Type 3 elementary matrix, obtained from the
identity using the row operation R; — 3R3 — R;. The opposite

1 0 3
row operation is Ry + 3R3 — Rjy; thus, E;l = |0 1 0].

0 0 1
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Again, we an easily check that E2E2_1 =1.

3. The matrix F3 is a Type 2 elementary matrix, obtained from the
identity matrix using the row operation %Rg — R3. The opposite

. . 1 7
row operation is %Rg — Rg3, since ﬁ = —. It follows that

Byl =

o O =
o = O
wN o O

Elementary matrices and inverses.

Theorem 4.6.5 The inverse is a product of elementary matrices.

Let A be an invertible n x n matrix, andlet E1, Es, . . . , F}, be the elemen-
tary matrices corresponding (in order) to the elementary row operations
used to reduce A to the identity matrix. Then

AV = FE, .- EyEL.
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Theorem 4.6.6 Invertible matrices are products of elementary matri-
ces.

An n x n matrix A is invertible if and only if it is a product of elementary
matrices.

Example 4.6.7 Writing an invertible matrix as a product of elementary

matrices.
2 -1 3
Write the matrix A = |[—1 0 4| as a product of elementary
1 -1 3

matrices, if possible.

Solution. We use Gauss-Jordan elimination to carry the matrix A to
its reduced row-echelon form. For each elementary row operation per-
formed, we keep track of the corresponding elementary matrix and its
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inverse.

2 -1 3 1 -1 3 0 0 1]
1 0 4| B2 4 0 4 Ei=10 1 0
1 -1 3 2 -1 3 1 0 0]
-1 3 1 0 0]
RotfamBRa g 7 Ey=11 1 0
2 -1 3 0 0 1]
1 -1 3 1 0 0
RBs2FoBs g 1 70 Es=|0 1 0
0 1 -3 -2 0 1
1 3 1 0 0]
feols g 1 3 Ei=10 0 1
0 -1 7 0 1 0]
-1 3 1 0 0]
RsthomBs 1o 1 3| Es=1l0 1 0
0 4 0 1 1]
. 1 -1 3 1 0 0

ZRS‘)R:?,
A5l 1 -3 Es=10 1 0
0 0 1 0 0 2
(1 —1 3] 1 0 0
Bat3RsmRa | E,=10 1 3
0o o 1] 0 0 1
1 —1 0] 1 0 -3
BzsRsmR g Es=10 1 0
0o o0 1] 0 0 1
10 0 11 0
Htlemia, g 1 Eo=10 1 0
0 0 1 0 0 1

We then have
A7 = EgEsE7EgEs FsEsFEyFy

and
A=E'Ey'E;'E; ' B B B VB E Y

(Ideally we'd actually write out the matrices above, but since we needed
nine steps to get A to the identity, limitations on space prevent us from
| doingso.)
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Bt

Byt

Ej!

B!

—1
E5

E;t

B!

OO H OO, OO, OOk, OOk OOk MO+

OO0 O, O ORFRO
|
w

—_
—_
= o O
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11.

(a)
(b)

13.

14.

15.

R1 — 3Ry — R; fora2 x 2 matrix.

TRy — Ry for a2 x 2 matrix.

D
= o O

CHAPTER 4. MATRIX ALGEBRA

6. R34+ 2R; — R3fora3 x 3 matrix.
8. Ry <+ R5 for a3 x 5 matrix.

2

10.
:
0
12. 0
1

_ O
—_

o = O
o O =



5.1

5.1.1

We can multiply a 3 x 2 matrix
by a 2D vector and get a 3D vec-
tor back, and this gives very in-
teresting results. See Section 5.2.

227
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Example 5.1.1 Multiplying a vector by a matrix.

Let A be a matrix, and &, ¥/, and Z"be vectors as given below.

R S AL

Graph 7, i and Z, as well as A%, Ay and AZ.
AZ Solution. It is straightforward to compute:

! L |5 L (3 - -1
Az | ACE—|:5:|, Ay—L], and Az-[g].

L The vectors are sketched in Figure 5.1.2.

<y
8]

Ay

Z

Figure 5.1.2 Multiplying vectors by a
matrix in Example 5.1.1

Example 5.1.3 Combining addition and matrix multiplication.

Let A be a matrix and Z and i/ be vectors as given below.

o3 g )

Sketch & + ¢, AZ, Ay, and A(Z + 7).




5.1. MATRIX TRANSFORMATIONS 229

Solution. It is pretty straightforward to compute:

f+g=[;}; A:f:m; A= m A(my*):m.

In Figure 5.1.4, we have graphed the above vectors and have in-
cluded dashed gray vectors to highlight the additive nature of & + 3/ and
A(Z + ). Does anything strike you as interesting?

Let’s not focus on things which don’t matter right now: let’s not focus
on how long certain vectors became, nor necessarily how their direction
changed. Rather, think about how matrix multiplication interacted with
the vector addition.

In some sense, we started with three vectors,z,i/, and Z + ¢. This
last vector is special; it is the sum of the previous two. Now, multiply
all three by A. What happens? We get three new vectors, but the sig-
nificant thing is this: the last vector is still the sum of the previous two!
(We emphasize this by drawing dotted vectors to represent part of the
Parallelogram Law.)

Of course, we knew this already: we already knew that AZ + Ay =
A(Z+7), for this is just the Distributive Property of matrix multiplication
given in Theorem 4.2.11. However, now we get to see this graphically.

Example 5.1.5 Sketching the effect of matrix multiplicaiton.

Let A, 7,7, and Z be as given below.

a=f 2] =l =]

GraphZ, i/ and 7, as well as AZ, Ay and AZ.

Solution. It is straightforward to compute:

AT = H  Ag= [_2}  and A7= ﬂ
0 2 3

The vectors are sketched in Figure 5.1.6.

These results are interesting. While we won't explore them in great
detail here, notice how # got sent to the zero vector. Notice also that
AZ, Ayand AZ are all in a line (as well as Z!). Why is that? Are &, i/ and
Z just special vectors, or would any other vector get sent to the same
line when multiplied by A? (Don't just sit there, try it out!)

5.1.2

Figure 5.1.4 Vector addition and ma-
trix multiplication in Example 5.1.3

<y
8
S3

Ay

Figure 5.1.6 Multiplying vectors by a
matrix in Example 5.1.5
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Example 5.1.7 Visualizing a matrix transformation using vectors.

Plot the vectors of the unit square before and after they have been
multiplied by A, where
A= [1 4} .
2 3

Solution. The four corners of the unit square can be represented by
the vectors ) - - i

0 1 1 0

o/ [o]" 1] |1]°

Multiplying each by A gives the vectors

o] ] [5] [4
o] 2] 5] 3]

respectively.

(Hint: one way of using your calculator to do this for you quickly is
to make a 2 x 4 matrix whose columns are each of these vectors. In this
case, create a matrix

320110-
00 11

Then multiply B by A and read off the transformed vectors from the
respective columns:

01 5 4

AB = .
{O 2 5 3}

This saves time, especially if you do a similar procedure for multiple

matrices A. Of course, we can save more time by skipping the first col-

umn; since it is the column of zeros, it will stay the column of zeros after

multiplication by A.)
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The unit square and its transformation are graphed in Figure 5.1.8,
where the shaped vertices correspond to each other across the two
graphs. Note how the square got turned into some sort of quadrilateral
(it’s actually a parallelogram). A really interesting thing is how the trian-
gular and square vertices seem to have changed places — it is as though
the square, in addition to being stretched out of shape, was flipped.

)

Figure 5.1.8 Transforming the unit square by matrix multiplication in Ex-
ample 5.1.7

To stress how “straight lines get transformed to straight lines,” con-
sider Figure 5.1.9. Here, the unit square has some additional points
drawn on it which correspond to the shaded dots on the transformed
parallelogram. Note how relative distances are also preserved; the dot
halfway between the black and square dots is transformed to a position
along the line, halfway between the black and square dots.

Y

15—

Figure 5.1.9 Emphasizing straight lines going to straight lines in Exam-
ple 5.1.7

Example 5.1.10 Visualizing a matrix transformation using a region.

Plot the transformed unit square after it has been transformed by A,

where
| [0 —1} '
1 0
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Solution. We'll put the vectors that correspond to each corner in a ma-
trix B as before and then multiply it on the left by A. Doing so gives:

AB:O—l()llO
1 00 011

100 -1 -1
o1 10
In Figure 5.1.11 the unit square is again drawn along with its trans-
formation by A.

Y Y
111,—0 r L
<« ® :.1—»:1: ¢ —

Y Y

Figure 5.1.11 Transforming the unit square by matrix multiplication in
Example 5.1.10

Make note of how the square moved. It did not simply “slide” to the
left; (mathematically, that is called a translation) nor did it “flip” across
the y axis. Rather, it was rotated counterclockwise about the origin 90°.
In a rotation, the shape of an object does not change; in our example,
the square remained a square of the same size.
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Example 5.1.12 Determining a matrix transformation.

Find the matrix A that flips the Cartesian plane about the x axis and
then stretches the plane horizontally by a factor of two.

Solution. We first consider é&; = B} . Where does this corner go to un-

der the given transformation? Flipping the plane across the x axis does
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not change ¢€; at all; stretching the plane sends ¢; to B} . Therefore, the
. .2
first column of A is ol
S 0 L . R
Now consider €5 = e Flipping the plane about the x axis sends é5
to the vector { OJ ; subsequently stretching the plane horizontally does

not affect this vector. Therefore the second column of A is { OJ .

Putting this together gives

2 0
A= .
b
To help visualize this, consider Figure 5.1.13 where a shape is trans-
formed under this matrix. Notice how it is turned upside down and is

stretched horizontally by a factor of two. (The gridlines are given as a
visual aid.)

| Figure 5.1.13 Transforming the Cartesian plane in Example 5.1.12

Figure 5.1.14 The unit square under
an unknown transformation.
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.Y
new location
of (2,3) %

\
\
\

\
“« n =
Y3 X “new” €y

Figure 5.1.15 Finding the new loca-
Example 5.1.16 Determining and analyzing a matrix transformation. tion of the point (2, 3)

First, find the matrix A that transforms the Cartesian plane by
stretching it vertically by a factor of 1.5, then stretches it horizontally by
a factor of 0.5, then rotates it clockwise about the origin 90°. Secondly,
using the new locations of €; and €5, find the transformed location of
the point (—1, 2).

Solution. To find A, first consider the new location of é;. Stretching
the plane vertically does not affect é'; stretching the plane horizontally

by a factor of 0.5 changes € to {1(/)2}, and then rotating it 90° about

the origin moves it to [ } . This is the first column of A.

0
~1/2

Now consider the new location of €5. Stretching the plane vertically

changes it to { 0

3/2

ing 90° moves it to {362} This is then the second column of A. This

A= [—?/2 362} ‘

} ; stretching horizontally does not affect it, and rotat-
gives

Where does the point (—1, 2) get sent to? The corresponding vector
[_21} is found by going —1 units in the €; direction and 2 units in the

€, direction. Therefore, the transformation will send the vector to —1
units in the new € direction and 2 units in the new é5 direction. This is




<

Figure 5.1.17 Understanding the
transformation in Example 5.1.16

236

CHAPTER 5. MATRIX TRANSFORMATIONS

sketched in Figure 5.1.17, along with the transformed unit square. We
can also check this multiplicatively:

0 3/2| [—-1| | 3
—1/2 0|2 [1/2]°
Figure 5.1.18 shows the effects of the transformation on another
shape.

\ /

Figure 5.1.18 Transforming the Cartesian plane in Example 5.1.16
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5.1.3
Horizontal stretch by a factor of &. Y
k0 i
0 1 T
(k, 1)
Ix——0
< ¢ H—{—— T
Y
Vertical stretch by a factor of k. Y
b i
ok (1, k)
9
< @ {1 — T
Y
Horizontal shear by a factor of k. Y
1 k A
0 1 T
(k, 1)
i
pd e
< ./ o — T
Y
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Vertical shear by a factor of k. Y
10 i
k1 T
(k1)
iy '/ 0]
/
/
— ¢ —
Y
Horizontal reflection across the y Y
axis.
-1 0
0 1
~—{}—ee > T
Y
Vertical reflection across the z Yy
axis.
1 0 A
0 —1 &0
<~ & {— T
Diagonal reflection across the Y
liney = .
0 1 Jil A 4
1 0 ks

A
4
g vV Vv v /
\)\
N
N
8
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Rotation around the origin by an
angle of 6.

cosf) —sinf
sind  cosf
+— T
Projection onto the x axis. (Note Y

how the square is “squashed” down
onto the z-axis.)

b o

YvYy

Projection onto the y axis. (Note Y
how the square is “squashed” over

onto the y-axis.) I
0 0
0 1

Example 5.1.19 Determining the matrix of a transformation.

Find the matrix A that transforms the Cartesian plane by performing
the following operations in order:



Note: recall from Section 4.2
that matrix multiplication is not
commutative. Since A1 Ay #
AsA; in general, we should
expect that the transformation
A2 (Alf) (AQAl)f is not
the same as the transformation
Al(Azf) = (AlAQ)(f Inter-
preted as transformations of the
plane, this makes sense visually:
for example, in most cases, a re-
flection followed by a rotation
will not produce the same result
as performing the rotation first,
followed by the reflection. The
reader is encouraged to experi-
ment with afew examples to see
what happens when the order is
reversed.

To perform the final two op-
erations, we note that

2 0 0 1
Ag:[ } and A4:[1 0

0 1

perform the horizontal stretch
and diagonal reflection, respec-
tively. Thus to perform all of the
operations “at once,” we need
to multiply by

A=A A34, A4

LIk

[(V3+2)/4 \/§/2}

L\J\»—AM‘%
w
w

(2v3-1)/2 —1
_[0.933 0.866
Tle232 -1

)

A

i

a4

A 4

m
=21

\

Figure 5.1.20 The transformed unit
square in Example 5.1.19

0
1
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1. Vertical shear by a factor of 3. Horizontal stretch by a factor
0.5 of 2
2. Counterclockwise rotation
about the origin by an angle 4. Diagonal reflection across
of § = 30° theliney =z
Solution. Wow! We already know how to do this — sort of. We know

we can find the columns of A by tracing where é&; and €5 end up, but this
also seems difficult. There is so much that is going on. Fortunately, we
can accomplish what we need without much difficulty by being system-
atic.

First, let's perform the vertical shear. The matrix that performs this

1 0
A= [0.5 1]

After that, we want to rotate everything clockwise by 30°. To do this,
we use

is

_|cos30°
> [sin30°

—sin30°]  [V3/2
cos30° | | 1/2

~1/2
)

In order to do both of these operations, in order, we multiply A3 A;.

Let’s consider this closely. Suppose | want to know where a vector ¥
ends up. We claim we can find the answer by multiplying AZ. Why does
this work? Consider:

AZ = AgAs A ALY

= A A3 A2 (AL D) (performs the vertical shear)

= A4 A3(Ax%) (performs the rotation)

= Ay (A37s) (performs the horizontal stretch)
= Ayis (performs the diagonal reflection)
=24 (the result of transforming &)

Most readers are not able to visualize exactly what the given list of
operations does to the Cartesian plane. In Figure 5.1.20 we sketch the
transformed unit square; in Figure 5.1.21 we sketch a shape and its trans-
formation.
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\
NN/
N4
\ /

A

| Figure 5.1.21 A transformed shape in Example 5.1.19
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5.14

5.
7.
Y
1
Xz
1

9.

(a) vertical shear by a factor of 2

(b) horizontal shear by a factor of 2
11.

(a) horizontal stretch by a factor of 3

(b) reflection across the liney = x

CHAPTER 5. MATRIX TRANSFORMATIONS

6.
Yy
xr
1
8.
Yy
1
xr
1
10.
(a) horizontal shear by a factor of 2
(b) vertical shear by a factor of 2
12.

(a) counterclockwise rotation by an angle of
45°

(b) vertical stretch by a factor of 1/2



5.1. MATRIX TRANSFORMATIONS

13.

15.

17.

(a) clockwise rotation by an angle of 90°
(b) horizontal reflection across the y axis

(c) vertical shear by a factor of 1

(a) a horizontal reflection across the y axis,
followed by a vertical reflection across
the x axis, compared to

(b) a counterclockise rotation of 180°

(a) a horizontal stretch by a factor of 1/2
followed by a vertical stretch by a factor
of 3, compared to

(b) the same operations but in opposite
order

14.

16.

18.

243

(a) vertical reflection across the z axis
(b) horizontal reflection across the y axis

(c) diagonal reflection across the line y = x

(a) a horizontal stretch by a factor of 2
followed by a reflection across the line
y = x, compared to

(b) a vertical stretch by a factor of 2

(a) areflection across the liney = x
followed by a reflection across the x axis,
compared to

(b) areflection across the the y axis, followed
by a reflection across the line y = .
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5.2

R

Figure 5.2.1 Translating the unit
square one unit to the right

Yy Yy
é— x g T
Figure 5.2.2 Actual transformation of

the unit square by matrix A

We use T instead of f to define
the function T'(Z) = AZ to help
differentiate it from “regular” func-
tions. “Normally” functions are
defined using lower case letters
when the inputis a number; when
the input is a vector, we use up-
per case letters. (It also appears
to be tradition to use the letter

T to describe linear transforma-
tions, and mathematicians are suck-
ers for tradition.)
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Definition 5.2.3 Linear Transformation.

A transformation T : R® — R™ is a linear transformation if it satisfies
the following two properties:

1. T(Z + §) = T(Z) + T(y) for all vectors # and , and
2. T(kZ) = kT(Z) for all vectors Z and all scalars k.

If T'is a linear transformation, it is often said that “T" is linear.”

Example 5.2.4 Computing a linear transformation from given values.
Given that T': R3 — Ry is a linear transformation such that

(@) = {ﬂ () = m , and T() = [_1 4} ,

compute the value of T'(2@ — 37 + o).

Solution. As argued above, we have

T(2d — 30+ W) = 2T (w) — 3T(¥) + T'(W)
-1 3 1
o[ ] =)+ [
_|-10
=10 |
Example 5.2.5 Computing a linear transformation from given values.

Suppose T : R2 — R3 is a linear transformation such that

2

() [3] mr () |

Compute the value of T' < [111} ) .

Solution. This problem takes some more work, since we first need to

figure out how to write the vector [111} as a linear combination of the
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vectors [ﬂ and {_31] . That is, we need to find scalars a and b such that

a 2 n -1} |1
1 3] [11]”
Writing the left-hand side as the single vector {26:__32} , we see that
a

this amounts to solving the pair of equations

2¢ — b = 1
a + 3b = 11°

If we multiply the first equation by 3 and add it to the second, we get
7a + 0b = 14, so a = 2. Plugging this value back into either equation
gives us b = 3, so we have

r([a]) (R e 3])
o ([1) o (15])

2 0 4
=2|-1|+3 (4| = |10
3 1 9

Example 5.2.6 lIdentifying linear transformations.

Determine whether or not the transformation T : R? — R3is a
linear transformation, where

x x%

T <|: 1:|> N 2x1
€2

T1T2

Solution. We'll arbitrarily pick two vectors Z and -

=[] = o-[]

Let’s check to see if T is linear by using the definition.
Is T(Z + ¢) = T(&) + T(y)? First, compute & + ¢:

Trs [_32} ! H - E’j
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Now compute T'(Z), T(¥), and T'(Z + 7):

7 16

T(w+g’):T(3]>: ]

- 12

IsT(Z+4) =T(Z) +T(9)?
9 1], [16

6 |+ (2] #]8]. In Example 5.2.7, it's important
-6 5 12 to remember the following prin-
ciple of logic: to show that some-
Therefore, T is not a linear transformation. thing doesn’t work, we just need

to show one case where it fails,
which we did in Example 5.2.6.
To show that something always
works, we need to show it works
for all cases — simply showing it
works for a few casesisn’t enough.
(Anexampleis not a proof.) How-
ever, doing so can be helpful in
understanding the situation bet-
1 2 .
A= [ ] . ter, and can give us clues as to
3 4 how to construct a general proof.

Example 5.2.7 Identifying linear transformations.

Determine whether or not the transformation 7 : R? — R?is a
linear transformation, where T'(¥) = AZ and

Solution. Let’s start by again choosing a couple of vectors and seeing
what happens. Let’s choose the same & and i from Example 5.2.6.

If the linearity properties hold for these vectors, then maybe it is
actually linear (and we’ll do more work).
IsT(Z +9) =T(Z) + T(y)? Recall:

. 4
x—&—y:[g]
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IsT(Z+9) =T(Z) +T(y)?

-1 11 10
= '
So far, so good: T'(Z + ¢) is equal to T'(Z) + T'(¥).

Is T'(k¥) = kT'(Z)? Let's pick k = 7 (or whatever value you prefer),
and use ¥ as before.

-1
=7
¥
=7-T(&) !
So far it seems that T is indeed linear, for it worked in one example
with arbitrarily chosen vectors and scalar. Now we need to try to show

it is always true.
Consider T'(Z + %). By the definition of T', we have

T(Z +9) = A(Z + 7).

By Theorem 4.2.11, part Item 2 we state that the Distributive Prop-
erty holds for matrix multiplication. (Recall that a vector is just a special
type of matrix, so this theorem applies to matrix-vector multiplication
as well.) So A(Z + §) = AZ + Ag. Recognize now that this last part is
just T(Z) + T(y)! We repeat the above steps, all together:

T(Z+Y) =AZ+79) (by the definition of 7" in this example)
= A¥ + Ay (by the Distributive Property)
=T(#)+T(y) (again, by the definition of T').

Therefore, no matter what & and ¢/ are chosen, T(Z + 3) = T(Z) +
T(g). Thus the first part of the linearity definition is satisfied.

The second part is satisfied in a similar fashion. Let & be a scalar, and
consider:

T(kZ) = A(kZ) (by the definition of T in this example)
= kAZ (by Theorem 4.2.11 part Item 3)
= kT (Z) (again, by the definition of T')

Since T satisfies both parts of the definition, we conclude that T is
a linear transformation.
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Theorem 5.2.8 Matrices and Linear Transformations.

Then T is a linear transformation.

2. LetT : R™ — R™ be any linear transformation. Then there exists
an unique m x n matrix A such that T'(Z¥) = AZ.

1. DefineT : R™ — R™ by T(Z) = AZ, where A isan m X n matrix.

Definition 5.2.9 Standard Matrix of a Linear Transformation.

Let T : R™ — R"™ be a linear transformation. By Theorem 5.2.8, there
is a matrix A such that T'(¥) = AZ. This matrix A is called the standard
matrix of the linear transformation 7', and is denoted [T'].

The matrix-like brackets around
T are intended to suggest that
the standard matrix A is a ma-
trix representative of the given
transformation.



The idea that linear transforma-
tions “send zero to zero” has an
interesting relation to terminol-
ogy. The reader is likely familiar
with functions like f(z) = 2z +
3 and would likely refer to this
as a “linear function.” However,
£(0) # 0, so f is not “linear” by
our new definition of linear. We
erroneously call f “linear” since
its graph produces a line, though
we should be careful to instead
state that “the graph of fisaline.”

In the context of calculus are
only linear transformationsif b =
0. Inthecaseof mapsT : R™ —
R™, we can similarly consider func-
tions of the form T'(Z) = AZ+b;
such functions are again useful
in areas such as vector calculus,
but unless b = 0, they are not
linear transformations, since 7'(0) =
b.

Mathematicians do, of course,
have a word for such maps: afunc-
tion of the form T'(Z) = A% +
b is known as an affine transfor-
mation.

Recall that in Example 5.2.5, we
had to solve a system of equa-
tions to determine how to write
our given vector in terms of two
other vectors for which the value
of atransformationis known. The
advantage of knowing the values
of a transformation on the stan-
dard unit vectors is that we know
immediately how to write any other
vector in terms of them.
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Key Idea 5.2.10 Linear Transformations and 0.

Let T : R™ — R"™ be a linear transformation. Then:
T(0,) = Oy,-

That is, the zero vector inR"™ gets sent to the zero vector inR™.

The Standard Matrix of a Linear Transformation.

Definition 5.2.11 Standard Unit Vectors.

INR™, the standard unit vectors ¢; are the vectors with a 1 in the ith
entry and Os everywhere else.
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Theorem 5.2.12 The Standard Matrix of a Linear Transformation.

Let T : R™ — R™ be a linear transformation. Then [T] is the m x n
matrix:

Example 5.2.13 Computing the matrix of a linear transformation.

Define T : R? — R* to be the linear transformation where

" X1+ To
1
3561 — X3
T X2
2x9 4 dx3
Zs3

4xr1 + 3x2 + 223

Find [T'].
Solution. T takes vectors fromR? intoR*, so [ T'] is going tobe a4 x 3
matrix. Note that

1 0 0
€1 =10 s 52 =11 and 53 =10
0 0 1

We find the columns of [ T'] by finding where &1, & and €5 are sent,
that is, we find T'(€} ), T'(€2) and T'(€3).

R é
T(e) =T 0 = 0
_0_ _4_
_ 17
0 0
T(ey)=T 1 = |5
_0_ _3_
0 _01
T(es)=T 0 = 5
_1_ L 2
Thus
1 1 0
3 0 -1
T = A =
7] 0 2 5
4 3 2



252 CHAPTER 5. MATRIX TRANSFORMATIONS
Let's check this. Consider the vector
1
=12
3

Strictly from the original definition, we can compute that

. 142 3
3-3 0

T—‘:T = =
@) ; 4415 19
44646 16

Now compute 7'(Z) by computing [T'|Z = AZ.

11 0 1 3
A — 3 0 -1 9| — 0
0 2 5 3 19
4 3 2 16

They match! (Of course they do. That was the whole point.)

Example 5.2.14 An application to baseball.

A baseball team manager has collected basic data concerning his hit-
ters. He has the number of singles, doubles, triples, and home runs they
have hit over the past year. For each player, he wants two more pieces
of information: the total number of hits and the total number of bases.

Using the techniques developed in this section, devise a method for
the manager to accomplish his goal.

Solution. If the manager only wants to compute this for a few players,
then he could do it by hand fairly easily. After all:

total # hits = # of singles + # of doubles + # of triples + # of home
runs,

and

total # bases = # of singles + 2 x# of doubles + 3 x# of triples + 4 x#
of home runs.

However, if he has a lot of players to do this for, he would likely want a
way to automate the work. One way of approaching the problem starts
with recognizing that he wants to input four numbers into a function
(i.e., the number of singles, doubles, etc.) and he wants two numbers as
output (i.e., number of hits and bases). Thus he wants a transformation
T : R* — R? where each vector in R* can be interpreted as

# of singles
# of doubles
# of triples

# of home runs
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and each vector in R2 can be interpreted as

# of hits
# of bases|

To find [T'], he computes T'(€1), T'(€2), T'(€3) and T'(€y).

1
0 (1
TE) =T =
(é1) 0 _1]
L0,
0]
. | [1]
T(eg) =T 0 = _2
L0
0
0 (1]
T e: = T =
(3) = s
L0,
0
o of | 1
1]

(What do these calculations mean? For example, finding T'(€3) = [iﬂ

means that one triple counts as 1 hit and 3 bases.)
Thus our transformation matrix [7T'] is

reasf 3]

As an example, consider a player who had 102 singles, 30 doubles, 8
triples and 14 home runs. By using A, we find that

102
1 1 1 1]|30] _[154
1 2 3 4| | 8 | |242|’

14

meaning the player had 154 hits and 242 total bases.

253
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Key Idea 5.2.15 Conditions on Linear Transformations.

Let T : R™ — R™ be a transformation and consider the entries of

T is linear if and only if each entry of T'(Z) is of the form a;x1 + asxs +
“ee anajn'

Example 5.2.16 Using Key Idea 5.2.15 to identify linear transforma-
tions.

Using Key Idea 5.2.15, determine whether or not each of the follow-
ing transformations is linear.

n(l)-] =) -[E]
w () - [

Solution. Tj is not linear! This may come as a surprise, but we are not
allowed to add constants to the variables. By thinking about this, we can
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see that this transformation is trying to accomplish the translation that
got us started in this section — it adds 1 to all the x values and leaves
the y values alone, shifting everything to the right one unit. However,
this is not linear; again, notice how 0 does not get mapped to 0.

T5 is also not linear. We cannot divide variables, nor can we put vari-
ables inside the square root function (among other other things; again,
see Section 3.1). This means that the baseball manager would not be
able to use matrices to compute a batting average, which is (number of
hits)/(number of at bats).

T3 is linear. Recall that the coefficients /7 and 7 are just numbers.
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()
[L2]

T ( 'x1'> (21 + 1}
| T2 | L L2 + 1

() =13

[ 1+ o
_3331 — T2

. 1 + 222
[ 1]) = 333‘1—5.132

2262

- _1‘1 + 2:172 - 31}3
T

T T = 0
31‘2 T1 + 4x3
-3 5x9 + 13
_.’L‘l— —.%‘1 + 3x3

T To = r1 — I3
3 L 21+ 23
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5.3

Definition 5.3.1 Subspace of R™.

A non-empty subset V' C R" is called a subspaceof R"”, provided that
the following conditions hold:

1. Foranyvectorsu, v € V,u+ve€V

2. For anyvectorv € V andscalarce R, ct € V.

Example 5.3.2 Identifying subspaces.

Determine which of the following subsets of R? are subspaces:

x
1. R= y|l |22 —4y+32=0

2. 5= 4| |z eR

w

Solution.

1. From our work in Section 2.6, we notice right away that the set
2

3
Moreover, this particular plane passes through the origin, since
2(0) — 4(0) + 3(0) = 0, telling us that 0 € R.

It turns out that any plane through the origin is a subspace, and R

Suppose
U U1
U= |ug and U= |vy
us VU3

arevectorsin R, so that 2u; —4us+3us = 0and 2v, —4ve+3v3 =

R describes a plane with normal vector given by 7 = | —4].

is no exception, but let’s verify this directly using Definition 5.3.1.

Another way of phrasing Defin-
ition 5.3.1 is to say that V is a
subspace if any linear combina-
tion of vectors in V is another
vector in V; that is, V is closed
under taking linear combinations.
A subspace of R" is a subset
that looks like a copy of R™, where
m < n. The visual examples you
should keep in mind are lines (which
look like copies of R) and planes
(which look like copies of R2) in
R3. However, not all lines and
planes will do: as we will see, only
those lines and planes that pass
through the origin form subspaces.
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0. For the vector

we find

2(ug +v1) — 4(ug + v2) + 3(uz + v3) = (2uy — 4ug + 3uz) + (2v1 — 4vg + 3v3)
=0+0=0,

which shows that @ + ¥ € R. Similarly, for any scalar c,
2(cuy) — 4(cug) 4+ 3(cus) = ¢(2uy — 4us + 3uz) =0,

verifying that ci € R. Since R is closed under both addition and
scalar multiplication, it is a subspace.

2. Forthe subset .S, we immediately notice that the third component
must always equal 3; therefore, it is impossible for the zero vector
to belong to .S, and thus S'is not a subspace.

Example 5.3.3 Identifying subspaces.

Determine which of the following subsets of R® are subspaces:

[3a — 2b
1. T = a+b a,beR
La—4b
BB
2. U= 3zy z,y e R
- :L.Q
Solution.
3a — 2b
1. Suppose we have two vectors ¥ = a+b | and W =
a—4b
3c—2d
c+d | inthe subsetT'. Then we find
a —4b
[3a — 2b 3c—2d (3a —2b) + (3¢ — 2d)
T+wW=|a+bdb |+ | c+d | = (a+0b)+ (c+d)
L a—4b a—4b (a —4b) + (c — 4d)

[3(a+c) —2(b+d)
(a+c)+ (b+4d)
| (a+c¢)—4(b+d)

Since a + ¢ and b + d are again real numbers, we see that ¥ + w
fits the definitionof T, so v + w € T.




5.3. SUBSPACES OF R™ 259

Next, if £ € Ris a scalar, we have

3a —2b k(3a — 2b) 3(ka) — 2(kb)
ki=k| a+b | =] kla+bd) | = | (ka)+ (kb) |,
a—4b k(a — 4b) (ka) — 4(kb)

which again fits the patter for vectors in T, so k¥ € T. From
Definition 5.3.1, we can conclude that 7T is a subspace.

2. You probably recall from your high school mathematics that a func-
tionsuch as f(z) = ax +bis considered linear, since its graph is a
straight line. Functions like f(z) = 2 are considered non-linear,
since their graphs are curved. One of the morals a student does
well to learn quickly in linear algebra is that any expressions involv-
ing non-linear functions of any variables present are not going to
play well with the rules of linear algebra.

For the subset U, the expressions 3zy and x2 tip us off that we
are probably not dealing with a subspace here. The easiest way
to make sure of this is to check the rules in Definition 5.3.1 using
specific vectors.

If we let z = 1 and y = 2 in the definition of the set U, we get the
vector
142 3
= 13(1)(2)| = |6
1

3 12
=416 =|6
1 4

Looking at the definition of the set U, we know that if 40 € U,
then the third component of ¥ tells us 2 = 4, so z = +2. Now,
let’s look at the other two components. If z = 2, we must have

2 +y =12and 3(2)(y) = 6.

The first equation tells us that y = 10, while the second requires
y = 1. Since 10 # 1, this is impossible. Similarly, if z = —2, then
we would have to have y = 14 looking at the first component,
and y = —1 from the second. Since this is again impossible, it
must be the case that 4 ¢ U. Since U is not closed under scalar
multiplication, U is not a subspace.

Note: When we want to show

that a subset is a subspace,
we have to verify that Defini-
tion 5.3.1is satisfied for all possi-
ble vectors in that set. Since we
generally have infinitely many
vectors to deal with, our verifi-
cation is going to require us to
give a general argument, using
variables instead of numbers.

On the other hand, if we want
to show that a subset is not a
subspace, we just have to show
that Definition 5.3.1 fails for one
or two specific vectors. A choice
of vector(s) for which the de-
finition fails is called a coun-
terexample. When construct-
ing a counterexample it's a good
idea to choose small numbers to
keep the arithmetic simple.
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Example 5.3.4 Identifying subspaces.

Determine which of the following subsets of R? are subspaces:

u + 2v

1. V= v+4 u,v € R
u—2
2u+v

2. W= v+4 u,v € R
u— 2

Solution.

1. The expressions v + 4 and v — 3 in the definition of V' look like
the sort of linear functions we see in high school, but we need
to keep in mind that in linear algebra the zero vector has an im-
portant role in making sure the algebra works properly. In Linear
Algebra, among all functions of the form f(z) = ma + b, only
those with b = 0 are considered “linear”: these are the functions
whose graphs are lines through the origin.

The first thing we might check is whether or not 0 € V. If we want

u+ 2v 0
v+4 | = (0],
u— 2 0

then clearly we need v = —4 and v = 2 from the second and
third components, but 2 + 2(—4) = —6 # 0, so there is no way
to obtain the zero vector as an element of V, telling us that V' is
not a subspace.

2. The subset W looks a lot like the subset V', so our instinct is prob-
ably telling us that W is not a subspace, either. To know for sure,
the first thing we might check is whether or not 0 € W. In this
case, we see that 0 is indeed in there. Setting u = 2 and v = —4,
we get the vector

2(2) + (—4) 0
—4+4 | = |o| =0,
22 0

so 0 € W. Let’s try the addition test. Settingu = 1 and v = 0
gives us the vector

2(1)+0 2
T=1| 0+4 | =|4]| €W
1-2 -1

Setting v = 0 and v = 1 gives us the vector

2(0) + 1 1
W=| 144 |=|5]|ewW.
0-2 -2
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We now check to see whether or not ¥ + w € W. We have

2 1 3
T+ad=|4|+|5|=]9
1] [-2] [-3

If this is an element of W, then we must have v + 4 = 9 for some
v € R (looking at the second component) and ©v — 2 = —3 for
some u € R (looking at the third component), so v« = —1 and
v = b. Putting these values into the first component, we need
to have 2(—1) + 5 = 3, which is true! Does this mean W is a
subspace? Not so fast: we only checked addition for one pair of
vectors, and we haven’t checked scalar multiplication.

If we try a few more examples (the reader is encouraged to do so),
we find that things keep working out, so we begin to suspect that
maybe W really is a subspace. The only way to know for sure is to
attempt to verify Definition 5.3.1 with a general proof. Suppose

2a +b 2c+d
U= |b+4| andd= | d+4
a—2 c—2

are arbitrary elements of W. Adding these vectors, we get

2a+c)+(b+d)
T4+ = (b+d)+38 :
(a4c¢)—4

which certainly doesn’t look like an element of WW; the constants
are all wrong! We have an 8 in the second component instead
of a 4, and a —4 in the third component instead of a —2. (This
is why constant terms in the definition of a subset are generally
problematic.)

However, with a bit of sleight of hand, things are not as bad as they
seem. Let’s write the second component as (b + d + 4) + 4, and
thethirdas (a+c¢—2)—2,andletv = b+d+4,andu = a+c—2.
If ¥ + 1 is an element of W, then we're going to need

2a+c)+ (b+d) =2u+v,

2u+wv

sothat v+ w = | v +4 | fits the definition of W. Is this true?
u—2

Let’s check:

2u+v = 2(a+c—2)+(b+d+4) = 2(a+c)—4+(b+d)+4 = 2(a+c)+(b+d).
The extra constants cancel, so addition works! Similarly, we find

k(2a +b)
kv = | k(b+4)
k(c—d)
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[2(ka) + (kb)
= | (kb)+4k
(ka) — 2k
2(ka) + (kb)
= |(kb+4k—4)+4
L(ka —2k+2) —2
[2(ka — 2k + 2) + (kb+ 4k — 4)
= (kb+4k —4)+4 ,
(ka —2k+2) -2

which fits the definition of W. Note that in the last equality, things
cancel out again:

2(ka—2k+2)+(kb+4k—4) = 2(ka)—4k+4+(kb)+4k—4 = 2(ka)-+(kb).

Whew! That wasn't so straightforward. Could we have made our
lives a little bit easier? (The answer to this rhetorical question is
almost always yes.)

We know that the potential trouble here came from the constant
terms, so one option we have is to try burying them. Given the
element
2u+v
v=|v+4]| eW,
u—2
we’re under no obligation to stick with the variables « and v. Let’s

try to simplify a bit: ifweletx = u—2(sou = x+2)andy = v+4
(sov =y — 4), then

2ut+v=2(x+2)+(y—4)=2x+4+y—4=22+y,

20 +y
and thus we can write 7 = y , With no more constant

X
terms. In this form it’s much easier to verify that W is a subspace.
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Theorem 5.3.5 Every span is a subspace.
Let ¥, Ua, . . ., U be vectors in R™. Then V' = span{¥y, U, ..., }isa
subspace of R™.

The trivial subspace appears at
first glance to be an exception to
the rule that “every subspace is

a span”, but we can consider it
to be the span of the zero vector.

In more advanced textbooks where
the concept of a basis is discussed,
the trivial subspace is often con-
sidered to be the “span” of the
empty set. Since the empty set
contains zero vectors, the trivial
subspace is said to be zero-dimensional.
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Key Idea 5.3.6 Subspaces of R3.
There are four different types of subspaces in R®:

® The trivial subspace, V = {6}. (Zero dimensional)

® Lines through the origin, of the form

Vi = span{#},
where U #£ 0. (One dimensional)
® Planes through the origin, of the form
Vo = span{v, @},

where the vectors ¢, w are linearly independent. (Two dimen-
sional)

® The complete space V5 = R3. (Three dimensional)

Definition 5.3.7 Dimension of a subspace.

The dimension of a subspace V' C R" is the smallest number of vectors
needed to span V.
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5.3.1
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54.1
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5.4.2



Note: Although we didn’t say so
at the time, we already encoun-
tered this rule for multiplying a
vector by a matrix in the argu-
ment we gave in support of The-
orem 5.2.12. Some textbooks ac-
tually use this observation to give
an alternative definition of ma-
trix multiplication. Once we know
how the product AZ is defined
foranm x nmatrix Aandn x 1
vector &, we can define AB for
annxpmatrix B as follows: first,
we write

-

B=[5 B - 5.

where the nx 1 vectors 51, ceey gp
are the columns of B. We then
define

AB:A[gl by - gp}

It's a good exercise to verify (with
a few examples) that this defin-
ition of the product AB is the

same as the “row times column”
definition we gave earlier.
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Definition 5.4.1 The column space of a matrix.

The column space of an m x n matrix A is the subspace of R™ spanned
by the columns of A:

a11 a12 A1n

a21 a22 a2p
col(A) = span R O U U

Am1 am?2 Amn
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Theorem 5.4.2 Basis for the column space of a matrix.

A basis for the column space of an m x n matrix A is given by the set of
pivot columns of A.

Example 5.4.3 Finding a basis for the column space.

Determine a basis for the column space of the matrix

1 0 2 -3
A=1({2 -1 0 4
-1 1 3 0

Solution. We begin by computing the reduced row echelon form R of
A. We find
10 0 -—-17
R=10 1 0 -38],
001 7

and note that R has leading 1s in columns 1, 2, and 3. It follows that

1 01 2
B= =11, o
1] 1] 3

is a basis for col(A).

Theorem 5.4.4 Dimension of the column space.

The dimension of the column space of a matrix A (or equivalently, the
dimension of range of the matrix transformation defined by A) is equal
to the rank of A.
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5.4.3

Definition 5.4.5 The null space of a matrix.

The null space of an m x n matrix A is denoted by null(A), and defined
by
null(A) = {Z € R"| AZ = 0}.

Example 5.4.6 Determining the null space of a matrix.
Determine the null space of the matrix
a=|2 3
-2 3
Solution. Since the null space of A is equal to the set of all solutions
T to the matrix equation AZ¥ = 0, we proceed by forming the proper

augmented matrix and putting it into reduced row echelon form, which
we do below.

2 =310 — 1 =-3/21|0
rref
-2 3 1|0 0 0 0

We interpret the reduced row echelon form of this matrix to find that

T = 3/2t
xo = tis free.

We can say that Z € null(A) provided that
3 3

== E= )
X9 t 1

Al

then we can write our solution as

null(4) = {t17|t €Rand ¥ = F’ﬂ } .

If we set
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We see that the null space of A contains infinitely many solutions to
the equation AZ = 0; any choice of x5 gives us one of these solutions.
For instance, picking x5 = 2 gives the solution

-1

This is a particularly nice solution, since there are no fractions! In
fact, since the parameter ¢ can take on any real value, there is nothing
preventing us from defining a new parameter s = t/2, and then

% oG- 20]-ofe

where W = 27.
~ Our solutions are multiples of a vector, and hence we can graph this,
as done in Figure 5.4.7.

Figure 5.4.7 The solution, as a line, to
AZ = 0 in Example 5.4.6 Theorem 5.4.8 The null space of a matrix is a subspace.

For any m x n matrix A, null(A) is a subspace of R™.

Key Idea 5.4.9 Basis for the null space of a matrix.

The basic solutions to the homogeneous system AZ = 0 form a basis
for the null space of A. That is, if ¢}, U, . .., ¥y are the basic solutions
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to AZ = 6, then

null(4) = span{v, ¥, ..., Uk}

Example 5.4.10 A two-dimensional null space.

Find a basis for the null space of A, where
1 -2 0 4
A=1|3 -1 5 2
-2 -6 —-10 12
Solution.  Again, determining null( A) is the same as solving the homo-
geneous system AZ = 0, and by Key Idea 5.4.9, a basis for null(A) is

given by the basic solutions to this system. As usual, to find the basic
solutions, we set up the augmented matrix of the system and reduce:

1 -2 0 4 10 1 0 2 010
—

3 -1 5 210 rref 01 1 =210

-2 -6 =10 1210 0O 00 010

From the reduced row echelon form of the augmented matrix, we
can read off the following general solution:
xr1 = —28
XTo = —8+ 2t
r3 = sis free
x4 = tis free.

In this case, we have two parameters, so we expect two basic solu-
tions. To find these, we write our solution in vector form:

T —2s —2 0

~ T2 —s+ 2t -1 2
= = = t

x T3 s 5 1 + 0

T4 t 0 1

From the above, we see that the general solution can be written as ¥ =
sU + ti, where
-2

and W=

<L
I

— o N O

0

are the basic solutions to AZ = 0. Since the null space of A is equal to
the set of solutions to AZ = 0, and since every solution to AZ = 0 can
be written in terms of ¥ and w0, it follows that

null(A) = span{7, @},
and that {7, @} is a basis for null(A).




Recall that a function f is one-
to-one if no two inputs give the
same output. In other words, if
f is one-to-one, then whenever
f(a) = f(b), we can conclude
thata = b.
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Theorem 5.4.11 Null space and one-to-one transformations.

Let T : R™ — R™ be defined by T'(Z) = AZ for some m x n matrix A.
Then T is one-to-one if and only if null(A) = {0}.

Theorem 5.4.12 The Fundamental Theorem of Linear Transformations.

Let T : R™ — R™ be a linear transformation defined by T'(¥) = AZ for
some m x n matrix A. Then

dimnull(A) + dimcol(A4) = n.
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Example 5.4.13 Null space and column space.

Let

Determine:
1. The null space of A.

2. Whether or not the vector 5be|ongs to the column space of A.

Solution. We’'ll tackle the null space first. We form the augmented ma-
trix for the system AZ = 0, put it into reduced row echelon form, and
interpret the result.

1 -1 1 3|0 — 1 01 2 1|0
rref
| RCR R

4 2 4 6|0 —11]0
$1:7$372I4
X9 = T4

x3 = sis free

x4 = tis free.

We now obtain our vector solution

T —s — 2t
= To t
€r = =

T3 S

Zq t

Finally, we “pull apart” this vector into two vectors, one with the “s
stuff” and one with the “¢ stuff.”

_—1‘3 — 2.1‘4
— T4
xr =
T3
L Ty
_—ZE3 —2I4
_ 0 Xy
L 0 T4
-2
-10 1
= I3 1 + 24 0
1

= 23U + x47.

We use u and ¥ simply to give these vectors names (and save some
space). In terms of these names, we can write

null(A) = span{u, }.
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It is easy to confirm that both i and ¥/ are solutions to the linear system
A% = 0. (Just multiply A and A and see that both are \zero.) Since
both are solutions to a homogeneous system of linear equations, any
linear combination of @ and ¥ will be a solution, too, so the vectors @
and v form a basis for the null space of A.

Now let’s tackle the column space. Determining whether or not b
belongs to the column space is the same as solving the system A7 = b.
Once again we put the associated augmented matrix into reduced row
echelon form and interpret the results.

1 -1 1 3|1 — 1 01 2|2
rref
4 2 4 6110 01 0 —-11|1

1 =2—5—2t
.’E2:1+t
r3 = sisfree

x4 = tisfree.

Since our system is consistent, we can conclude that b € col(A). Let us
expand on this result a bit.
Writing this solution in vector form gives

T 2—s—2t
7 — To| _ 1+t

T3 S

Xq t

Again, we pull apart this vector, but this time we break it into three vec-

“w_n

tors: one with “s” stuff, one with “t” stuff, and one with just constants.

[2 — s — 2t]
o 1+1
Tr =
s
t
27 —5] —2t
o]
0 s 0
10 0 | t
(27 -1 —2
1 0 1
= t
ol Tl T o
10 0 1
= zp + st + 10
- ~——

particular solution  solution to homogeneous system

Note that AZ), = 5; by itself, ¥, is a solution. The fact that we have at
least one vector &), such that Az, = btells us that b belongs to the range
of the transformation T'(Z) = AZ. The fact that there is more than one
solution corresponds to the fact that the null space of A is non-trivial.
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Why don’t we graph this solution as we did in the past? Before we
had only two variables, meaning the solution could be graphed in 2D.
Here we have four variables, meaning that our solution “lives” in 4D. You
can draw this on paper, but it is very confusing.
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5.4.4

—4
—4

-1 6

—2

8

2

-4 3 6

A:



6.1

Definition 6.1.1 Transpose.

Let A be an m x n matrix. The tranpsose of 4, denoted AT, isthe n xm
matrix whose columns are the respective rows of A.

Example 6.1.2 Taking the transpose of a matrix.

Find the transpose of A = [1 2 3} .

4 5 6

Solution. Note that A is a 2 x 3 matrix, so AT will be a 3 x 2 matrix.
By the definition, the first column of A7 is the first row of A; the second
column of AT is the second row of A. Therefore,

1 4
AT =12 5
3 6

281
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Example 6.1.3 Computing transposes.

Find the transpose of the following matrices.

702 9 1 1 10 -2
A=|2 -1 3 0| B=|3 -5 7| C=[1 -1 7 8 3].
-5 3 0 11 4 2 -3

Solution. We find each transpose using the definition without expla-
nation. Make note of the dimensions of the original matrix and the di-
mensions of its transpose.

1

7 2 -5
N PR ., 1 3 4 ., -1
AT = 5 3 0 BT=1]10 -5 2 ct=1|7
1 0 11 -2 73 8
3

Definition 6.1.4 The Diagonal, a Diagonal Matrix, Triangular Matrices.

Let A be an m x n matrix. The diagonal of A consists of the entries a1,
ago, ... of A.

A diagonal matrix is an n x n matrix in which the only nonzero entries
lie on the diagonal.

An upper (lower) triangular matrix is a matrix in which any nonzero en-
tries lie on or above (below) the diagonal.

Example 6.1.5 Classifying matrices.

Consider the matrices A, B, C and I, as well as their transposes,

where
A L2
A=10 4 5 B=10 7 0 0_006
0 0 6 0 0 -1 00 0

Identify the diagonal of each matrix, and state whether each matrix is
diagonal, upper triangular, lower triangular, or none of the above.
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Solution. We first compute the transpose of each matrix.

1 0 0 3 0 0 1 0 0 O
AT=12 4 of B'=|0 7 0o| C"=1{2 4 00
3 5 6 0 0 -1 35 6 0
Note that I = I,.
The diagonals of A and AT are the same, consisting of the entries 1,
4 and 6. The diagonals of B and BT are also the same, consisting of the
entries 3, 7 and —1. Finally, the diagonals of C and C7T are the same,
consisting of the entries 1, 4 and 6.
The matrix A is upper triangular; the only nonzero entries lie on or
above the diagonal. Likewise, AT is lower triangular.
The matrix B is diagonal. By their definitions, we can also see that
B is both upper and lower triangular. Likewise, 1, is diagonal, as well as
upper and lower triangular.
Finally, C is upper triangular, with CT being lower triangular.

Remember, this is what math-
ematicians do. We learn some-
thing new, and then we ask lots
of questions about it. Often the

Example 6.1.6 Adding transposed matrices. first questions we ask are along
the lines of “How does this new
Let thing relate to the old things | al-
12 3 1 2 1 ready know about?”
A= and B = .
{4 5 6} {3 -1 0]

Find AT + BT and (A + B)T.
Solution. We note that

1 4 1 3
AT =12 5| andBT = |2 -1
3 6 1 0
Therefore
[1 4] 1 3
AT+ BT = |2 5|+ |2 -1
13 6] 1 0
o 7]
=14 4
14 6]
Also,
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Example 6.1.7 Multiplying transposed matrices.
Let
3 4 1 0 1

Find (AB)T, AT BT and BT AT,
Solution. We first note that

e Y] 33

1 1
AT:E ﬂ andBT =12 0
-1 1

Find (AB)™:

Now find AT BT’
1
1 3
ATBT = 2
5
= Not defined!.
So we can’t compute AT BT, Let’s finish by computing BT AT
1 1

BTAT:2013
|2 e
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We may have suspected that (AB)T = ATB”. We saw that
this wasn'’t the case, though — and not only was it not equal, the sec-
ond product wasn’t even defined! Oddly enough, though, we saw that
(AB)T = BT AT. (Then again, maybe this isn’t all that “odd.” It is rem-
iniscent of the fact that, when invertible, (AB)~! = B~1A~1.) To help
understand why this is true, look back at the work above and confirm
the steps of each multiplication.

Example 6.1.8 Inverting a transposed matrix.

27
P
Find (A=H)T and (A7)~ L.

Solution. We first find A= and A™:

4 -7 2 1
At = AT = :
A=

Let

Finding (A~1)™:

(A—l)Tz[_‘l1 ﬂT
B [47 _21
Finding (AT)~%:
o

Theorem 6.1.9 Properties of the Matrix Transpose.

Let A and B be matrices where the following operations are defined.
Then:

1. (A+B)T =AT + BT and (A - B)T = AT — BT
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Example 6.1.10 The matrices AAT, A + AT, and A — A7T.

Let
2 1 3
A=12 -1 1
1 0 1

Find AAT, A+ AT and A — AT.
Solution. Finding AAT:

3
AAT =12 -1 1|1 =1 o0
1

5 2
Finding A + AT
2 1 3] 2 2 1
A+AT =12 -1 1|+ |1 =1 0
1 0 1] 3 1 1
(4 3 4]
=13 -2 1
4 1 2]
Finding A — AT
1 3 2 1
A-AT=12 -1 1|-1|1 -1 0
1 0 1 1 1
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0 -1 2
=11 0 1
-2 -1 0

Definition 6.1.11 Symmetric and Skew Symmetric Matrices.

A matrix A is symmetric if AT = A.
A matrix A is skew symmetric if AT = —A.
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Theorem 6.1.12 Symmetric and Skew Symmetric Matrices.
1. Given any matrix A, the matrices AAT and AT A are symmetric.
2. Let A be a square matrix. The matrix A + AT is symmetric.

3. Let A be a square matrix. The matrix A — AT is skew symmetric.
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6.2

Definition 6.2.1 The Trace.

Let A be an n x n matrix. The trace of A, denoted tr(A), is the sum of
the diagonal elements of A. That is,

tr(A) =a11 +ags + -+ apn.

Example 6.2.2 Computing the trace of a matrix.
Find the trace of A, B, C and I, where

12 0
A:F 2],3: 3 08 1
7

' mic= [ 2 7]
-2 -5

4 5 6

Solution. To find the trace of A, note that the diagonal elements of A
are 1 and 4. Therefore, tr(A) =1+ 4 = 5.

We see that the diagonal elements of B are 1, 8 and -5, so tr(B) =
1+8-5=4.

The matrix C' is not a square matrix, and our definition states that
we must start with a square matrix. Therefore tr(C') is not defined.

Finally, the diagonal of I, consists of four 1s. Therefore tr(I;) = 4.
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Theorem 6.2.3 Properties of the Matrix Trace.
Let A and B be n x n matrices. Then:

1. tr(A+ B) =tr(A) + tr(B)

2. tr(A—B) =tr(A) — tr(B)

This example brings to light many
interesting ideas that we'll flesh
out just a little bit here.

1. Notice that the elements

of Aare1l, —2, 1 and 1.
Add the squares of these
numbers: 124(—2)%+12+
12=7=tr(AT A).

Notice that the elements
of B are 6, 7, 11 and —4.
Add the squares of these
numbers: 6% + 72 +112 +
(—4)? =222 =tr(BTB).
Canyou see why thisistrue?
When looking at multiply-
ing AT A, focus only on where
the elements on the diag-
onal come from since they
are the only ones that mat-
ter when taking the trace.

. You can confirm on your own

that regardless of the dimen-
sionsof A, tr(AT A) = tr(AAT).
To see why this is true, con-

sider the previous point. (Re-
callalsothat AT Aand AAT

are always square, regard-

less of the dimensions of

Al)

. Mathematicians are actu-

ally more interestedin \/tr(AT A)
thanjusttr(AT A). Therea-
son for this is a bit compli-
cated; the short answer is
that “it works better.” The
reason “it works better” is
related to the Pythagorean
Theorem, all of all things.
If we know that the legs of
aright triangle have length
a and b, we are more in-
terested in /a2 + b2 than
just a®+b?%. Of course, this
explanation raises more ques-
tions than it answers; our
goal here is just to whet
your appetite and get you
to do some more reading.
ANumerical Linear Algebra
book would be a good place
to start.
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3. tr(kA) =k -tr(A)
4. tr(AB) = tr(BA)
5. tr(AT) = tr(A)

There are many different mea-
surements of a matrix size. In
this text, we just refer to its di-
mensions. Some measurements
of size refer the magnitude of the
elements in the matrix. The next
section describes yet another mea-
surement of matrix size.



6.2. THE MATRIX TRACE

6.21

11.

13.
15.

(b)

16.

18.

6 5

2 10

3 3

7 5

-5 —4
—4 1 1
-2 0 0
-1 -2 -5
[0 -3 1
5 —5 5§
-4 1 0
(-3 —10
-6 4
(2 6 4
-1 8 —10

A matrix A that is skew symmetric.
I,

—8 —10 10
A=|10 5 -6,
-10 1 3
—10 -4 -3
B=|-4 -5 4

3 7 3

10.

14.

17.

19.

1 -5
i 5
10 6 -7 -9
—2 1 6 -9
0 4 -4 0
L-3 -9 3 -10
M5 2 2 2
-7 4 -7 -3
9 -9 -7 2
-4 8 -8 -2
-2 =3 5
5 2 0
1 3 1
4 2 -1
-4 1 4
0 -5 5
-6 0
10 9
1,
[—10 7 5
A= 7 7 =51,
8 -9 2
-3 —4 9
B=]14 -1 -9
7 -8 10

293



294 CHAPTER 6. OPERATIONS ON MATRICES

6.3

Note: we should point out that

it's not that you can’t give a for-
mula for the determinant; you
can, butit’s complicated. To write
down aformula, we'd have to use
summation notation, and talk about
permutations of the indices of the Definition 6.3.1 Determinant of 2 x 2 Matrices.
entries, and... Let’s just say that Let

if you really want to see aformula, o b

you can find one with a Google [ }
search.

The determinant of A, denoted by

a b

det(A
et(A) or . d

9

is ad — be.
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Example 6.3.2 Computing 2 x 2 determinants.

Find the determinant of A, B and C where

=y o=y Fwee[t 3]

Solution. Finding the determinant of A:
3 4

= 1(4) — 2(3)
= —-2.

det(A) = .1 2‘

Similar computations show that det(B) = 3(7) — (—1)(2) = 23 and
det(C) = 1(6) — (—3)(=2) = 0.

Definition 6.3.3 Matrix Minor, Cofactor.

Let A be an n x n matrix. The (4, j)-minor of A, denoted A;;, is the
determinant of the (n — 1) x (n — 1) matrix formed by deleting the i*"
row and ;" column of A.

The (i, j)-cofactor of A is the number

Cyj = (1) Ay

Note: if it is necessary for clar-
ity, we may write A; ; and C;
for minors and cofactors; usually
this is necessary in concrete ex-
amples, especially if we're deal-
ing with matrices with ten or more
rows and columns. For example,
if we wanted discuss the minor
corresponding to the (12, 3)-entry
of a matrix, writing A3 will cause
confusion, while A;5 3 is easily
understood. Where there is no
risk of confusion, we frequently
omit the comma to reduce clut-
ter.
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Example 6.3.4 Computing minors and cofactors.

Let
L23 —13 ? (; g
A=14 5 6| andB=
7 8 9 -1 9 —4 6
1 1 1 1

Find Ay 3, A3z 2, Ba 1, Ba,3 and their respective cofactors.

Solution. To compute the minor A; 3, we remove the first row and
third column of A then take the determinant.

1 2 3 1 2
4 5
A:456:456:>{78]
78 9 78 9
45
A =32-35=-3.
1’3’78’

The corresponding cofactor, C| 3, is
Crz=(-1)"34,3=(-1)*-3) = -3.

The minor As 5 is found by removing the third row and second col-
umn of A then taking the determinant.

1 2 3 1 Z 3 L3
A:456:>456:>L6]

7 8 9 g9

13
A —6—12=—
T

The corresponding cofactor, C3 o, is

Czo = (—1)*"243, = (—1)°(—6) = 6.

s

The minor As 5 is found by removing the third row and second col-
umn of A then taking the determinant.

1 2 3 1 2 3
1 3
A456¢456:>{46]
78 9 g9
1 3
=6—12 = —
3’2‘46‘6 6

The corresponding cofactor, C3 o, is
Cs2 = (—1)*"A35 = (-1)°(—6) = 6.

The minor Bs ; is found by removing the second row and first column
of B then taking the determinant.

1 2 0 8 Y 2 0 8 5 0 8

B:_3572:7%572:> -4 6
-1 9 -4 6 =t 9 —4 6 L1 1
1 1 1 1 1 1 1 1
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2 0 8
Byi=19 —4 6|=2?
1 1 1

We're a bit stuck. We don’t know how to find the determinant of this
3 x 3 matrix. We'll come back to this later. The corresponding cofactor
is
C21 = (=1)*"'By 1 = —Bs 1,

)

whatever this number happens to be. The minor By 3 is found by remov-
ing the fourth row and third column of B then taking the determinant.

1 2 0 8 1 2 @ 8
1 2 8

-3 5 7 2 -3 5 7 2

B= = = |-
-1 9 -4 6 -1 9 >4 6 _?gz
1 1 1 1 1 1 1 1
12 8,

Bys=|-3 5 2|=7?
-1 9 6

Again, we're stuck. We won't be able to fully compute Cy 3; all we
know so far is that

Cuz=(-1)*""By3=(-1)Bys.

Once we learn how to compute determinants for matrices larger than
L 2 x 2 we can come back and finish this exercise.

Definition 6.3.5 Cofactor Expansion.

Let A = [a;;] be an n x n matrix. The cofactor expansion of A along
the ith row is the sum

a;1Ci1+a;2Ci 2+ + a; n,Cip.
The cofactor expansion of A down the jth column is the sum

a1,;C1j +a2;C2 5+ -+ an;Cn j.

The reader may find it helpful to
review the determinant formula
for the cross product in Section 2.4.
Our method for computing the
cross product follows exactly the
same pattern as the cofactor ex-
pansion of a 3 x 3 matrix along
the first row.
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Example 6.3.6 Computing cofactor exapansions.

Let
1 2 3
A= |4 5 6
7 8 9

Find the cofactor expansions along the second row and down the first
column.
Solution. By the definition, the cofactor expansion along the second
row is the sum

a2,1C21 + a2,2C% 2 + a2,3C5 3.
(Be sure to compare the above line to the definition of cofactor expan-

sion, and see how the “;” in the definition is replaced by “2” here.)
We'll find each cofactor and then compute the sum.

we removed the second row
Cyq = (—1)*! =(-1)(—-6) =6 and first column of A
to compute the minor

[\
w

we removed the second row
Oy = (—1)*2 . =(1)(—-12) = —12 and second column of A
to compute the minor

—_
O W

we removed the second row
Cyz = (—1)*"3 . =(-1)(—6) =6 and third column of A
to compute the minor

[
DO

Thus the cofactor expansion along the second row is

a2,1C21 + a22C2 2 + a2 302 3 = 4(6) + 5(—12) + 6(6)
=24 — 60+ 36
=0.

At the moment, we don’t know what to do with this cofactor expan-
sion; we've just successfully found it.

We move on to find the cofactor expansion down the first column.
By the definition, this sum is

a1,1C11 +a2,1C21 + a3,1C3 1.
(Again, compare this to the above definition and see how we replaced
the “j” with “1.”)
We find each cofactor:

we removed the first row

5 6
Cra= (-t 8 9o~ (1)(=3)=-3 and first column of A
to compute the minor
Coq = (—1)*H! z g = (—=1)(—6) =6 (we computed this cofactor above)
9 3 we removed the third row
Caq = (—1)*" 5 6 (1)(=3)=-3 and first column of A

to compute the minor
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The cofactor expansion down the first column is

a11C11 +a21C21 +a31C31 =1(=3) +4(6) + 7(-3)
=-3+24-21
=0.

Definition 6.3.7 The Determinant.

The determinant of an n x n matrix A, denoted det(A) or | 4], is a num-
ber given by the following:

® if Aisal x 1 matrix A = [a], then det(A4) = a.

® if Aisa2 x 2 matrix

then det(A4) = ad — bc.

* if Aisann x n matrix, where n > 2, then det(A) is the number
found by taking the cofactor expansion along the first row of A.
That is,

det(A) = a1,1C11 +a1,2C1 2+ -+ a1 ,C1 .

Example 6.3.8 Computing a 3 x 3 determinant.

Find the determinant of
1 2 3
A=14 5 6
7 8 9

Solution. Notice that this is the matrix from Example 6.3.6. The cofac-
tor expansion along the first row is

det(A) = a1,1C11 + a1,2C12 + a1 3C1 3.

We'll compute each cofactor first then take the appropriate sum.

5 6 4 6 45
:]_' —1 . —1.

'8 9‘ (=1) ’7 9 ‘7 8‘
=45 — 48 = (—1)(36 — 42) =32-35
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Therefore the determinant of A is

det(A) = 1(—3) + 2(6) + 3(—-3) = 0.

Example 6.3.9 Another 3 x 3 determinant.

Find the determinant of

3
A=1(0 2 -1
3 -1 1

Solution. We'll compute each cofactor first then find the determinant.

Ciyi = (—1)1+1A1,1 Cia2 = (—1)1+2A1,2 Ci3 = (—1)1+3A1,3

_ |2 BT _ o2

-1 1 3 1 3 -1
=21 = (=1)(0+3) =0-6
:1 :—3 :—6.

Thus the determinant is

det(A) = 3(1) 4 6(—3) + 7(—6) = —5T.

Example 6.3.10 Computing a 4 x 4 determinant.

Find the determinant of

oo

© Ot NN
| e
w

W = =N

Solution. This, quite frankly, will take quite a bit of work. In order to
compute this determinant, we need to compute 4 minors, each of which
requires finding the determinant of a 3 x 3 matrix! Complaining won't
get us any closer to the solution, (But it might make us feel a little better.
Glance ahead: do you see how much work we have to do?!?) so let’s get
started. We first compute the cofactors:

Ciq=(—1)"1A;,

2 3 4
—1.l5 -3 1 (we must compute the determinant)

9 _6 3 of this 3 x 3 matrix

-3 1 5 1 5 —3

-9 -1 1+1 3 1 1+2 4.(=1 1+3

e I FE R e e R i
=2(—=3) + 3(—6) + 4(-3)
=-36

Cro=(—1)"24,,
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-1 3 4
—(-1-|8 -3 1 we must compute the determinant
5 6 3 of this 3 x 3 matrix
-3 1 8 1 8 -3
=(=1)|(=1)-(=1)**! 3. (=1)t*2 4.(=1)3
e s R TV M B RS Vi
the determinant of the 3 X 3 matrix
= (=1 [(=1)(=3) + 3(=19) + 4(-33)]
= 186
Ciz=(-1)'"34;3
-1 2 4 .
—1.18 5 1 we must compute the determinant
5 9 3 of this 3 x 3 matrix
5 1 8 1 318 5
—(=1)- (-1 1+1 2.(-1 142 4-(—1 143
o e gy
= (=1)(6) +2(—19) + 4(47)
=144
Cira= (—1)' A,
-1 2 3 .
—(-1-|8 5 -3 we must compute the determinant
5 9 —6 of this 3 x 3 matrix
5 —3 8 -3 318 5
— (=1 -1 ~1 1+1 2.(—1 142 3.(=1 1+3
e e A EE B C Vs vl R MCS T

the determinant of the 3 x 3 matrix
= (=D [(=1)(=3) +2(33) + 3(47)]
= —-210

We've computed our four cofactors. All that is left is to compute the
cofactor expansion.

det(A) = 1(—36) + 2(186) + 1(144) + 2(—210) = 60.

As a way of “visualizing” this, let’s write out the cofactor expansion
again but including the matrices in their place.

det(A) =a1,1C11+012C12+a13C1 3+ a14C1 4

2 3 4 -1 3 4
=1(-1D%*p =3 1| +2(-1)*|8 -3 1
9 —6 3 5 —6 3
N———— N————
=—36 =—186
+
-1 2 4 -1 2 3
1(-1*8 5 1] +2(-1)°|8 5 -3
5 9 3 5 9 —6
N——— N—————
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Itis common for mathematicians,
scientists and engineers to con-
sider linear systems with thousands
of equations and variables.

= 60.

CHAPTER 6. OPERATIONS ON MATRICES
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6.3.1
1 10 7 5 6 -1
18 9 -7 8
-1 -7 —10 —1
3 4.
-5 9} | —4 7}
(8 10 10 —10
> 12 —3} . -10 0}
(1 -3 (-4 —5
7 |7 7} 8. -1 —4]
(a)
(b)
—7 -3 10 [—2 -9 6]
9 3 7 6 10. |-10 -6 8
|1 6 10] | 0 -3 —2
-5 -3 3 [—6 —4 6]
11. |-3 3 10 12. -8 0 0
-9 3 9] |—-10 8 —1]
(3 2 3 (8 —9 —2
13. [-6 1 -—10 14. |-9 9 -7
-8 -9 -9 |5 -1 9
-4 3 —4 1 -2 1
15. |-4 -5 3 16. 5
|3 -4 5 4 0 0
1 —4 1 (3 -1 0
17. [0 3 0 18. |-3 0 -4
1 2 2 |0 -1 —4
-5 0 —4 1 0 0
19. 2 4 -1 20. 10
-5 0 —4 -1 1 1
o 0 -1 —1 0 0 -1
21, 1 1 0 9. -1 0 0 1
1 1 -1 1 1 1 0
-1 0 1 |1 0 -1 -1
-5 1 0 0 f2 -1 4 4
-3 -5 2 5§ 3 -3 3 2
23. -2 4 -3 4 24. 0 4 -5 1
|5 4 -3 3] -2 -5 -2 -5

25. Let Abea2 x 2 matrix; A = [a Z} . Show why det(A) = ad — bc by computing the cofactor expansion of A
c
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along the first row.
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Note: Theorem 6.4.1 is some-
times called the Laplace Expan-
sion Theorem, after Pierre-Simon,
Marquis de Laplace (1749-1827),

Theorem 6.4.1 Cofactor Expansion Along Any Row or Column.

Let A be an n x n matrix. The determinant of A can be computed using
cofactor expansion along any row or column of A.

a French mathematician and physi-
cist whose importance and influ-
ence rivals that of Newton. The
reader may be wondering why we

Example 6.4.2 Computing a 4 x 4 determinant.

Find the determinant of

[\
o W o O
N o Ot ©

Solution. Our first reaction may well be “Oh no! Not another 4 x 4
determinant!” However, we can use cofactor expansion along any row
or column that we choose. The third column looks great; it has lots of
zeros in it. The cofactor expansion along this column is

det(A) = a17301,3 + a2,30273 + GS,SOS,S + a47304,3
=0-C13+0:-Ca3+3-C535+0-Cys.

The wonderful thing here is that three of our cofactors are multiplied
by 0. We won't bother computing them since they will not contribute to
the determinant. Thus

det(A) =3 0373

1 2 9
=3-(-1)*?. |2 -3 5
-4 1 2
we computed the determinant of the
=3-(-147) 3 x 3 matrix without showing our work;
itis — 147

= —441.

have not included a proof of this
result, which is one of the more
important computational facts about
the determinant. The answer is
that in most textbooks we checked
that included the proof, the com-
plete details take up some four
pages or so, and don't really add

all that much to the understand-

ing of what's going on.



306 CHAPTER 6. OPERATIONS ON MATRICES

Example 6.4.3 Computing the determinant of a 5 x 5 (triangular) ma-
trix.

Find the determinant of

12 3 4 5
06 7 8 9
A=10 0 10 11 12
0 0 0 13 14
00 0 0 15

Solution. Since we can expand along any row or column, things are
not as bad as they might at first seem. In fact, this problem is very easy.
What row or column should we choose to find the determinant along?
There are two obvious choices: the first column or the last row. Both
have 4 zeros in them. We choose the first column. We omit most of the
cofactor expansion, since most of it is just O:

6 7 8 9
0 10 11 12

det(A) =1-(—1)!. )
et(4) (=1) 0 0 13 14
00 0 15

Similarly, this determinant is not bad to compute; we again choose
to use cofactor expansion along the first column. Note: technically, this
cofactor expansion is 6- (—1)'*1 A; 1; we are going to drop the (—1)!*!
terms from here on out in this example (it will show up a lot...).

10 11 12
det(A)=1-6-{0 13 14|.
0 0 15

You can probably can see a trend. We'll finish out the steps without
explaining each one.

det(A)=1-6-10- ’13 14‘

0 15
=1-6-10-13-15
= 11700.
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Key Idea 6.4.4 The Determinant of Triangular Matrices.

The determinant of a triangular matrix is the product of its diagonal ele-
ments.

Example 6.4.5 Row operations and determinants.

1 2
A= .
5
Let B be formed from A by doing one of the following elementary row
operations:

Let

1. 2R1 4+ Rs — Ry
2. 5R; — R,
3. Ri & Ry

Find det(A) as well as det(B) for each of the row operations above.

Solution. It is straightforward to compute det(A4) = —2.
Let B be formed by performing the first row operation on A; thus

- 1

It is clear that det(B) = —2, the same as det(A).
Now let B be formed by performing the second elementary row op-
eration on A; that is,
B [5 10} .

3 4

We can see that det(B) = —10, which is 5 - det(A).
Finally, let B be formed by the third row operation given; swap the
two rows of A. We see that

and that det(B) = 2, whichis (—1) - det(A).
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Theorem 6.4.6 The Determinant and Elementary Row Operations.

Let A be an n x n matrix and let B be formed by performing one elemen-
tary row operation on A.

1. If B is formed from A by adding a scalar multiple of one row to
another, then det(B) = det(A).

2. If B is formed from A by multiplying one row of A by a scalar k,
then det(B) = k - det(A).

3. If B is formed from A by interchanging two rows of A, then
det(B) = —det(A).

Example 6.4.7 Using row operations to compute a determinant.

Let
1 21
A=10 1 1
1 1 1

Compute det(A), then find the determinants of the following matrices
by inspection using Theorem 6.4.6.

1 11 1 2 1 1 -1 =2
B=|1 2 1 C=10 1 1 D=0 1 1
0 1 1 T 7 1 1 1
Solution. Computing det(A) by cofactor expansion down the first col-
umn or along the second row seems like the best choice, utilizing the
one zero in the matrix. We can quickly confirm that det(A) = 1.

To compute det(B), notice that the rows of A were rearranged to
form B. There are different ways to describe what happened; saying
R{ <+ Ry was followed by R; <+ R3 produces B from A. Since there
were two row swaps, det(B) = (—1)(—1) det(A4) = det(4) = 1.

Notice that C is formed from A by multiplying the third row by 7.
Thus det(C') = 7 - det(A4) = 7.

It takes a little thought, but we can form D from A by the operation
—3Rs + R1 — R;. This type of elementary row operation does not
| change determinants, so det(D) = det(A).

Example 6.4.8 Effect of elementary row operations on the determi-
nant.

The matrix B was formed from A using the following elementary row
operations, though not necessarily in this order. Find det(A).
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1 2 3
B=10 4 5 2Ry — Ry
1
0 0 6 §R3%R3
R1 < Ry
6R1+R2—>R2

Solution. It doesn’t take too much work to compute det B = 24. In
looking at our list of elementary row operations, we see that only the
first three have an effect on the determinant. Therefore

24 = det(B) = 2 - é - (=1) - det(A)

and hence

det(A) = —36.

Example 6.4.9 Reducing a determinant to triangular form.

Find the determinant of A by first putting A into a triangular form,
where

A=1[-1 -2 5

Solution. In putting A into a triangular form, we need not worry about
getting leading 1s, but it does tend to make our life easier as we work out
a problem by hand. So let’s scale the first row by 1/2:

1 1 2 -1
§R1 — Rl —1 —2 5
3 2 1
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Now let’s get Os below this leading 1:

Ri+ Ry — Ry L2 -l
—3R1+R; — R 0 0 4
1 3 3 0 4 4

We can finish in one step; by interchanging rows 2 and 3 we’ll have our
matrix in triangular form.

1 2 -1
Ry < R3 0 —4 4
0 0 4

Let's name this last matrix B. The determinant of B is easy to com-
pute as it is triangular; det(B) = —16. We can use this to find det(A).
Recall the steps we used to transform A into B. They are:

%Rl — Ry
Ri1+ Ry — Ry
—3R;1 + R3 — R3
Ry < R3

The first operation multiplied a row of A by % This means that the
resulting matrix had a determinant that was % the determinant of A.

The next two operations did not affect the determinant at all. The
last operation, the row swap, changed the sign. Combining these effects,
we know that

—16 = det(B) = (4)% det(A).

Solving for det(A) we have that det(A) = 32.

Note: If you want to get really 2.
fancy, since det(A”) = det(A),

and since performing row oper-

ations on AT is the same as per-

forming column operationson A,

you can also add a multiple of

one column to another without

changing the determinant!
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Example 6.4.10 Determinants and matrix operations.

Let

1 2 2 1
A_[S 4} andB—[3 5]

Find the determinants of the matrices A4, B, A — B, 3A, AB, AT, and
A~1L. Can you find any connections between these values?

Solution. We can quickly compute that det(A) = —2and det(B) = 7.

det(A—B)—det(B 421] B [?’) éD

It's tough to find a connection between det(A — B), det(A) and det(B).
3 6
det(3A4) =
et(34) ‘9 12‘
= —18.
We can figure this one out; multiplying one row of A by 3 increases the
determinant by a factor of 3; doing it again (and hence multiplying both

rows by 3) increases the determinant again by a factor of 3. Therefore
det(34) = 3-3 - det(A), or 3% - det(A).

det(AB>=det<[:1», ﬂ E éD



Seeing that expansion along the
first row agrees with expansion
along the first column can be a
bit tricky to think out in your head.
Try it with a 3x3 matrix A and
see how it works. All the 2 x 2
submatrices that are created in
AT are the transpose of those
found in A; this doesn’t matter
since it is easy to see that the de-
terminant isn't affected by the
transpose in a 2 x 2 matrix.

312

8 11
T 18 23
= —14.

This one seems clear; det(AB) = det(A) det(B).

2 4
=2

det(A”) = ‘1 3’

Obviously det(A”) = det(A); is this always going to be the case? If we
think about it, we can see that the cofactor expansion along the first row
of A will give us the same result as the cofactor expansion along the first
column of AT

|21
det(A™") = ’3/2 _1/2‘
=1-3/2
=-1/2.
It seems as though
1
A = .
det(A™) = Getray

Theorem 6.4.11 The determinant of a non-invertible matrix.

If an n x n matrix A is not invertible, then det(A) = 0.

Theorem 6.4.12 Determinant Properties.

Let A and B be n x n matrices and let k be a scalar. The following are
true:

1. det(kA) = k™ - det(A)

CHAPTER 6. OPERATIONS ON MATRICES
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2. det(AT) = det(A)
3. det(AB) = det(A) det(B)

Theorem 6.4.13 The determinant of an inverse.
If A is an invertible matrix, then det(A) # 0, and

_ 1
~ det(A)’

det(A™1)

Theorem 6.4.14 Invertible Matrix Theorem.

Let A be an n x n matrix. The following statements are equivalent.
(a) Aisinvertible.
(b) The equation AZ = 0 has exactly one solution (namely, ¥ = 6).

(c) The reduced row echelon form of Ais I.




314 CHAPTER 6. OPERATIONS ON MATRICES

(d) The eq_'uat'ion AZ = b has exactly one solution for every n x 1
vectorb.

(e) There exists a matrix C such that AC = 1.
(f) There exists a matrix B such that BA = I.
(g) det(A) #£ 0.
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10 A <H
— O O

0 <t O

17.

|

14 18 6
27

-5 —4

-7 -9 -3

-1 -3 -9

() C=

(b) B

26.
30.

15 3 15
12 0 6
0 0 12
-9

(b) B=
() C=

2 0
-8 -9

23.
25.
27.
29.
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6.5
6.5.1
Theorem 6.5.1 Cramer’s Rule.
Let A be an n x n matrix with det(A) # 0 and let be an n. x 1 column )
vector. Then the linear system The closest we came to motivat-
ing the determinantis thatif det(A) =
AZ =1 0, then we know that A is not in-
vertible. But it seems that there
has solution . may be easier ways to check.
o det(A;(b)) It is interesting to note that
! det(A) ’ despite the presentation given here,
oo . . ) . determinants actually pre-date the
\ﬁ/here A;(b) is the matrix formed by replacing the ith column of A with modern usage of matrices by more
b. than acentury. Cramer’srule (en.
wikipedia.org/wiki/Cramer's_rule)
Example 6.5.2 Using Cramer’s Rule. was published by Cramer in 1750,
and the term Matrix (en.wikipedia.
Use Cramer’s Rule to solve the linear system A% = b where Org/f’Viki/MatriX—(mathematics))
was introduced by James Joseph
15 -3 . —36 Sylvester in 1850. (Even then, Sylvester’s
A=11 4 2| and b= |-11]. description of matrices was in terms
2 -1 0 7 of minors — that’s right, deter-

minants.) The interested reader
is encouraged to read up on the
history of the subject. (Wikipedia

Solution. We first compute the determinant of A to see if we can apply
Cramer’s Rule.

1 5 -3 .
det(A) = |1 4 9 | — 49. is not a bad place to start.)
2 -1 0

Since det(A) # 0, we can apply Cramer’s Rule. Following Theo-

-, -, -,

rem 6.5.1, we compute det(A; (b)), det(A2(b)) and det(As(b)).

-36 5 -3

det(A, (b)) = |—11 4 2 |=49.

7 -1 0
(We used a bold font to show where replaced the first column of A.)

1 —-36 -3

det(Ay(b)) = |1 —11 2 |=—245
2 7 0
1 5 -36

det(A3(b)) = |1 4 —11|=196.
2 -1 7

Therefore we can compute 7'

 det(Ay (b)) 49

o= — )P
T Tget(4) 49



https://en.wikipedia.org/wiki/Cramer's_rule
https://en.wikipedia.org/wiki/Matrix_(mathematics)
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Solution.

Therefore
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-

_ det(A(B) _ —245 _

2= Tget(d) T a9 0
x__mm%@)_5§_4
7 T det(4) 49
I 1
T = T2 | = —5
I3 4

Example 6.5.3 Using Cramer’s Rule.

Use Cramer’s Rule to solve the linear system A7 = b where

Therefore

and

1 2 - —1
A—[3 4} andb—[l}.

The determinant of A is —2, so we can apply Cramer’s Rule.

det(A, (B)) = “11 i‘ S
det(45(B)) = ‘; ‘11‘ — 4
det(A;(b)) —6 .
T det(A) -2
_det(AQ(E)) 4 9
7 det(A) 2~



A version of Cramer’s Rule is of-
ten taught in introductory differ-
ential equations courses, as it can
be used to find solutions to cer-
tain linear differential equations.
In this situation, the entries of
the matrices are functions, not
numbers, and hence computing
determinants is easier than us-
ing Gaussian elimination. Again,
though, as the matrices get large,
6.5.2 other solution methods are resorted
to.
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Definition 6.5.4 The adjugate of a matrix.
Let A be ann x n matrix.
® The matrix of cofactors of A is the n x n matrix
cof(A) = [Cy]
whose (i, j)-entry is given by the (4, j)-cofactor of A.

® The adjugate of A is the n x n matrix

adj(A) = (cof(4))" = [C;y]".
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Here we see exactly why we want
to take the transpose in our def-
inition of adj(A): when we mul-
tiply matrices, we multiply rows
times columns, and taking the trans-
pose ensures that each column
of adj( A) is the corresponding row

of cof(A).
Theorem 6.5.5 The adjugate formula for the inverse.
Let A be ann x n matrix. If det(A) # 0, then A is invertible, and
Notice that Theorem 4.4.10 is 1 1 .
a special case of Theorem 6.5.5. A7 = det(A) adj(A).
The cofactors of a 2 x 2 matrix

are simply numbers, and it’s easy
to check that the adjugate of A =

[Z Z} isadj(A) = de _ab}
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Example 6.5.6 Using the adjugate formula.

Use Theorem 6.5.5 to compute the inverse of the matrix

2 -1 3
A=14 0 -2
1 5 =3

Solution. We begin by computing det(A), to make sure that the in-
verse exists. Using the —1 in the first row to create a zero in the (3, 2)
spot below it, we have

2 -1 3 2 -1 3
det(A)=14 0 -2/=|4 0 -2
1 5 =3 11 0 12
4 =2
11 12
Next, we set about computing all nine cofactors of A. We have

= (=1)(-1)**2 = 1(4(12) — 11(—2)) = 70.

-2

0
Ci1 = (+1 =10
11 = (+1) 5 _3‘
4 -2
Cr2 = (-1) ) _3‘_10
4 0
— (+1 —9
C13 = (+1) 1 5‘ 0
-1 3
Cn = (=1 —3’
2 3
= 1 = —
Co = (+1) 1 _3‘ 9
2 -1
= (-1 =11
Cas = (=) 5‘
-1 3
C31 = (+1 =2
31 = (+1) 0 2’
2 3
Cso = (—1) A _2‘—16
2 -1
= (+1 =4,
Cs3 = (+1) 4 O‘
Thus, we obtain
T
10 10 20 10 12 2
adj(A)= |12 -9 —11| =|10 -9 16
2 16 4 20 —11 4

If we haven’t made any computational errors (and there’s a good chance
that we have!) then Theorem 6.5.5 tells us that

L o2 2 /7 6/35 1/35
adi(4) = — 110 —9 16| = {1/7 —9/70 &/35
20 —11 4 2/7 —11/70 2/35

A—l

~ det(A)

Caution: The entries of adj(A)
are the cofactors C;, and not
the products a;;C}; that appear
in the cofactor expansion theo-
rem.
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The reader should verify that AA~! = I to make sure that we haven’t
made any mistakes. (The author made two mistakes that were caught
doing this verification!)
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6.5.3
(a)
(b)
3 0 —3 24 4 —4 0 16
1. A=1|5 4 4|,b=1]0]. 2. A=1|5 1 -—1|,b= |22
5 5 —4 31 3 -1 2 8
(1 0 =10 —40 -6 —7 -7 58
3. A=|4 -3 —-10|,b=|-94]. 4. A=1|5 4 1]|,b=1-35
-9 6 2 132 |5 4 8 —49
9 5] - [—45 0 —-6] » 6
5. A= b= 6. A= b= )
—4 —7} [20} 9 —10} {—17}
2 10| - [42 7 =7 - 28
7. A= -1 3}’1)_{19]' 8 A= -7 9}(’_[—26]'
(-8 16] » [—48 (7 14] - [-1
9. A= b= . 10. A= b= )
10 —20] b [60} 0 -2 —4} b {4]
(4 9 3 —28 7 -4 25 -1
11. A=|-5 -2 -13[,b=1|35]. 12 A=1|-2 1 -7|,b=1-3].
-1 10 -13 7 9 -7 34 5
2 —1 47 3 2 —5]
13. A=1(3 -5 7 14. A=1|1 0 -1
0o 3 -2 17 4 2]
(2 —4 7] 5 2 0]
15. A=1|-3 1 5 16. A=1|0 -2 3
|5 —5 2] 5 —2 6]
M -4 3 2 3 1 0 -1
17. A= > 0 =36 18. A= 6 4 2 0
2 -3 1 4 -3 -1 -5 2
17 2 -5 1 L1 0 -1 4
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Eigenvalues and eigenvectors are
frequently encountered in the con-
text of “characteristic directions”
for linear transformations. Before
continuing with this section, the
reader might find it useful to take
a look at the list of linear trans-
formations of the Cartesian plane
in Subsection 5.1.3. For each of
the transformations listed, see if
you can predict which vectors will
be transformed into scalar mul-
tiples of themselves: for which
7 € R?isT(¥) = kz? (We'll
answer this later in the section.)
This question leads to the idea
of invariant subspaces for a lin-
ear transformation 7' : R"* —
R™. These are subspaces V' C
R™ suchthat T'(Z) € V for each
T € V. Such subspaces are of
great importance in many areas
of Mathematics and Physics.



We frequently make claims about
topics in this text having “many
applications to the real world.”
You don’t need to take our word
for it on this. The reader is en-
couraged to look up the Wikipedia

326

CHAPTER 7. EIGENVALUES AND EIGENVECTORS

Definition 7.1.1 Eigenvalues and Eigenvectors.

Let A be an n X n matrix, £ a nonzero n x 1 column vector and ) a scalar.
If
Ar = \7,

then & is an eigenvector of A and is an eigenvalue of A.

page (en.wikipedia.org/wiki/Eigenvalues_

and_eigenvectors) on eigenvalues
and eigenvectors. (This is one of
the better written and accessible
Wikipedia pages on a mathemat-
ics topic we've encountered, by
the way!) Scrolling down to the
section on applications reveals an
extensive list of applications, from
Physics (analyzing inertial tensors
in Mechanics, the Schr\"odinger
equation in Quantum Mechanics,
...), Engineering, Chemistry and
Geology, to image processing, data
analysis, and epidemiology. Even
Google’s famous “Page Rank” al-
gorithminvolves eigenvalues and
eigenvectors. For information on
this, search (on Google?) for the
“$25,000,000,000 Eigenvector”.


https://en.wikipedia.org/wiki/Eigenvalues_and_eigenvectors
https://en.wikipedia.org/wiki/Eigenvalues_and_eigenvectors
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Example 7.1.2 Computing the eigenvalues of a matrix.

Find the eigenvalues of A, that is, find such that det(A — \I) = 0,
where
A= d
2 3

Solution. (Note that this is the matrix we used at the beginning of this
section.) First, we write out what A — \I is:

A_AI_'14}_AF ﬂ
2 3 0 1
14 a0
2 3 0 A
Cft-x 4
T2 3=
Therefore,
1—X 4
det(A — M) =
et(4 - Al) ‘2 3—J
=1-XNB-)\-38
=2 —4)\—5.

Since we want det(A — A\I) = 0, we want A2 — 4\ — 5 = 0. This is
a simple quadratic equation that is easy to factor:

A2 —4\—5=0
A=5)\ +1)=0
A=—1, 5.

According to our above work, det(A — AI) = 0 when A = —1, 5.
| Thus, the eigenvalues of A are —1 and 5.
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Example 7.1.3 Computing an eigenvector corresponding to a given

eigenvalue.

Find Z such that AZ = 5%, where

Solution.

4=l 3]

Recall that our algebra from before showed that if

AZ =) \Z then (A—A\Z=0.

Therefore, we need to solve the equation (A — A\I)Z = 0 for & when

A=5:

1 4 1 0
A_M_L 3}_5{0 J

=[5 4

To solve (A — 5I)@ = 0, we form the augmented matrix and put it
into reduced row echelon form:

Thus

and

4 0 — 1 -1 0
rref .
-2 0 0 0 O

.’Elzt

Ty = tis free

il SRR

We have infinitely many solutions to the equation AZ = 5Z; any

. 1. .
nonzero scalar multiple of the vector [J is a solution. We can do a few

examples to confirm this:
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o 3 )= el =)

Of course, this works in general. For any ¢, we have

b o (LD =B SIBD -+ CL) - (L))

Definition 7.1.4 Characteristic Polynomial.

Let A be an n x n matrix. The characteristic polynomial of A is the nth
degree polynomial p(\) = det(A — AI).

Key Idea 7.1.5 Finding Eigenvalues and Eigenvectors.
Let A be an n x n matrix.

1. To find the eigenvalues of A, compute p()\), the characteristic
polynomial of A, set it equal to O, then solve for \.

2. Tofind the eigenvectors of A, for each eigenvalue solve the homo-
geneous system (A — A\I)Z = 0.

Example 7.1.6 Computing eigenvalues and eigenvectors.
Find the eigenvalues of A, and for each eigenvalue, find an eigenvec-

tor where
A -3 15 .
3 9

Solution. To find the eigenvalues, we must compute det(A — A\I) and
set it equal to 0.

-3-)x 15
det(A—)\I)—’ 3 9—/\’
=(=3-N)(9—-)\) —45
=X —6)A—27T—4
=X —61—T72
=(A—=12)(A +6).
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Therefore, det(A — AI) = 0 when A = —6 and 12; these are our
eigenvalues. (We should note that p(\) = A2 — 6\ — 72 is our charac-
teristic polynomial.)

It sometimes helps to give them names, so we'll say Ay = —6 and
Ao = 12. Now we find eigenvectors.

For A\; = —6, we need to solve the equation (A — (—6)I)Z = 0.
To do this, we form the appropriate augmented matrix and put it into
reduced row echelon form.

[3 15 o] - [1 5 0] '
3 15 0 0 0 O

Our solution is
xr1 = —5t
To =1 isfree;

in vector form, we have

]
L 1 . )
We may pick any nonzero value for ¢ to get an eigenvector; a simple
option is 5 = 1. Thus we have the eigenvector
-5
nE

=t

T =

(We used the notation #; to associate this eigenvector with the eigen-
value \1.)
We now repeat this process to find an eigenvector for Ay = 12. In
solving (A — 12I)# = 0, we find
—15 15 0 — 1 -1 0
rref .
3 =30 0 0 O

In vector form, we have

1

Again, we may pick any nonzero value for ¢, and so we choose ¢t = 1.
Thus an eigenvector for \s is

7t 1].

7 1
2 = HE
To summarize, we have:
eigenvalue \; = —6 with eigenvector 7; = {15}

and
eigenvalue A, = 12 with eigenvector 7y = [ﬂ .

We should take a moment and check our work: is it true that Az; =
A @7

-3 5 2o -ne

Yes; it appears we have truly found an eigenvalue/eigenvector pair for
the matrix A.
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Example 7.1.7 Computing eigenvalues and eigenvectors.

-3 0

Let A = { 5 1] . Find the eigenvalues of A and an eigenvector for

each eigenvalue.

Solution. We first compute the characteristic polynomial, set it equal
to 0, then solve for ).

det(A — AT) = ’_3‘A 0 '

5 1—A
=(=3-N)1-N.
From this, we see that det(4 — A\I) = 0 when A = —3, 1. We'll set
)\1 = —3and A2 =1.

Finding an eigenvector for \;:
We solve (A — (—3)I)Z = 0 for Z by row reducing the appropriate

matrix: )
0 0 0 — 1 4/5 0
rref .
5 4 0 0o 0 0
Our solution, in vector form, is

f—t[_4/5 )
1

Again, we can pick any nonzero value for ¢; a nice choice would eliminate
the fraction. Therefore we pick ¢ = 5, and find

o [
1= 5|
Finding an eigenvector for \s:
We solve (A — (1)I)Z = 0 for & by row reducing the appropriate

matrix:
—4 0 0 — 1 0 0
rref .
5 0 0 0 0 O
We've seen a matrix like this before, but we may need a bit of a re-
freshing. Our first row tells us that z; = 0, and we see that no rows/

equations involve x5. We conclude that x5 is free. Therefore, our solu-
tion, in vector form, is

R 0

=t .

We pickt = 1, and find

N
I
| ——|
— O
—_

To summarize, we have:
. . . -5
eigenvalue \;{ = —3 with eigenvector 71 = 4

and

eigenvalue A\ = 1 with eigenvector Zy = [ﬂ .



Y

Figure 7.1.9 A horizontal shear by a
factor of k
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Example 7.1.8 A matrix with only one eigenvalue.

Find the eigenvalues and eigenvectors of the matrix

=l 1)

Solution. The transformation T'(Z) = AZ defined by A is an example
of a horizontal shear. (See Section 5.1.) Such a transformation leaves
horizontal vectors unaffected, but vectors with a nonzero vertical com-
ponent get pulled to the right: see Figure 7.1.9.

From the diagram we can probably guess that the horizontal vector

[(1)] will be an eigenvector with eigenvalue 1, since it is left untouched

by the shear transformation. Let’s confirm this analytically.
We begin as usual by finding the characteristic polynomial. We have

det(A — \I) = ‘1 -A 4

_ o 2
0 1—/\’_(1 A

Here, we see that we have only one eigenvalue; namely, A\ = 1. Let’s
look for a corresponding eigenvector. We have

A= 0  wed [0L)
0 0 0 0

The corresponding system (A — 1 - I)Z = 0 has augmented matrix
with reduced row echelon form

0 10
0 00 ]’

which tells us that in our solution, 1 = t is free, and zo = 0. Setting
t = 1, we get the single eigenvector

2=y
1 — 07

as expected.
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Example 7.1.10 An eigenvalue of multiplicity two.

Find the eigenvalues and eigenvectors of the matrix
A= 40 .
0 4
Solution. Here, we notice that A is a scalar multiple of the identity. As
a transformation of the Cartesian plane, the transformation 7'(¥) = AZ
is a dilation: it expands the size of every vector in the plane by a factor
of 4. Knowing that this is a transformation that stretches, but does not

rotate, we might expect that every nonzero vector is an eigenvector of
A! Indeed, given & # 0, we have

AZ = (A)Z = A(IF) = 7,

so & is an eigenvector corresponding to the eigenvalue 4.

Of course, this is pretty much the end of the story here, but let’s get
some practice with our algorithm for finding eigenvalues and eigenvec-
tors and confirm our results. We can immediately see that

det(A — M) = (4 — )\

so that A = 4 is an eigenvalue of multiplicity 2.
What about the eigenvectors? Well, computing A — 41 is somewhat
interesting: we get

A_ar—[t=4 0 ]_[o o
0 4-4] [0 0

the zero matrix. Again, we see that literally any nonzero vector ¥ €
R? qualifies as an eigenvector. We know that we can find at most two
independent vectors in R2, so a simple choice is to take the standard
basis vectors €7 and é5.

Notice that we could have proceeded as usual and attempted to
solve the system (A — 41)% = 0. In this case we get a rather strange
augmented matrix:

4 0=l =]y o o

It might seem like there’s absolutely nothing to do here, but we can
read off a solution. In this case neither row places any conditions on
the variables x; and x5, so both are free: 1 = s and 5 = t are both

parameters, and
- x| _|s| _ |1 0
7= o) =[] =Ll =]

Setting s = 1 and ¢t = 0 gives us the eigenvector €, and setting s = 0,
t = 1 gives us the eigenvector €.
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Example 7.1.11 A matrix with complex eigenvalues.
Find the eigenvalues and eigenvectors of the matrix
A= [O 1] :
1 0
Solution. Before we proceed, let’s pause and think about this in the

context of matrix transformations. If we define the transformation
T(%¥) = A%, we have

I 0 -1 T —X2
T = = .
([@D [1 0 ] [Iz] { 1 ]
Notice that T'(Z) is orthogonal to Z:

T(x) -7 = |:—.’£2:| . [xl} = —wox1 +x172 = 0.
X1 X2
This is because the transformation 7" represents a rotation through an
angle of 5 (90 degrees). Indeed, A is a rotation matrix (see Section 5.1)
of the form
cosf) —sinf
A =
Lin 6 cosf } ’

where § = 7.

Now, think about the eigenvalue equation A7 = A\Z. In this case, an
eigenvector & would be a vector in the plane such that rotating it by 90
degrees produces a parallel vector! Clearly, this is nonsense, and indeed,

we find that

-2 -1

det(A — AI) :‘ R

’ =\ +1,
which has no real roots, so the matrix A has no eigenvalues, which makes
sense from a geometric point of view.

However, this is not the end of the story, provided that we're willing
to work with complex numbers. Over the complex numbers, we do have
two eigenvalues:

M41l=A+i)(\—1i),
so A = iand A = —i are eigenvalues. What are the eigenvectors? We
proceed as always, except that the arithmetic in the row operations is
a bit trickier with complex numbers. For A\ = ¢, we have the system
(A—iI)& = 0. We set up the augmented matrix below, and in this case,
we'll proceed step-by-step to the reduced row echelon form.

We have

A il — 0 -1} |4 O _ —1i —1‘ ’
1 0 0 =2 1 —
so we get the augmented matrix

—i =110 | RioR, 1 —
1 —i |0 - —1

0 Ry+iR1—Rs 1 —
0 0 0

3l




7.1. EIGENVALUES AND EIGENVECTORS 335

Notice in the last step that —i + (1) = 0 gives the zero in the first
column, and —1 4 i(—i) = —1 + 1 = 0 gives the zero in the second
column. This tells us that o = t is a free (complex!) parameter while
T —ixo = 0, 50 x1 = ixo = it. Our vector solution is thus

- it )
= = t ,
a=[1] =[]
and we can check that

aa= [y S =[=l) - -

as expected.
We can similarly set up and solve

[(A+iI) (ﬂ:“ ilg} _, [(1) é

0
0 ,
giving us x5 = t as a free parameter, and 1 = —ixy = —it, SO
- —it —1q
= =1 .
=] =]

In this context we're free to chose any complex value for t. Choosing

. . 1
t = i gives us the solution 7y = {}
i

Example 7.1.12 Eigenvalues and eigenvectors for a 3 x 3 matrix.

Find the eigenvalues of A, and for each eigenvalue, give one eigen-
vector, where

-7 =2 10
A=1(-3 2 3
-6 -2 9

Solution. We first compute the characteristic polynomial, set it equal
to 0, then solve for A\. A warning: this process is rather long. We'll use
cofactor expansion along the first row; don’t get bogged down with the
arithmetic that comes from each step; just try to get the basic idea of
what was done from step to step.



You may have learned the ba-
sics of factoring degree three
polynomials in high school. As
a reminder, possible roots can
be found by factoring the con-
stant term (in this case, —6) of
the polynomial. That is, the
roots of this equation could be
+1,£2,43 and +6. That’s 12
things to check.
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—7T-XA -2 10
det(A—A)=| -3 2-X 3
—6 -2 9-2X
2\ 3 -3 3 -3
=(-7- - (- 1
Rl B S PR R

= (=7 =N (A2 = 11X\ +24) +2(3X — 9) + 10(—6X + 18)
=X 44\ -)1-6
=—-(A+1DA=-2)(\—3).

In the last step we factored the characteristic polynomial —)\3 +
4X% — X\ — 6. Factoring polynomials of degree > 2 is not trivial; we'll
assume the reader has access to methods for doing this accurately.

One could also graph this polynomial to find the roots. Graphing will
show us that A\ = 3 looks like a root, and a simple calculation will confirm
that it is.

Our eigenvalues are \; = —1, Ay = 2 and A3 = 3. We now find
corresponding eigenvectors.

For \; = —1:

We need to solve the equation (A — (—=1)I)Z = 0. To do this, we
form the appropriate augmented matrix and put it into reduced row ech-
elon form.

-6 -2 10 0 1 0 =15 0
—

-3 3 3 0 rref 01 -5 0

-6 -2 10 0 0 0 0 0

Our solution, in vector form, is

3/2
1
We can pick any nonzero value for x3; a nice choice would get rid
3
of the fractions. So we'll set z3 = 2 and choose ¥y = |1]| as our
2

eigenvector.

For Ay = 2:

We need to solve the equation (A — 21I)# = 0. To do this, we form
the appropriate augmented matrix and put it into reduced row echelon
form.

-9 -2 10 O 1 0 -1 0
-3 0 3 0 rref 01 =5 0
-6 -2 7 0 00 0 O

Our solution, in vector form, is

.’Z:fﬂg 1/2

2—-A
-2
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We can pick any nonzero value for x3; again, a nice choice would get
2
rid of the fractions. So we'll set x5 = 2 and choose Zo = |[1]| as our
2
eigenvector.
For /\3 =3:
We need to solve the equation (A — 3I)Z = 0. To do this, we form
the appropriate augmented matrix and put it into reduced row echelon

form.
-10 -2 10 O 1 0 -1 0
_)
-3 -1 3 0 rref 01 0 0
-6 —2 6 O 00 0 0

Our solution, in vector form, is (note that x5, = 0):
1
T = T3 0
1

We can pick any nonzero value for x3; an easy choice is x3 = 1, so

1
Z3 = |0| asour eigenvector.
1
To summarize, we have the following eigenvalue/eigenvector pairs:
3
eigenvalue A\ = —1 with eigenvector 7; = |1
2
o7
eigenvalue A\, = 2 with eigenvector Z = |1
[2]
1
eigenvalue \3 = 3 with eigenvector 3 = [0
1

Example 7.1.13 Computing eigenvalues and eigenvectors.

Find the eigenvalues of A, and for each eigenvalue, give one eigen-
vector, where

2 -1 1

A=10 1 6

0 3 4

Solution. We first compute the characteristic polynomial, set it equal

to 0, then solve for A. We'll use cofactor expansion down the first column

(since it has lots of zeros).

det(A—A)=| 0 1-2X
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:(Q_A)ll—)\ 6 ‘

3 4-)
=(2-A)(\? =5\ —14)
=2-NA=-7(\+2).

Notice that while the characteristic polynomial is cubic, we never ac-
tually saw a cubic; we never distributed the (2 — \) across the quadratic.
Instead, we realized that this was a factor of the cubic, and just factored
the remaining quadratic. (This makes this example quite a bit simpler
than the previous example.)

Our eigenvalues are Ay = —2, Ay = 2 and A3 = 7. We now find
corresponding eigenvectors.

For \; = —2:

We need to solve the equation (A — (—=2)I)Z = 0. To do this, we
form the appropriate augmented matrix and put it into reduced row ech-

elon form.
4 -1 1 0 1 0 3/4 0
—
0 3 6 0 rref 01 2 0
0 3 6 0 0 0 0 O
Our solution, in vector form, is
—3/4
T = T3 —2
1
We can pick any nonzero value for x3; a nice choice would get rid
-3
of the fractions. So we’ll set z3 = 4 and choose ¥; = |—8| as our
4

eigenvector.

For Ay = 2:

We need to solve the equation (A — 2)& = 0. To do this, we form
the appropriate augmented matrix and put it into reduced row echelon

form.
0 -1 1 0 01 0 O
—
0 -1 6 0 rref 0 0 1 0
0 3 2 0 0 0 0 O

This looks funny, so we'll look remind ourselves how to solve this.
The first two rows tell us that zo = 0 and 3 = 0, respectively. Notice
that no row/equation uses x1; we conclude that it is free. Therefore, our
solution in vector form is

1
T = I 0
0
We can pick any nonzero value for x1; an easy choice is x; = 1,
1
which gives >, = [0 as our eigenvector.

0
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For \3 = 7:

We need to solve the equation (A — 7I)Z = 0. To do this, we form
the appropriate augmented matrix and put it into reduced row echelon
form.

-5 -1 1 0 1 0 0 O
—

0 -6 6 0 rref 01 -1 0

0 3 -3 0 0 0 0 O

Our solution, in vector form, is (note that z; = 0):
0
T = T3 1
1

We can pick any nonzero value for x3; an easy choice is x3 = 1, so

0
T3 = | 1] is our eigenvector.
1
To summarize, we have the following eigenvalue/eigenvector pairs:
-3
eigenvalue \; = —2 with eigenvector ;1 = | -8
4

eigenvalue \y = 2 with eigenvector 75

eigenvalue \3 = 7 with eigenvector 73 =
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7.1.1

1
3

—6 #
—15]’

19
48

-

-1 -19 14
-6 -8 6
—-12 =22 15

—10

—12

18

15

—10
—6 |, A=-3
5

)
5

7
8. A=|6
2

],/\5

-19
46
—49

—28
69
—72

—16
42
—42

-5

-9 13

| ——— |
—
== X~
| — |
— o~ 22 P
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7.2

Example 7.2.1 Eigenvalues of a triangular matrix.

1
LetA= |0
0

O =N

3
5| . Find the eigenvalues of A.
6

Solution. To find the eigenvalues, we compute det A — A\I:

1—A 2 3
detA—AI=| 0 4- ) 5
0 0 6—A

=(1=XMA-X(6-2N).

Since our matrix is triangular, the determinant is easy to compute; it
is just the product of the diagonal elements. Therefore, we found (and
factored) our characteristic polynomial very easily, and we see that we
have eigenvalues of A = 1,4, and 6.

Example 7.2.2 Exploring properties of eigenvalues.

a1 -7 -2 10
Let A = andlet B=|-3 2 3| (asusedinExam-
3 9 -6 -2 9

ples Example 7.1.6 and Example 7.1.12, respectively). Find the follow-
ing:

1. The eigenvalues and eigenvectors of A and B

2. The eigenvalues and eigenvectors of A~ and B!
3. eigenvalues and eigenvectors of A” and BT

4. The trace of Aand B

5. The determinant of A and B

Solution. We'll answer each in turn.

1. We already know the answer to these for we did this work in pre-
vious examples. Therefore we just list the answers.
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For A, we have eigenvalues A = —6 and 12, with eigenvectors

T = xo {15} and xo [ﬂ , respectively.

For B, we have eigenvalues A\ = —1, 2, and 3 with eigenvectors
3 1
Z=ux3|1|,x3|1| and x3 [0] , respectively.
2 1

2. We first compute the inverses of A and B. They are:

-4 1/3 13/3
A‘lz[l/g/f ?gﬂ and B™'=|-3/2 1/2 3/2
-3 1/3 10/3

Finding the eigenvalues and eigenvectors of these matrices is not
terribly hard, but it is not “easy,” either. Therefore, we omit show-
ing the intermediate steps and go right to the conclusions.

For A~!, we have eigenvalues \ = —1/6 and 1/12, with eigen-
vectors

T = a9 {_15} and z5 [ﬂ , respectively.

For B~1, we have eigenvalues A = —1, 1/2 and 1/3 with eigen-

vectors
3 2 1
Z=ux3|1|,x3|1]| and z3 [0] , respectively.
2 2 1

3. Of course, computing the transpose of A and B is easy; computing
their eigenvalues and eigenvectors takes more work. Again, we
omit the intermediate steps.

For AT, we have eigenvalues A = —6 and 12 with eigenvectors

T = xo {11} and xo [ﬂ , respectively.

For BT, we have eigenvalues A = —1, 2 and 3 with eigenvectors
-1 -1 0
Z=x3|0|,xz3]| 1 and z3 | —2| , respectively.
1 1 1

4. The trace of A is 6; the trace of B is 4.

5. The determinant of A is —72; the determinant of B is —6.
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The eigenvalues and eigenvectors of A and A~ 1.

The eigenvalues and eigenvectors of 4 and A7

The eigenvalues and eigenvectors of A and the trace.
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The eigenvalues and eigenvectors of A and the determinant.

Theorem 7.2.3 Properties of Eigenvalues and Eigenvectors.
Let A be an n x n invertible matrix. The following are true:

1. If A is triangular, then the diagonal elements of A are the eigen-
values of A.

2. Ifis an eigenvalue of A with eigenvector®, then % is an eigenvalue
of A~! with eigenvector Z.

3. If is an eigenvalue of A, then is an eigenvalue of AT.
4. The sum of the eigenvalues of A is equal to tr( A), the trace of A.

5. The product of the eigenvalues of A is the equal to det A, the de-
terminant of A.

Example 7.2.4 Eigenvalues of a non-invertible matrix.

Find the eigenvalues and eigenvectors of the matrix A = E ;} .

Solution. To find the eigenvalues, we compute det A — A\I:

detA—/\I:‘l)\ 2 ‘

1 2—-A

Note: the reader would be justi-
fied in wondering about the case
where A is areal matrix with com-
plex eigenvalues. Any such eigen-
values will arise from irreducible
guadratic factors of the charac-
teristic polynomial, and we know
from Theorem 1.4.10 that the com-
plex zeros of a quadratic with real
coefficients occur in conjugate pairs.
That is, if \ is a complex eigen-
value of A, sois the complex con-
jugate X\. When we multiply the
eigenvalues of A together, the
product will contain A+ X = |A|%,
which is always a real number. Thus,
it is always true that det(A) is
equal to the product of the eigen-
values of A, provided that we in-
clude any possible complex eigen-
values.
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=(1-XN(2-)) -2
=A% -3\
=A\—3)

Our eigenvalues are therefore A = 0, 3.
For A = 0, we find the eigenvectors:

1 2 0 — 1 2 0
rref .
[1 2 0] {0 0 O}

This shows that 1 = —2x5, and so our eigenvectors & are

r=ux [_2}
=1, .
1

For A = 3, we find the eigenvectors:

-2 2 0] — |1 -10
1 -1 0 0 0 0]

This shows that z1 = 22, and so our eigenvectors ¥ are

f—x[l}
=22 (|-

Theorem 7.2.5 Invertible Matrix Theorem.

Let A be an n x n matrix. The following statements are equivalent.
(a) Aisinvertible.
(b) The equation A% = ( has exactly one solution (namely, & = 0).
(c) The reduced row echelon form of Ais I.

(d) The eqﬁuaﬁon A# = b has exactly one solution for every n x 1
vectorb.

(e) There exists a matrix C such that AC = I.
(f) There exists a matrix B such that BA = 1.
(3) det(A) # 0.

(h) A does not have an eigenvalue of O.
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7.2.1
(a)
(b)
(c)
(d)
(e)
. 0 4 9 -2 —14
-1 5 -1 3
3. 5 30} a —4 72}
-1 —6 -1 13
5 —9 0 [0 25 0
5 1 =5 0 6. 1 0 0
2 4 3 1 1 -3
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7.3

Similar matrices.

Definition 7.3.1 Similar Matrices.

Let A and B be n x n matrices. We say that A is similar to B, and write
A ~ B, if there exists an invertible n x n matrix P such that

A= P 'BP.

Theorem 7.3.2 Properties of matrix similarity.
Let A, B, and C be n x n matrices. Then:

1. A~ A

2. If A~ B, thenB ~ A

3. IfA~Band B ~ C,then A ~ C.
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Theorem 7.3.3 Shared properties of similar matrices.
Let A and B be n x n matrices. If A ~ B, then:

1. tr(A) = tr(B)

2. det(A) = det(B)

3. A and B have the same eigenvalues.

Multiplicity of an eigenvalue.
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Definition 7.3.4 Characteristic Polynomial (revised definition).

The characteristic polynomial of an n x n matrix A is the degree-n poly-
nomial p4(x) defined by

pa(x) = det(xl — A).

Definition 7.3.5 Algebraic Multiplicity of an Eigenvalue.

We say that \ is an eigenvalue with algebraic multiplicity & if (z — \)*
is a factor of p4 (), but (z — \)**1 is not.
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Definition 7.3.6 Eigenspace.

Let A be an n xn matrix, and let A be any real number. The \-eigenspace
of A, denoted by E(A, \), is defined by

E(A,\) =null(A — \I).
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Definition 7.3.7 Geometric Multiplicity of an Eigenvalue.

Let A be an n x n matrix. The geometric multiplicity of an eigenvalue
A of Ais defined to be the dimension of the eigenspace E(A4, \).

Example 7.3.8 Computing eigenvalues and their multiplicities.

0 1 1
Determine the eigenvalues of the matrix A = |1 0 1|, along
1 1 0

with their algebraic and geometric multiplicities.

Solution. We first compute the eigenvalues of A. The characteristic
polynomial of A is given by

r -1 -1
calz)=1-1 =z -1

-1 -1 =z

rx -1 -1 -1 -1 =z
z _

-1 =z -1 = -1 -1
=z(@®—-1)—(z+1)— (z+1)
:1‘(

r—1)(z+1)—-2(x+1)
=@ -z —-2)(z+1)
=(z—2)(z+ 1)~
We see that the roots of c4(x) are A\; = 2, which has algebraic multi-
plicity 1, and As = —1, which has algebraic multiplicity 2.

To determine the geometric multiplicities, we compute the corre-
sponding eigenvectors. For A = 2, we have

2 1 1 1
A-2r=11 —2 1|2H o
11 -2 0

-1
-1
0

o = O

t 1
Thus, (A —20)Z = Ofori= |t| =t |1],s0% = |1] isthe (single)
t 1

basic eigenvector associated to A = 2. This gives us
E(A,2) =span{ [1| »,

so the geometric multiplicity of A = 2isdim E(A4,2) = 1.
For A = —1, we find

111 111
A-(-Dr=1{1 1 1| E o 0 o
111 00 0




Although most studentsin a first
coursein linear algebra would pre-
fer to avoid complex eigenvalues
(and trigonometric functions!), it
turns out that these are a key fea-
ture of stable ecosystems for a
model like this! Complex eigen-
values lead to sinusoidal terms,
which correspond to oscillations
inthe two populations: the preda-
tor and prey populations will go
up and down, in a cyclical fash-
ion.
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This tells us that the general solution to (A4 + I)Z = 0 is

SO

—s—t -1 -1
T = S =s|1|+¢t]0],
t 0 1
-1 -1
E(A,—1) = span 11,0 )
0 1

| and the geometric multiplicity of A = —1is dim E(A, —1) = 2.

Diagonalization.
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Definition 7.3.9 Diagonalizable Matrix.

We say that an n x n matrix A is diagonalizable (can be diagonalized) if
A ~ D for some diagonal matrix D. In other words, A is diagonalizable
if there exists an invertible matrix P such that D = P~' AP is a diagonal
matrix.

Theorem 7.3.10 A matrix with a basis of eigenvectors is diagonalizable.

Ann x n matrix A is diagonalizable if and only if there exists a basis for
R™ consisting of eigenvectors of A.
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Suppose that ¢1 71 +coZo+- - -+
¢ @ = 0forsomescalarscy, ca, . . ., ck.
Then we have

6201P€1+-~'+Cnpgn
= P(c181 + -+ + cnén)-

Since P isinvertible, we can con-
cludethat 18+ - -+¢,é, = 0,
andthuscy =co=---=¢, =
0, which shows that the ¥; are
independent.

CHAPTER 7. EIGENVALUES AND EIGENVECTORS
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Theorem 7.3.11 Linear independence of eigenvectors.

The eigenvectors 1, . .., T}, corresponding to distinct eigenvalues of A
are linearly independent.

Theorem 7.3.12 Distinct eigenvalues and diagonalization.

If an n x n matrix A has n distinct eigenvalues, then A is diagonalizable.
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Theorem 7.3.13 Algebraic versus geometric multiplicity.

Let A be an n x n matrix, and for each real number A, let m(A) denote
the algebraic multiplicity of \. (If X is not an eigenvalue of A, we set
mx(A) = 0.) Then for all numbers \, we have

dimnull(A — AI) < my(A).

Theorem 7.3.14 Diagonalization and multiplicities.

An n x n matrix A is diagonalizable if and only if dim null(A) = m(A)
for each eigenvalue \ of A; that is, if the geometric multiplicity of each
eigenvalue is equal to its algebraic multiplicity.
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Matrix similarity and change of basis for transformations.
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7.3.1

- e e |
_132_ =N = _4 —
«~ < ) o
——
o O W0 1
[aN BN I ]
—
Onﬂoﬂ_uqmllo [
— O A AN AN
o o ©
_7119__011__322_
- 3] wn N



2 5 6/5
121. 2 193 3V3 _ 3%
9 8 8
fl..2.5.g 1.2.7 74+\@
22 . . . 7
24
129 V61 1211 - =
2 7
1.2.13.6 1.2.15. 18
1.2.17. undefined 1.2.19. 15
16
1991 3 1.2.23. —1
5
1.2.25.5 1.2.27. /10
1.2.29. -1 1
1.2.31. — =
3
25
1.2.33. ==
4

1.3.1. The required points A(—3, —7), B(1.3,—2), C(r,+/10), D(0,8), E(—5.5,0), F(—8,4), G(9.2,—-7.8), and
H(7,5) are plotted in the Cartesian Coordinate Plane below.
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10 4
Yy
¢ D(0,8)
H(7,5)
5t °
F(-8,4) .
' C(m, /10
B(~5.5,0) (m, V/10) -
-10 -5 5 10
[ J
B(1.3,-2)
_5 1
A(—3 -7
73 — [ ]
(=3,-7) G(9.2, -
_]_O 1
1.3.3. d = 410, M = (1,—4) 135.d= Y37 M= (3,7)
1.3.7.d =35 M = (—%, _g) 13.9.d= /22 +y%, M = (£, %)
1.3.11. (0,3)
1.3.13. (@—@) (—7272)
1.4.1. 1.4.3.
® xt+w=2+7Ti ®* 2+w=-1+3
* xw=-12+8& ® 2w=-2—1
2= _54+12i e =1
1 2 3 1 _
® _ — ___ _ ___ o _ — —1
z 13 13 2
z 3 1. z 2 1,
o — —_ __3 o =~ —_ _ 4
w 4 2 w 5 b
w_12,.8 © = =2+4i
z 13 13 z
*z=2-3i tz=
* 2z=13 ® 2z=1



1.4.5.

z+w=>5+ 21
zw =41+ 112
2% = —16 — 30i
1_3 .5
z 34 34
2.2 3
w 53 53
w_ 2931
z 34 34
zZ=3+5

2z =34

(Z)? = —16 + 30i

1.4.9.
* s +w=1iV3
* zw=-—1
° Z2:71+§
2 2
1 V3
e _ _— _ _ i
z 2 2
z 1 V3.
o ~ —__ 174
w 2 2
1
] g:,_i_@i
z 2 2
_ 1 VB,
*Z=c——1
2 2
® 2z=1
1
* ()2 =—2 ﬁz
2 2
1.4.11. 77
1.4.15. —12
1.419. 5=t i=1-i=1
1.4.23. % = ()% .3 =
v/ 1
1427, p = 2EVI
3
i 2
1431 y = i&;[
1.4.35. » = +2, +2i

1.4.7.
® 4w = 2\/5
* zw=4
o 2P =4

1 2 2
o l_v2 V2,

z 4 4

z .

L J

w

w .
o _

z
*Z=12+iV2
® z2=4
* (2)?=4i

1.4.13. —10

1.4.17. 3

1.4.21. i

1.4.25. i

1.4.29. y = +2, +i
L

1.4.33. 2 = M
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2.1.1. (a). V6
(b). V17
(). V11
(d). do
2.2.1. 2.2.3.
(a) (1,6) (a) (6,—1,6)
(b) i+ 63 (b) 65— j + 6k
2.2.5.

2

2.2.11. (a). 5 2.2.13.(a). 5
(b). V13 (b). 35

(c). V26 (). 2v5

(d). V10 (d). 45

2.2.17. <06708> 2.2.19. <%7 :/7%’ %>

-1 V3
2221. (3, 4)

2.3.1. —22 2.3.3.3
2.3.5. not defined

2.3.7. Answers will vary.

2.3.9. cos™! (x/i?o) 2.3.11. 7

2.3.13.(a). (-7,4) 2.3.15. (a). (1,0,-1)
(b). (4,7) (b). (1,1,1)
23.17. (15 15 23.09. (3 3)
2.3.21. (17,8, 8)

2.3.23.(a). (72,12) 2.3.25.(a). (. F
(). (16:70) k). (Z.3)
2.3.27.(a). (17,38, 8)

®). (fr 18 11

2.3.29. 1.96lb



2.3.31. 141.42ft-1b
2.3.33. 500ft-1b
2.3.35. 500ft-Ib

2.4.1. (12, -15,3)
2.4.5. (0,—2,0)

2.4.9. —j

2.4.11. Answers will vary.

2.4.13.

2.4.17.

2.4.21.

2.4.25.

2.4.27.

2.4.29.

ot
ﬁ
W~

S
w%
N

[\

367

2.4.3. (—5,-31,27)

0
247. U X U= 0
ad — be

2.4.15.0

2.4.19.3

24.23.1

2.4.31. (0,1,0) or (0,—1,0)

(0.408248,0.408248, —0.816497) or (—0.408248, —0.408248, 0.816497)

2.4.33. 87.5ft-1b
2.4.35. 200/3 ~ 66.67ft-1b

25.7.(a). (7,2, —1)+t(1,-1,2)
(b), z=7T+t,y=2—t,z=—-1+2t
(c). x—?z?—yzz‘g—l

2.5.11.

2.5.19.

2.5.23.

parallel
V41/3
3/V2

2.6.1. Answers will vary.

2.6.15.

@. 2—54+y—T+2-3=0

(b), z4+y+2=15

2.6.25.

V5[

2.5.15. skew

2.5.21. 5v/2/2

2.6.3. Answers will vary.

2.6.17.(a). 3(z+4)+8(y—7)—10(z—2) =0
(b). 3z +8y—10z=24

2.6.27.1/\/3
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-9 —22
2.7.1. -8 2.7.3. 2

16 12

12 39
2.7.5. V71 2.7.7. 15

2.7.9. True. Suppose S = {¥;, Vs, ..., U, } is linearly independent. Let T' C S be a subset. By re-ordering the
vectors we can assume T’ = {¥y, ¥a, . . ., Uy, } for some m < n. It T were linearly dependent, then there would
exist scalars ¢y, . . ., ¢y, Not all zero, such that c1 v + - - - 4+ ¢ Uy, = 0. But if this is the case, then we would have
11 + -+ U + 0Upy1 + -+ - + 00, = 0, which is impossible if S is independent.

2.7.11. True, since we can add any scalar multiple of the zero vector to a linear combination without affecting the
value of that linear combination.

1 0 o(1. ., . 0 1 0 1
2.7.13. False. The set { {0] , L] , {0}} is linearly dependent, since {O} =0 [O} + 0 [J, but {0] does not

belong to the span of the set { [(1)] , [8} }

3.1.1. Yes 3.1.3. Yes

3.1.5. No 3.1.7. Yes

3.1.9. Yes

311l 2 =1,y = -2 3113. 2 = -1,y =0,2 =2

3.1.15. 35 blue, 40 green, 20 red, 5 yellow
3.1.17. 12 $0.30 trinkets, 8 $0.65 trinkets

3 5 1 3 —4 5|17
321. | -1 1 -=-3|1 323. | -1 0 4 8|1
2 -2 3 2 3 4 5
325 t2m= 3 327,  TitTa-rzomas= 2
—x1+ 3= 9 201 + 29 +3x3+ by = 7
r1 = 2
329, 727 1
r3 — 5
Xry4 = 3
-2 1 -7 2 -1 7
3211. | 0 4 -2 3213. |12 3 5
5 0 3 5 0 3



2 -1 7
3.215. ([0 2 -1
5 0 3

3.2.17. 2R2 — R2
3.2.21. — Ry + Rg g Rg

3223.z=-1,y=3
3.227. x1 =120 =5,23 =7

3.3.1.
(a) ves
(b) no
(c) no

(d) yes

3.35. [1 0]

3.3.9. [

O =
—= O
N w
—_

3.3.13.

IOOH

3.3.17.

o O =

3.3.21.

= s == e )
o o= O = oo

WO o= -
— o
o

O =
>~

3.4.1. 1 = 1 — 2x4; x5 is free. Possible solutions:

1 =1,29 = 0and x; = —1, 2 = 1. Geometrically,
both equations describe the same line, and every
point on this line is a solution to the system.

345. 21 =1 —x9 —x4;z0isfree; xs = 1 — 2x4; x4
is free. Possible solutions: 1 = 1, 29 = 0, 23 = 1,
Ty = 0 and xTr1 = —2, To = 1, xr3 = —3, Ty = 2. Since
there are four variables, a geometric description is
more difficult (but see if you can come up with one!).

3.4.9. x1 = 1; x5 = 2. Geometrically, the system
represents two lines intersecting in a single point.

369

3.2.19. 2R3+ Ry — R,

3225.x=1%,y=1%

3.3.3.
(a) no
(b) yes
(c) yes

(d) yes

3.37. F 3]

1 -1 2
3.3.11.
0 0 o)

1
3.3.15. |0
0

3.3.19. (0

3.4.3. No solution; the system is inconsistent.
Geometrically, the system describes three planes, any
two of which intersect along a line. However, there is
no point common to all three.

347.x1 =3 —x3 — 2x4; 290 = —3 — bxs — Txy; X3
is free; x4 is free. Possible solutions: x; = 3,

To = 73,1’3 :0,1'4 :Oand:L'l :0,332 = 75,

x3 = —1, x4 = 1. Since there are four variables, a

geometric description is more difficult (but see if you
can come up with one!).

3.4.11. 1 = 0; zo = —1. Geometrically, the system
represents two lines intersecting in a single point.
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3.4.13. 11 = § — w3 wp = § — sa3; w3 is free.
Possible solutions: 1 = §, z2 = 3, x5 = 0 and
1 = —1, 20 = 0, z3 = 1. Geometrically, the system

represents three planes that all intersect along a
common line.

3.4.15. Exactly 1 solution if & # 2; infinitely many 3.4.17. Never exactly 1 solution; infinitely many
solutions if £ = 2; never no solution. solutions if £ = 2; no solution if k £ 2.
3.5.1. f(z) =
353. f(x)=—2*+x+5
355. f(x) = —2®+ 22—z +1
3.5.7. f(x) =3z -5
3.5.9. f(z) =22 +1
3.5.11.

(a) Substitution yields the equations 2 = ae® and 4 = ae??; these are not linear equations.
(b) y = ae’ implies that Iny = In(ae®®) = Ina + Ine® = Ina + ba.

(c) Plugging in the points for z and y in the equation Iny = Ina + bz, we have equations

Ina + b = In2
Ina + 2b = In4d’

1 1 In2]— {1 0 O
rref .
1 2 In4 0 1 In2

(d) Sincelna = 0, we know that a = €® = 1. Thus our exponential function is f(x) = e*'"2,

1 1 1 1 8
3.5.13. The augmented matrix from this systemis |6 1 2 3 29]|. From this we find the solution
01 -1 0 2

To solve,

Thereforelna = 0and b = In 2.

1

:4—7
3f

1

—3_ -
T 3f

1
=1-—-1.
w 3f

The only time each of these variables are nonnegative integers is when f = QO or f = 3. If f = 0, then we have 4
touchdowns, 3 extra points and 1 two point conversions (no field goals). If f = 3, then we have 3 touchdowns, 2
extra points and no two point conversions (and 3 field goals).

3.5.15. Let x1, o and z3 represent the number of free throws, 2 point and 3 point shots taken. The augmented
1 1 1 70

matrix from this system is
1 2 3 110

} . From this we find the solution

xr1 = 30+$3
To = 40 — 2$3.
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In order for x5 to be nonnegative, we need 3 < 20. Thus there are 21 different scenarios: the “first” is where 0 three
point shots are taken (x5 = 0), 30 free throws and 40 two point shots; the “last” is where 20 three point shots are
taken, 50 free throws, and no two point shots.

3.5.17. Let y = ax + b; all linear functions through (2,5) come in the form y = (2.5 — %b)x + b. Examples: b = 1
yieldsy = 22+ 1; b = —1lyieldsy = 3z — 1.

3.5.19. Lety = ar?+bx + c; we find thata = 2 — %c andb = -1+ %c. Examples: ¢ = Ovyieldsy = 202 —xic=—2
yields y = 322 — 22 — 2.

3.5.21. No.

3.5.25. Yes.

3.6.1. Multiply A and A% to verify.

3.5.23. Yes. & = —2wW; + 2wWs.

3.5.27. No.

3.6.3. Multiply A and A to verify.

3.6.5. Multiply A« and A7 to verify.

3.6.7. Multiply Aw, Av and A(@ + ) to verify.
3.6.9. Multiply Au, Av and A(4 + ) to verify.

3.6.11. 3.6.13.
. o S o
o] o]
2/5 -2
b) ¥ = b) 7 —
0 2= g 0 2= | 5
3.6.15. 3.6.17.
[5/4 6
@) Z=ux3 | 1 @) T=u3 |—4
L1 1
1] 5/4 —12 6
(b) # = +z3| 1 (b)) Z=1| 8 | +23|—4
0] 1 0 1
3.6.19. 3.6.21.
[ 2 ~1 —-1/2 1/2 13/2
@ 7—a |2 4 |20 1 0 0
P ‘1o @ F=x2| 0 | +ay|-1/2| 45| —2
L0 1 0 1
0 0 1
-2 2 ~1
L |2/5 2/5 2/5 (b) 7=
(b) F = | "7 +aa |77 | -5 ~1/2 1/2 13/2
0 0 1 0 1 0 0
3/2|+x2 | 0 |+wg |—1/2|+x5 | =2
0 0 1 0
0 0 0 1
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3.6.23.
1 0
13/9 -1
(@ =4 |-1/3| + a5 | -1

0 1

1 1 0

1/9 13/9 -1

(b) = |5/3| +a4 |-1/3| +a5 |1
0 1 0

0 0 1

—_
v
X
(-2 —1 2 -2
4.1.1. 4.13.
112 13} {14 8 ]
(9 -7
4.1.5.
11 6]
—14 —15
4.1.7. 4.1.9.
K -
41.11. X = [-5 91 —14] 41.13. X = [-5 —29/2 -19/2]
4115.a=2,b=1 41.17.a=75/2+3/2b
4.1.19. No solution. 4.1.21. No solution.
4.2.1. —22 4.23.0
4.25.5 4.2.7.15

4.2.9. -2 4.2.11. Not possible.
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4.2.13. AB = 8 3 , BA = —3 24 4.2.15. AB = -2 2 , BA is not possible.
10 -9 4 2 110 4 32
4.2.17. AB is not possible, (—32 34 —24
BA— |27 =33 39 4219. AB=|-32 38 -8/,
-27 -3 -15 ~16 21 4
BA— 22 -14
-4 —12
[—56 2 —36 [—-15 —22 —21 -1 .
4221. AB= |20 19 30|, 4228 AB=| " 55 g9 _gp| BAlsnot
|-50 —13 0 possible.
BA— —46 40
7 9
[0 0 4 21 —-17 -5
4225. AB= |6 4 -2|, 4.2.27. AB = |19 5 19,
2 -4 —6 5 9 4
2 -2 6 19 5 23
BA=12 2 4 BA=] 5 -7 -1
4 0 -6 —-14 6 18
2 2 2 4 -6 4 8
4.231. DA = AD =
4229. DA=| -6 -6 —6 |, 3 {4 6} [3 6}
—-15 —-15 -15
2 -3 5
AD=14 -6 10
-6 9 -—15
dla dlb dlc
4.2.33. DA = |dod doe dof]|,
dla dgb d3C
AD = dld dge d3f
dlg dzh dg’i
. |—6 -5
42.35. AT = {11} 42.37. Ai = | 5
21
R 21 — T2
4.2.39. AT =
v {41‘1—1-3@]
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10 2
(b) {5 11}

(c) [-11 —1537 32
(d) No.

APPENDIX A. ANSWERS TO SELECTED EXERCISES

(e) (A+B)(A+B)=AA+ AB+ BA+ BB = A?+ AB+ BA+ B

3 -3 3
439. X =2 -2 -3
-3 -1 -2

4.4.5. A~ does not exist.

4.4.21. A~ does not exist.

44.33. % = {2]
3

455 A1 = {:1 _3},(141)

4.5.9. Solutions will vary.

1 2 —4
43.3. X =
{—6 -2 3]

—4 -5
~1/2 —1/2 0
4311. X = |-1/2 -1 1/2
—1/2 -3/4 3/4
4 [29/5 —18/5
453. (AB)"! = [_11/5 75 ]
457. A1 = {13 _72},(141) 1

4.5.11. Likely some entries that should be 0 will not be exactly 0, but rather very small values.

4.6.1. R{ — 3Ry — R,

1 -3
4.6.5.
6s. |y )

13

4.6.9. |:0 1:| R1 + 3R2 — R1

4.6.3. Ry —4R1 — R»

10
4.6.7.
b

4.6.11.

S =
S = O

0
0|, Ry +4R1 — Ry
1
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4.6.13. Answers may vary. One possibility:

4.6.15. Answers may vary. One possibility:

1 0] [1 -11[1 o0 0] [ 0
A7l = 1 0 1 -3 1 0[]0 1 0
0 1 o 1] Lo o 1] [0 1
2 0 0] [1 0] [t 0 17t 0 0
A=10 1 1 0|0 1 0 1 -2
0 0 1] [0 1[0 o 1] [0 1
5.1.1. 5.1.3.
Y ?7 (7
AT -
A—’ A - Ax
Y A

<y
&

1 2 1 2
5.1.5. A = 5.1.7. A=
M HH
5.1.9. A= 5 2 5.1.11. A = 01
2 1 3 0
5413 4- | 0 1
-1 -1
5.1.15. Yes, these are the same; the transformation 5.1.17. Yes, these are the same. Each produces the
matrix in each is -1 0 . transformation matrix 1/2.0 .
0 -1 0 3
5.2.1. Yes 5.2.3. No; cannot add a constant.

5.2.5. Yes.

527.[T]=[1 2 3 4]
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) 5.3.3. Subspace. If y = 2z, we have
5.3.1. Not a subspace. The vector ¥ = [0} belongs to

S, but 27 does not. Rl [ e e ! ,
Y 2z 2

so U is equal to the span of the vector B] ,and

therefore a subspace.

-9 -
1 1 0 3
5.4.1. null(A) = span 0 has dimension 1; col(A) = span 2 |,|-1{,] 6 has dimension 3;
— 2 -4
0 3]
4=1+3.
17 [-2
5.4.3. null(A) = span< [1| # hasdimension 1; col(A) =span< [—2|, |—4| p hasdimension2;3 =1+ 2.
0] |8
;61 2] [0 3
5.4.5. null(A) = span ) has dimension 1; col(A) = span< |1|, |[-1|, | 4 has dimension 3;
3 10 3 —6
4=1+3.
f *03 17 [4
5.4.7. null(A) = span ol | s has dimension 2; col(A) = span 21,3 has dimension 2;
-1 1
0] Lo
4=2+2.
0 —6 1] -9 6 -8
6.1.1. Ais skew symmetric. | 6 0 4 613. |4 -3 1
~1 -4 0 10 -7 -1
1 0 0] 6 -4 -5
6.1.5. Aisdiagonal,asis AT. [0 2 0 6.1.7. Aissymmetric. [—4 0 2
0 0 —1j -5 2 =2
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-7 6.1.11. Ais symmetric. 13 -3
6.1.9 -8 -3 1
9.1,
-3
4 -9 2 5 7
6.1.13. -7 6 6.1.15. (-5 5 —4
-4 3 -3 —6 -10
-9 -9
6.1.17. Ais upper triangular; AT is lower triangular. 4 0 -2
-3 0 0 6.1.19. Aissymmetric. | 0 2 3
-4 -3 0 -2 3 6
-5 5 =3
-5 3 -10 0o -1 2
6.121 [—9 1 —8} 6.1.23. Aisskew symmetric. | 1 0 —4
-2 4 0
6.2.1. Not defined; the matrix must be square. 6.2.3. 3
6.2.5. -9 6.2.7. -5
6.29.1 6.2.11. Not defined; the matrix must be square.
6.2.13.0 6.2.15. n
6.2.17. 6.2.19.
(@) tr(A) = —1;tr(B) =;tr(A+ B) =5 (@) tr(A) = —5;tr(B) = —4;tr(A+ B) = -9
(b) tr(AB) =201 =tr(BA) (b) tr(AB) =23 =tr(BA)
6.3.1. 34 6.3.3. —44
6.3.5. —44 6.3.7. 28
6.3.9. 6.3.11.

(a) The submatricesare [7 66 10],

(a) The submatrices are [3 10],
[3 61 10],and [3 71 6], respectively.

3 9

[-3 10 -9 9],and[-3 3 —9 3],
(b) 01’2 == 34, 01}2 == _24, 0173 == 11 respecﬁvehA

(b) Ci2=-3,C12=-63,C13=18

6.3.13. —59 6.3.15. 15
6.3.17. 3 6.3.19. 0
6.3.21. 0 6.3.23. —113

6.3.25. Hint: 0171 =d.

6.4.1. 84 6.43.0
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6.4.5. 10
6.4.9. 175
6.4.13. 34

6.4.15.
(a) det(A) =90;2R; — Ry
(b) det(B) = 45; 10R; + R3 — R3
(c) det(C) = 45;C = AT

6.4.19. det(A) = 4, det(B) = 4, det(AB) = 16

6.4.23. —59
6.4.27. 3

6.5.1.

(a) det(A) = —123, det(4;) = —492,
det(As) = 123, det(As3) = 492

6.5.5.
(@) det(A) = —43, det(A;) = 215,det(42) =0

o]
6.5.9.
(@) det(A) =0,det(A4;) =0, det(43) =0

(b) Infinitely many solutions exist.

—-11 10 13
6513. A '=1| 6 —4 -2

9 5 =12 0

15 13 —26 —4

~1o L
6517. A7 =5 | 1 e 4
2 4 -4 -2

7.11.2=3
7.15. A= -2

APPENDIX A. ANSWERS TO SELECTED EXERCISES

6.4.7. 24
6.4.11. —200

6.4.17.
(a) det(A) = —16; Ry > Ry then Ry +» R3
(b) det(B) = —16; —R; — Ry and —Ry — Ry
(c) det(C)=—-432,C =3+« M

6.4.21. det(A) = —12, det(B) = 29,
det(AB) = —348

6.4.25. 15
6.4.29. 0

6.5.3.

(a) det(A) =96, det(A4;) = —960,
det(Az) = 768, det(Ag) = 288

—10
(b) Z=1 8
3
6.5.7.

(a) det(A) = 16, det(A4;) = —64, det(A43) = 80

o=

6.5.11.

(a) det(A) =0, det(4;) =0, det(As) =0,
det(Ag) =0

(b) Infinitely many solutions exist.

6.5.15. A is not invertible.

713. A =-5
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7.1.7.% = | -7
7
2

7.1.11. 7 =
ol

1
7.1.13. )\1 = 2 with fl = |0 ;)\2 = 3 with
0

-1 -1
To= | 1 ;>\3—7Withf3—|:15
0 10
—6]
7.1.17. A\ = —4withZ, = | 1 |; Ao = —1 with
11 |
0 3]
_‘2: 0 ;)\3:5Withfgi 1
1 2]

24
7.1.21. \y = -5 with#; = 13] ;s A2 = —2 with
8

6 0
2= |5 ;>\3:3Withfgi 1
1 0

1

7.1.25. \y = -5 with#; = {_51} ; A2 = b with

]

7.2.1.

L -1 .
(b) A\ =1withZ] = {1];)\2:4WIth
== [7]
S )
o 1 .
() My =1/4with? = [J;)\Q = 1 with

a1

(d) 5
(e) 4

379

719.2=| 1

0

7.1.15. A\{ = —2withZ; = |0]; A2 = 1 with
1

28

0
fgz 3 ;>\3:5Withfgi 7
5 1

7.1.19. A\ = —3with 7, = [_2} : Ay = 5 with

1
= [6}
T

7.1.23. \; = —5 with &, = m - Ay = 2 with
o[
27 13

7.2.3.

o -5 .

(a) \{ = —1with#; = [ 1 };)\2 = 0 with

2= (]
S|

o 1 Lo 1

(b) A\ = —1withZ; = [6} ; Ay = 0 with Zy = [5}

(c) Ais notinvertible.

(d) —1
(e) O
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7.2.5.
-7
(a) )\1 = —4 with 1_"1 = -7 ;)\2 = 3 with
6
0 9
fgz 0 ;/\3=4Withf3= 1
1 22
-1
(b) )\1 = —4 with ’fl = 9 ;>\2 = 3 with
0
—20 -1
fgz 26 ;)\3:4Withfgz 1
7 0
-7
() My =—1/4withZ = |-7]|; A2 = 1/3 with
6
0 9
LZ"Q: 0 ;)\3:1/4Withf3: 1
1 22
(d) 3
(e) —48

7.3.1. ca(z) = (= 7)(x — 5)(z + 3)

Eigenvalue A\; = 7 has algebraic and geometric
multiplicity 1.

Eigenvalue A5 = 5 has algebraic and geometric
multiplicity 1.

Eigenvalue A3 = —3 has algebraic and geometric
multiplicity 1.

1 00
P=11 0 1].
1 11

7.35.ca(z) = (2 + 1)%(z — 2)

Eigenvalue A\; = —1 has algebraic and geometric
multiplicity 2.
Eigenvalue A5 = 2 has algebraic and geometric
multiplicity 1.
-1 -1 1

APPENDIX A. ANSWERS TO SELECTED EXERCISES

7.3.3. ca(z) = (z — 6)(x — 23)

Eigenvalue A1 = 6 has algebraic and geometric
multiplicity 1.

Eigenvalue Ay = 23 has algebraic and geometric
multiplicity 1.

r=ls )

7.37.ca(z) = (z — 1)%(z — 2)

Eigenvalue A1 = 1 has algebraic multiplicity 2 and
geometric multiplicity 1.

Eigenvalue A5 = 2 has algebraic and geometric
multiplicity 1.

Since the geometric multiplicity of \; is less than
its algebraic multiplicity, no such P exists; the matrix
cannot be diagonalized.
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The Unit Circle.

B.1.1

381
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Unit Circle Definition.

Y sinf=y cosf ==z
A
1 1
(x,y) csc9:§ sec9:;
! Yy
I tand = = cotf = —
Y, \9 T
|
< I >
< > T
Xr
Y
Right Triangle Definition.
(0] H
sinf = — cscl = —
®) H (0]
©
A H
-8 cost) = — secl = —
s H A
(':D': (0] A
tanf = — cotf = —
A O
Adjacent
B.1.2
1. sinz4+cos?z =1 1. sin2x = 2sinxcosx
2. tan’z + 1 =sec’z 2.
3. 1+ cot?z =csc’z cos2x = cos’> x — sin’ x
. e =2cos’z — 1
List B.1.1 Pythagorean Identities
=1-2sin’z
2tan
3. tan2x = 73;
1—tan“z

List B.1.2 Double Angle Formulas
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. Vs
1. sin (——:c) =Ccoszx
2
™
2. cos (— — ) =sin
5 T x
™
3. tan (——x) =cotx
2
™
4. csc (——x) =secx
2
s
5. sec (——x) =CcsCx
2
6 cot(%—x) =tanz

List B.1.3 Cofunction Identities

1 sina— 1 —cos2x
' B 2
1+ cos2x
2. cos’z =
2
3. tan? 1—cos2z
r=_—————
1+ cos2x

List B.1.5 Power-Reducing Formulas

List B.1.7 Product to Sum Formulas

1
1. sinxsiny = i(cos(:v —y) — cos(z +y))

1
2. cosxcosy = 3
3. sinx cos L

. X = =

Y73
List B.1.8 Angle Sum/Difference Formulas
1. sin(z £ y) = sinzcosy £ coszsiny

2. cos(z +y) = cosxzcosy Fsinzsiny

tanz £ tany
. tan(z+y) = ———
(@ +y) l1Ftanxtany

(cos(z — y) + cos(z + y))

(sin(z +y) +sin(z — y))

sin(—x) = —sinx
cos(—x) = cos x
tan(—z) = —tanx
csc(—x) = —cscx
sec(—x) = secx
cot(—z) = —cotzx

List B.1.4 Even/Odd Identities

. sinx +siny = 2sin (x;y) cos(

. sinxz —siny = 2sin (12y> cos(

cosx + cosy

2 cos Ty cos -y
2 2

coszx — cosy

2 2

List B.1.6 Sum to Product Formulas

)
)

383
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B.2

Triangles
h=asinf
_1
Area = 50h

Law of Cosines:

2 = a®+b*>—2abcos

Parallelograms

Area = bh

Trapezoids

Area=1(a+b)h

Circles
Area = 712

Circumference = 27r

Sectors of Circles
6 in radians
Area = 10r?

s=r0

(=)
S
IS

-

q
>
<
Sy
V)

APPENDIX B. QUICK REFERENCE

Right Circular Cone
Volume = £7r?h

Surface Area =

7rvV12 + h2 4+ mr?

Right Circular Cylinder
Volume = 7r2h

Surface Area = 2nrh +
2712

Sphere
Volume = 37r?

Surface Area =472

General Cone
Area of Base = A

Volume = £ Ah

General Right Cylinder
Area of Base = A

Volume = Ah
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B.3

Factors and Zeros of Polynomials.

Let p(z) = apz™ + an_12" "t + -+ + a1x + ag be a polynomial. If p(a) = 0, then a is a zero of the
polynomial and a solution of the equation p(z) = 0. Furthermore, (z — a) is a factor of the polynomial.

Fundamental Theorem of Algebra.

An nth degree polynomial has n (not necessarily distinct) zeros. Although all of these zeros may be imagi-
nary, a real polynomial of odd degree must have at least one real zero.

Quadratic Formula.

If p(2) = ax?® + bx + ¢, and 0 < b? — 4ac, then the real zeros of p are 7 = (—b + /b2 — 4ac)/2a

Special Factors.

2?2 —a?=(z—a)(z +a)

23 —a® = (z —a)(2® + ax + a?)
23 +a® = (z +a)(2? — ax + a?)
1’470,4: ($27a2)(:£2+a2)

(x+y)" =2 +na" 1y +

2!
-1
(I _ y)n — 2" — " 11/ + ’ﬂ(nzl ) n72y2 — .+ nmynfl ¥ yn
Binomial Theorem.

(x +1y)* = 2% + 2zy + o>

(z—y)? =2* — 22y + ¢

(z +y)® = 2° + 32%y + 3xy® + o>

(x —y)® = 2® — 32%y + 3wy? — ¢

(x +y)* = 2" + 2%y + 627" + day® + ¢!

(x —y)* = 2* — 423y + 622y — 4ay® 4+ ¢

Rational Zero Theorem.

If p(z) = apa™ + ap_12" 1 + -+ + a1z + ag has integer coefficients, then every rational zero of p is
of the form x = r /s, where r is a factor of ag and s is a factor of a,,.

Factoring by Grouping.

acx® + adz? + bex + bd = ax?*(cx + d) + b(cx + d) = (az? + b)(cx + d)




386

APPENDIX B. QUICK REFERENCE

Arithmetic Operations.
a ¢ ad + be a+b a b
b =a(b 2= _a
ab+ac=a(b+c) b d bd c ¢ ¢
a a
(b)_(a) _ad (6)_3 a _ac
(f) T \b be c  be b\ b
d c
b ab a—b b—a ab + ac
a(c>_c c—d d-c a bre
Exponents and Radicals.
a®=1,a#0 (ab)* = a®b” a®a¥ = a®Y Va=a'’?
aw TrT— n _ 1/n awiaw nf - m _ ,m/n
o= Va=a" (3) =% Vam =a™
1 n
=2 Vab = 3/aih (a%)" = a®¥ (/% = Vf;
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